Difference equations

Definitions:
A difference equation takes the general form
Xt = f(Xt-1, Xt-2,...)
defining the current value of a variable x as a function of previously generated values.
A finite order (mth order) difference equation takes the general form

Xt = f(Xt_1, ,Xt—m)-

A linear difference equation takes the general form
Xt = a+ Alxt_l + lth_z +...

A stochastic difference equation takes the general form
Xt = f(Xt-1, X2, ..., &)

where {&i} iIs a random sequence (often i.i.d. in applications) called the “forcing process’
or ‘driving process’.
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A linear stochastic difference equation takes the general form
Xt = o + A1Xi-1 + AoXi2 +... +E¢

The object is to solve these equations (determine path X1, X2,Xs, ... ) given initial
conditions Xog,X-1, ... and sequence {&t}.

Consider the non-stochastic case to establish methods and notation. The linear case is the
simplest and best understood, and we focus on this.
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Some useful formulae
A geometric series is

A=1+a+a’+a%+.-- = Za‘.
i=0
Let the tth partial sum be denoted
t-1
Af)=1+a+a’?+---+a?+att = Zai.
i=0

Suppose a # 1. Then, note that
aA(t) =a+a’?+--+at+at=Alt)+a' -1
which solves as

— _at_ 1-—al
At) =aA(t)+1-a 13"

(c) James Davidson 2010 2.3 30/04/2010



Cases:
1. If|a] < 1, the geometric series is convergent. at - 0ast — oo, and

T _ 1
A= lLI’QA('[) - 1-a

2. Ifa> litdiverges: A = .
3. Ifa = -1, nosolution. A(t) "flip-flops" between 0 and 1.
4. Ifa < -1, A(t) ‘flip-flops’ between *oo in limit!

5. Finally,ifa =1, A(t) = tand A = .
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Also consider
A*(t) = a+2a’+3a+--- +tat

By a similar argument,
(1-a)A*(1)

a+2a’+3a’+--+tat— (a2 +2as+--- +tat*l)
=a+a’+a’+---+at—tat*!

Hence,

A*() = § fa (A(t) — tah).

When |a] < 1, note that

A* = ial = a A = a
iz; l1-a (1-a)°
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First order linear difference equation
Xt = a + A1Xt-1
Given Xg, the solution path is found by iteration, as
X1 = o+ A1Xo
X2 = a(l+ A1) + A9Xo

Xt = a(l+ A1+ + A1) + Alxe
If |11] < 1 the series is summable, andast —» oo,
N i _ o
Xt o ZJ 0 ﬂ, 1_ Al

This is called the stable solution, and is independent of X,. X; approaches this point from
any starting point.

In the other cases of 14 , there is either no stable solution, or an infinite solution.

Note: we can guess the solution by putting x; = X1 = X (say) and so solve

_ a
A

This must be the stable solution if one exists — but otherwise, it is irrelevant.
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Second Order Linear Difference Equation
Xt = @ + A1Xie1 + A2Xi2

Our concern is to find conditions for a stable solution to this equation, as in the

first-order case. If it exists, this must take the form

However, solution by iteration is obviously difficult:

Xt

X =

o

1-241-42

o+ /11Xt_1 + lth_z

Ol(l + A1 + /12) + (/1% + lz)Xt_z + A1A2Xt-3

D

How do we know if the solution converges?
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Alternatively, consider the pair of first-order equations
Xt = H1iXe-1 + Vi
Yt = a+ U2yt.
Write these in the form
a = (Xt — H1Xt-1) — H2(Xt-1 — H1Xt-2)
= Xt — (H1 + p2)Xe1 + gapeXe 2
= Xt — A1Xt-1 — A2X¢2

It is intuitively clear that the stability conditions have the form |ui| < 1, |u2| < 1,
since then

Yt 1—/-12

and

Xp > —1 ( a ): a
1-pu, \1-p2 1-411—A»
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The Lag Operator

To apply these restrictions, it is necessary to invert the mapping (1, u2) - (A1,42).

Let the operator L (alternative notation, B) be defined by
LXt = Xi-1.
Then, for example,
L2x; = L(LXt) = LXt1 = X¢o.

The second-order equation can now be written
(1 — puil)Xe = Yyt
(1- b))yt = a
or equivalently,
a=(1-puL)(1— urlL)x
= (1 - (ua + p2)L + papaL?)xe
= (1 - A1L — A,L2)xqs.

The model therefore involves a quadratic equation in the lag operator.
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Reminder: Roots of a Quadratic

Consider, for z € C, the quadratic equation
22 —-Mz-A2=@Z-pu1)z—p2) =0

where Al = 1+ 2 and Ao = —U1 2.
11 and uo are the roots (zeros) of this equation, and are given by

@® \When A, > A%/4 these solutions are complex numbers (complex conjugate pair,
since A1 and A, real).

® y; can be complex, although x; is real by construction.
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Stability Analysis
The stable solution (finite, independent of initial conditions) evidently takes the form
Xt =

a N a
1— AL — AsL2 1-A1-A2

provided the inversion of the lag polynomial is a legitimate step.

Assume |u1| < 1, |u2| < 1and consider forz € C,

1 _ 1
1— 21z — 1,22 (1-pu12)(1 - poz)

Note that, for |z| < 1,
(1-w12)(L+ iz + piz2 +pjz +--) =1
so that
1 o

_ J i
= yAR
1—‘1112 j=0 1

1. Assume ui + up (both real). Then, for |z] < 1,

1 _ 1 ( B 2 )ZZOO it — b Zi
(1 - u12)(1 — pa2) Hi—H2 \ 1— iz 1— oz j=0 Hi— H2
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2. Assume ui = u».

J+1 j+1
Write p2 = pg +61in ML=y
11— {2

By L’Hopital’s rule*,

(u+8) — it
5

S (j+1) asé - 0,

and hence

1 I el i
u—uﬂy'_21w0+1Mﬂj

(Compare page 2.5 above.)

. f6) . f'(5)
*Iff(6) - 0and g(6) - Oaso - 0, the limit of —Z%- is equal to that of ——= , when
the latter is defined.
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Complex Roots
Let u1 = re' and u> = re~? (complex conjugate pair) wherei = /-1 and 0 < 0 < 2.

@® Their modulus (absolute value) is

el = |po| = Jpapz =r.

@® Using the facts re' = r(cos + isind), cos(—x) = cosx and sin(-x) = —sin(x), we

obtain
/le+1 B uj2+1 _ Ly eilie _ e-iGe sin+1)0 . 193
,U]__‘le N ei@_e—iG o Sln9 ’ J_ y &y Iy e

@ Stability depends on the roots lying inside the unit circle, having r < 1.
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Finally..., replace z by the operator L.

Since Lia = o for any j, we have the result

N a
S ey P
‘uj+l HJ+1
O‘Z, O( 1111— 2 ) real roots, |u1|, |u2| <1
= < aij G+ 1) equal roots, |u1| <1
© sin(j+1)6 (i
aZjZO Y complex roots, r < 1
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Higher Order Cases

These are dealt with in the same way.
Since the lag coefficients are real, the roots must be either real, or in conjugate complex
pairs.
Factorise the polynomial as
2P — Q2P = = A = (2 )@ - p2)-+ (2= pp).

The equation
Xt = o+ A1Xt_1 + -0+ Apxt—p
has a stable solution if |ux| < 1fork=1,...,p.

In particular, if (uk, uk1 ) form a complex conjugate pair, then they lie must inside the
unit circle, with r < 1.
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Alternative Representation

An equivalent approach is to let w = 1/z and consider the roots of the equation

(W2 =AWt —A)w? = 1—- A 1w — A,w?

= (1 - paw)(1 — paw) = 0.

@® The roots of this equation are 1/u1 and 1/us».

@® Thus, some authors give the stability condition as “the roots of the lag polynomial
must lie outside the unit circle”.

@® Both usages are equally valid — important not to get confused!
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Stochastic Linear Difference Equations
First Order Case:
Xt =a+A1Xt1+&, t=1,2,3,...
The iterative solution is
Xt = oa(L+ A+ -+ A +gr + Arger + - + A e + AlXo

Assume that ¢ ~ iid(0, ?).

The *solution’ of this equation is interpreted in terms of the properties of the random
variable x; when t is large.

Case: |A1] < 1.

Ast — oo, dependence on starting value becomes negligible.

E(x) ~ %5 +Z;/lle(gt_j) =2

L 2 o
Var(x;) - E(ijo l‘lgt_j> = ijo APE(el;) + terms in E(erjery) forj # k

0 2i 2
= (72 E ) 2‘1] = o 5 -
=0 1_/11
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Other Properties

Since the forcing process is i.i.d., and x; depends (in effect) on only a finite number of

these terms, it is a stationary process when t is large enough.

Xt+m = a4 ZOO A E t+m—j
1-211 j=0 1 J

o0 ; m-1 _;
e (ijo wlgt_,-) #D Mt

1-A7 1]
B a(l — lll ) T Arlnxt + erio 2“Jl‘§"t7LrT1—J'
and E(Xteum-j) = 0 forj < m.
Hence,
APo?
COV(Xt,Xt+m) = /ITVar(xt) = 1 /12 = ¥Ym.
A

Therefore, x; is a short memory process, since
2

0 1 ol < %
2ol = T a D

Note that we may define a stationary process with starting pointt = 0, by letting xo be a

drawing from the stationary distribution of x;.
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This stochastic process is called a first-order autoregression (AR(1)).

Realization of 100 observations from
Xt = O.7Xt_1 + Et, &t ~ N(O,l), Xo = 0

W\/

Corresponding i.i.d. process, &t:

; Af\vM\vn M.J\AMA]\AA A[\r\u/\r
Pl AT
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Second Order Case.

Xt = @+ A1Xe1 + A1 X2 + &, t=1,2,3,...

From previous results, we have the stationary second order solution (MA(x)
representation),

(" o ‘uj+1 _ ‘uj+1
ijo ( Ll —Hg )(a +&j) realroots, |u1|, |uz| <1

o+ &t . © . i
S < ijo (G+D(a+ey) equal roots, |u1| <1

Z;OO rj Slngjlr—:_el)e rj(a + gt—j) Complex roots, r < 1
L -

Complex roots imply sinusoidal lag distributions in the MA() representation!

//\

/

/ \
\
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Generalization

The AR(p) process is
Xt = a+ )let_l + e+ /’LpXt_p + Et.

Using the lag operator, this can be written in the form
Xt — A1LXt — A2L2X; — -+ ApLPXt = a + &
or
AL)Xt = o + &¢
where
AL) =1- AL —A,L2 — - — A,LP.

The stationary solution of the model, when it exists, can be written in the form

E

ST I Y (B

where 1/A(L) is a lag polynomial of infinite order, with summable coefficients.
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Autocovariances of AR processes

These are conveniently found from the Yule-Walker equations.
Multiply the equation by x. forj = 0,1,2,...,p and take expected values to yield a

system of p + 1 equations in the unknowns yo, ... 7p.

Consider the AR(2):

vo — A1y1 — A2y2 = G2

y1—A1y0o—A2y1 =0
Y2 —A1y1—A2y0 =0

These equations may be solved as

— — —-1r—

Yo 1 —11 —/12

vi |=| A1 1-2, 0

. _—12 —A1 1] |
62

(1-22)(1—23) — (1 + A2)A%

(c) James Davidson 2010 2.22

30/04/2010



For the higher order cases, solve the difference equation
Yi = A1yj-1 + A2yj—2
forj = 3,4,5,...

Obviously, the conditions for y; — 0 are identical to the stability conditions for the
process.

@® By rearranging the Y-W equations, one can also solve for (62, 11,12) from
(Yo,71,72).
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Moving Average Processes
Consider a process of the form
Xt = o + 0(L)é&y
where O(L) = 1 +01L + --- + 4L9 and & ~ iid(0,c2).
This is the MA(Q) process.
The autocovariances are
Yo =021+6f+ - +63)
¥1 = 0201 + 0201 + - +0¢0g-1)
Y2 = 06%(02 + 0301+ -+ + 0q04-2)

2
Ya = 0°0q
with y; = 0 for j > q. Thus, the process is stationary for all choices of 6(L).

If O(L) is invertible, it can be expressed as a difference equation of infinite order,
Xt _ _«a

L)~ 6(1)

All MA(q) processes can be written as AR(e0) except those having a root of unity
(over-differenced processes).

+ Et.
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Invertibility of MA Processes
Consider the MA(2) case first.

Vi = &t + 918'[_1
IS a process with the following properties:

E(v)) =0, Var(vy) = 62(1+6%), Cov(vi,Vi1) = 0162
Cov(vt, Vi) = 0forj > 1.

But suppose 1y ~ iid(0, w?) where @? = ¢20%. Then we can write equivalently
Vi = Nt + 07 e

@ The processes v; and v¢ have the same autocovariances, and on this basis are
observationally equivalent.

® There is no loss of generality in always choosing the representation with |u1| < 1.
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The MA(q) case:
O(L)e: and 60*(L)n: are observationally equivalent processes where

O(L) = (1 - pal)--(1 - pgl)
0*(L) = (1 - pu7"L)(A — pal)--(1 — pgl)
and

E(nt) = uiE(ef).
In total, 29 equivalent representations!

Conventionally, we impose invertibility to identify the model.
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ARMA Processes

Combining AR and MA components yields the ARMA(p,q) process
A,(L)Xt = o+ Q(L)E}t
This represents a flexible class of linear models for stationary processes.
Subject to stability/invertibility, the ARMA can be viewed as a difference equation of
Infinite order (AR (0 )),
(ST
O(L) 0(1)

and as a moving average of infinite order (MA(x)):

_ o(L)
=20 T 2D

+ &t

Xt
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Vector Autoregressions

Let {x;} be a sequence of m-vectors. The VAR(p) model takes the form
Xt = dp + A1Xt_1 +... -I-ApXt_p + Ut

where
@® 4, isam - vector of intercepts,

® A k=1,...,paresquare m x m matrices,
@® u; (mx 1) isa vector of disturbances with
E(u) =0

@11 -+ O1im
E(uiup) = Q =

Also write
A(L)Xt = Uy
where A(L) = I — AjL —--- — ApLP.
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Stability of the VAR
Start with the case p = 1.

Solve the system by repeated substitution as

Xt = dp + AXt_l + Ut
= dg + A(ao + AXt_z + Ut—l) + Ut

= (I+ A+ A% +...)ag+ Ut + AUg + AUpo + -

Thus, we need to know the properties of A" as n gets large .
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Eigenvalues

The eigenvalues of A are the solutions (assumed distinct - possibly complex-valued) to
the equation

IA—pul| =0.

A square matrix with distinct eigenvalues 1, to, ..., um has diagonalization A = CMC™
where M = diag(u1,...,1um)

and C is the matrix of eigenvectors.
Note that
A~ ul| = |CMC™ — ul| = |C(M = uC*C)CH| = [M — ul||C|IC7H|= [M — ul|

= (u1 — @)z — ) (um — ).

Note
A" = CcMCicMmct...cMmC!
= CM"C.

The conditions for A" - 0 asn — o are that |u;| < 1, for each i.
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The General Case
Write the VAR(p) model in companion form:

Xt Al A2 vee Ap 0 Xi-1 Ut
Xt-1 | 0 -~ 0 O Xt-2
Xt-2 = o I - 0 0 : +
. . . ) . Xtp
Xt p 0 0 1 0 Xt p 1 0

or
X{ = A™X{ + Uf (m(p+1) x1).

@® Repeat the analysis of p = 1 on this model.
® A*"(m(p+1)xm(p+1))has m(p+ 1) eigenvalues of which m are 0.

@® Can be shown that the remaining mp eigenvalues match the inverted roots of
|A(1)|] = 0.
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The Generalized Stability (Invertibility) Condition:

Generalizing the AR(p) analysis, we can show that all the roots of the equation

AV = [API—=APTA; — - — Ay
(a polynomial of order mp) must lie outside the unit circle.

@® Note the case p = 1. Observe that
Al = Al = Al — uA|

where u = 1/A, so the eigenvalue and polynomial root conditions are equivalent.

@® Note the case m = 1. The companion form provides an alternative way to analyse
the stability of the AR(p).
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The Final Form of a VAR

To solve A(L)X: = uy, note that

A(L)! = | A(lL)| adj A(L)

where |A(4)| is a lag polynomial of order mp and the elements of adj A(L) are lag
polynomials of maximum order p(m — 1).

Hence the final form equations are
|A(L)|x¢ = adjA(L)uy

Key facts:

@® The vector on the right-hand side is a sum of m moving average terms in the
elements of uy.

@® Can be shown that a sum of moving averages has a MA representation.

Hence, the final form of a VAR is a vector of univariate ARMA processes!
® Nominally the AR roots are the same for each equation.

@ In practice there are frequently cancellations of common factors, element by
element.
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