Central European University
Advanced Time Series Analysis
Exercise 4 -Time Series Regression

1. Consider the AR(1) process
thlXt_l-i-St, t=1,2,3,...

where g; ~ NID(0,52) and X, is an independent N(uo,53) random variable. Let
{Fi,t =0,1,2,...} denote "information on the process up to date t" such that the pairs
{xt, Fi} form an adapted sequence.

(&) What are E(x¢|-Ft-1) and Var(X¢|Fi1)?
(b) What are E(x¢|Fo) and Var(xt|Fo)?
(c) What are E(xt) and Var(x)?

(d) What happens to E(x;) and Var(x;) as t gets larger, in the cases
DA<l i)A=1, iii)ja>1?

(e) Find conditions on the distribution of X, such that the process is stationary
(i.e. x; has the same distribution for every t > 1).

2. Consider the model
ytZﬂXt-i-Ut, t=1,2,3,...
where Ut ~ NID(0,03), X is generated as in Question 1. Write oy: = E(Utey).

(@) What are E(y¢|F-1) and Var(y:|Fi-1)? (Remember that {y:, 7} are also adapted,
by assumption.)

(b) Suppose u; and &; are independent. Show that in this case j3, the least squares
estimator of S, is consistent and asymptotically normal.

(c) Now assume that oy, * 0. Show that in this case, j3 is inconsistent.

(d) Obtain the formula for j3, the instrumental variables (IV) estimator in which x_; is
used as the instrument.

(e) Is this estimator consistent? Is it asymptotically normal?

(f) Demonstrate why, if 3 were CAN, you would prefer it to j.
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Answers to PS4.
1a) E(X¢|Fi1) = AxXe1, Var(x¢|Fi1) = o2

1b) E(x¢|Fo) = Ao,
Var(xi|Fo) = 62(1+ A2 + --- + 12ED)

S e TR RS

1c) E(xt) = Atuo,

Var(x) = 0211_—’}12; + A%63,

1d) (VE(x)) — 0, Var(xy) — 11’12 (i) E(e) = po, all t but
Var(x;) = to? + o3 — oo, so mean not well-defined?
(i) Both diverge.

le)Set g = 0, then E(xt) =0, allt > 1

2
Set o3 = ﬁ, then
Var(x;) = szii—’};t + 02 1’12;2 =7 c_rz)bz callt>1

2.a) Note y; = B(AXi1 + &t) + Ut
E(yiFr1) = ABXia
Var(yi|Fi1) = B262 + 0l + 2P0
2 b)

T Z:-=l XtU¢t
T1 ZtT:l X2

T1 ZXtUt = AT? th—lut +T1 Z et

Note, E(Xt_1Ut|ft_1) = Xt_1E(Ut|.2Ft_21) =0a.s.
and Ejxi1uy] < E(xZ,ud) = 16“6;2

Similarly, {uts¢} is an i.i.d. sequence with means oy, = 0 and variance o302, hence an
m.d. w.r.t. i

p=p+

< o hence {Xi1Ut, Fi} is an m.d.
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m.d.s are uncorrelated, hence T2 > x;u; £ 0 by Chebyshev WLLN.

Also,

E(xeUr) = A2E(x¢1u?) + E(¢fu?)
A26252

=T 5z O-“fz + 00?
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Hence, T-Y2 )" xuq S N(O, 16 G/fz ) by CLT for m.d.s.
Also, consider
.
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noting that

T T
%fol %Zx +

t=2 t=2

Hence, we get consistency (Slutsky) and asy-normality.
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3.Inconsistency:

(c) James Davidson 2010 3 17/05/2010



imR_ A — Oue
plimpg - p UL + 0.

IV estimator:

_ T

T thz UtXt-1
_ T

T thz XtXt-1

Zthz YiXt-1
ZtT: 5 XtXt-1

B = = B+
E(uixe1|Fi1) = E(Ug|Fra)xe1r = 0 as.
(an m.d.) and

E(U?x2;) = E((UZ[Fr1)[xEy)

T T
AT X2+ T e
t=2 t=2

pr Ao
1-22

T
T Z XXt-1
t=2

Hence,

JT(B-P) 9N O,Gul——/ﬁt2

where
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so prefer OLS if consistent.
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