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Preface

The object of this book is to develop an approach to the large-sample analysis of
the so-called fractional partial-sum processes, featuring long memory increments.
Long memory, equivalently called strong dependence, is commonly defined to mean
that the autocovariance sequence is non-summable.

These increment processes have a linear moving average representation with a
single parameter measuring the degree of long-run persistence. In the econometrics
literature this parameter is denoted by d although in statistics the symbol H, to
denote d + %, is well established. Long memory means that d is positive, while
negative d defines a special type of short memory known as antipersistence, for
which the autocovariance sequence sums to zero. Antipersistent processes are
treated here in parallel with the long memory case.

By contrast to the time domain focus adopted in this book, an extensive liter-
ature on long memory takes the route of harmonic analysis. The spectral density
depends on d in a characteristic manner, providing the basis for various semipara-
metric estimators. Time domain analyses do not generally entertain the possibility
of a nonparametric representation in which the rate of decay of the autocovari-
ances is not linked to a functional form, although as explained in Chapter 1, such
a gain in generality would be more apparent than real. It is the elegant (albeit
misnamed) concept of the ‘fractional root’, as the natural generalization of the
unit root, that has captured the imagination of researchers.

Chapters 1, 2 and 3 treat the weak convergence of certain normalized partial
sums to fractional Brownian motion, otherwise known as fBM. This is a Gaussian,
almost surely continuous process that, unlike regular Brownian motion, exhibits
correlated increments. The proof of Gaussianity uses well established methods
after rearranging the partial sum so as to isolate the coordinates of the driving
shock process. The approach is then similar to the conventional analysis of unit
root, processes converging to regular Brownian motion, except that the increments
are heteroscedastic. To show uniform tightness of the distributions also follows a
conventional path up to a point, but as well as showing that the squared process
increments are uniformly integrable it is necessary to specify the rate of this con-
vergence to zero. The requirement entails a minimum moment condition which
binds in the antipersistent case.

Two versions of these and subsequent results are given, assuming first that
the driving shocks are independent and identically distributed and then that they
possess a nonparametric form of weak dependence (near-epoch dependence on
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a mixing process). No apology is offered for this dual approach. Dealing with
short-range dependence adds a substantial layer of complication, making it harder
for the reader to grasp the essential features of the strong dependence model.
Since no restrictions are placed on the models studied other than linearity and
the behaviour of the moving average coefficients at long range, even with i.i.d.
shocks the theory embraces a very extensive class of time series processes. It is
really only when nonlinear features such as conditional heteroscedasticity have
to be confronted that these results would prove strictly inadequate. While not
overlooking the reduced rate of convergence to the limit (effective sample size) in
such cases, it is gratifying to find that in large samples the replacement of the shock
variance by its long-run counterpart is in nearly every case the only consequence
of the generalization.

Chapters 4, 5 and 6 treat different aspects of the most technically challeng-
ing problem, which is the limiting distribution of stochastic integrals where both
the integrand and the integrator processes exhibit either long memory or antiper-
sistence. These are not Itd integrals, so the approach has to be quite different
from the by-now conventional analysis of unit root processes. The key step is to
show that the limit distributions feature the sum of distinct Ito-distributed com-
ponents. Chapter 7 reviews applications of the theory to regression with fractional
processes, in particular cointegrating regressions involving nonstationary (partial
sum) processes.

All these results are also developed initially under the assumption of i.i.d.
shocks. The various extensions required to cover the dependent shocks case are
gathered together in Chapter 8. This arrangement allows the reader to decide
at any point whether the additional effort of dealing with the general case is
worthwhile.

The final two chapters are included to provide context, with accounts of some
closely related results. Chapter 9 sets out the essentials of the harmonizable rep-
resentation of fractional processes. The main revelation is that asymptotic results
obtained in this framework match those already found in the time domain analysis,
showing how the same limit properties can be demonstrated in apparently very
different ways. Chapter 10 is about local-to-unity autoregression, cases where the
limit distribution is an Ornstein-Uhlenbeck process instead of fractional Brownian
motion. In neither case does the treatment claim to be comprehensive, the chief in-
tention being to inform readers curious to compare these alternative methodologies
and alternative generalizations of the unit root class of nonstationary processes.

There are two appendices. Appendix A contains some items of probability
theory not directly related to fractional models but important for deriving the
limit distributions. Appendix B lists various trigonometric and related identities
arising in the text for the benefit of those desiring an aide memoir, together with a
number of integrals to be encountered whose solutions are not elementary. These
latter are to be found in one or other of the legendary formula compendia of
Gradsteyn and Ryzhik ([27]) and Abramowitz and Stegun ([1]), but the formulae
are reproduced here for the convenience of readers.

These chapters were originally conceived as forming a section of Stochastic
Limit Theory 2nd Edition ([14]), henceforth abbreviated as SLT. In the event
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a free-standing contribution proves to be the better option, but SLT plays an
important role as a source for certain necessary results that can be cited rather
than reproved, as well a useful reference for background material. Readers are
referred there for certain theorems arising in Chapters 3 and 6, in particular.
Citations of other relevant proofs are supplied in footnotes at various points.

A note about format and presentation. Numbered assumptions, theorems, and
lemmas are terminated by [J unless followed immediately by a proof, while proofs
are terminated by W. References to these items appear in the text in boldface while
references to chapter sections have the prefix §. Certain frequently used notations
are relatively non-standard and so should be defined. Thus, in a relation involving
sequences T, and y,, the notation x,, < y, replaces the more commonly used
T, < Cy, for all n, for a positive constant C'. The notation x, = ¥, indicates
that there are constants C; > 0 and Cy < oo such that Cy < z,/y, < Cs for all
n, generalizing the standard tilde notation ~ denoting that x,/y, — 1. Braces
are most commonly used to denote the sequence or array whose generic element
is enclosed, as in {z;}, but they are also used to define a random event. The
indicator of an event A is written 14. [z] is the floor function of z, the largest
integer below x.

Some of the results presented here are revisions, extensions and corrections of
material from published journal articles by myself and coauthors Robert de Jong
and Nigar Hashimzade. The contributions of these colleagues to the enterprise, as
well as that of Morten Nielsen who most helpfully commented on an early draft,
are most gratefully acknowledged. I have also received some extremely valuable
comments from anonymous referees.

James Davidson
University of Exeter

May 2024
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Chapter 1

The Fractional Model

!1\
M ‘ l‘ ﬂ' l,['l’

I |
il \

‘ r|
“ ." [‘

There is still no better illustration of the long memory phenomenon than the
first example to be identified in the literature. The plot above shows the annual
minima of depth measurements of the river Nile, taken at the Roda gauge near
Cairo, for the 663 years from 622 AD to 1284 AD, the longest unbroken run
available, as recorded in Omar Tousson’s history of the Nile ([70]). Famously,
these data were studied by the hydrologist Harold Edwin Hurst (1880-1978) who
was engaged in the design of the Aswan high dam. The problem was to specify
a dam high enough (but no higher) such that the lake to be created behind it
would neither empty nor overflow under variations in rainfall at the river’s source,
given a constant rate of discharge downstream. This question was easily answered
if it could be assumed that the measured flow generated an independent, or at
worst weakly dependent, sequence over time. The distribution of the range of a
centred and normalized Brownian motion over a fixed period is easily calculated,
and would provide a good approximation if the period were long enough. What
Hurst showed decisively by means of his well-known rescaled range (R/S) test (see
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[38], [47], [67]) was that this distribution was the wrong one.

Two features stand out in the plot of what must be thought of as an annual
record of precipitation in central Africa. The first is the complete absence of trend
over this lengthy historical period. This is, from any reasonable perspective, a
stationary time series. But at the same time the persistence of the variations is
very striking. The series median is 1148 centimetres, but in the 86 years 720-806,
this level was exceeded only twice. At the other extreme, in the 33 years 1099-1132
the level did not once fall below the median. The Egyptians living through these
prolonged periods of drought and flood, respectively, may have thought with some
reason that “the climate was changing”. The full record says otherwise.

It is to build models that can describe and predict series of this type that the
theory of fractionally integrated processes has been developed. Early contributions
to this literature include the classic papers of Clive Granger ([29], [28]), Jonathan
Hosking ([33], [34]) and Peter Robinson ([59]). A useful general account is the
monograph by Jan Beran ([4]) and prominent among more recent contributions to
the statistical analysis are the comprehensive monographs by Giraitis et al. ([25])
Pipiras and Taqqu ([52]) and Beran et al. ([5]), the latter featuring an extensive
bibliography. Among other valuable references are the books by Palma ([50]),
Hassler ([31]), Samorodnitsky ([63]) and Doukhan et al. ([22]).

1.1 The Model

Working with the paradigm of the linear moving average process driven by a
stationary shock sequence, say {u;}52__ having mean of zero, the basic setup

gives the form of the process at date ¢ as
o0

Ty = ijui,j (11)
§=0

where by = 1. The structure defining a fractional (long memory) process can be
expressed in various ways, but for maximum generality let

bj ~ dj* ' L(j) (1.2)

as j — 0o, where d > 0 is a parameter and the sequence {L(j)}32 is positive and
at worst slowly varying at infinity. Observe that b; is allowed to take arbitrary form
when j is finite since (1.2) specifies only the limiting behaviour of the sequence at
long range. In leading cases L(j) is, or converges to, a positive constant. Since this
is a one-sided (causal) model, relating the present to the past, it may in certain
contexts be necessary to specify that b; = 0 for j < 0 in a two-sided sum.

The distribution of the sequence {x;}52__ is not well defined if the value
of d is too large and in the next section it is explained how d < % generally
defines the boundary for existence in the mean-squared sense, depending on the
specification of {u;}2_ . If u; = 0 for ¢ < 0 then (1.1) for any d > 0 defines a
nonstationary process with finite starting point, notably including the well-known
unit root process when d = 1.
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Subject to these considerations, nothing needs to be added to (1.1)+(1.2) to
define what is often called a fractionally integrated process, although strictly this
terminology is reserved for the special case to be examined in §1.3. Maximum
likelihood estimation of a parametric model conforming to this setup, applied to
the Nile minima series, give values of d in the vicinity of 0.4 (see e.g. [18]). While
the multiplier d in formula (1.2) is optional since it might be incorporated into L
with no loss of generality, it will be convenient at various points in the development
to have it appear explicitly. Thus, formula (1.2) applies to the case d = 0 since it
yields simply z; = u;. Any dependence in the process then has to be modelled by
a different mechanism.

A key feature of model (1.1)+(1.2) with d > 0 is that the sequence {b;}%2,
is nonsummable. It is this condition that technically defines the categorization of
the process {x;} as long memory and, equivalently, to be strongly dependent. The
assumption E(u;) = 0 is therefore essential, since with a nonzero mean included
the sum in (1.1) would diverge. A fractional process with nonzero mean u can
exist, but it must take the form x; + u for ¢ > 1 where z; follows (1.1)+(1.2).

Another leading implication of strong dependence is the failure of the conven-
tional central limit theorem. Thus,

%Zmz :ij (%Zuzj> ZijZn(j) (1.3)

(say) where under various conditions on the shock sequence {u;}, such as serial
independence, the variables Z,, (j) would approach the same Gaussian limit for each
j, as n — oo. In the case | Z;io bj| < oo, this Gaussian property would extend
to n~1/2 S @, itself, the only effect being a change of scale. However, under
long memory, |Z§i0 bj| = oo and nothing useful can be said about the limiting
distribution of (1.3). Specifically, the normalization by n~!/2
the variance of the sum diverges.

The permitted inclusion of slowly varying components in (1.2) involves some-
thing of a sleight of hand, because to do the asymptotics requires that the L
functions for the series have known form. These functions must be included in
the normalizing divisors to obtain the known limit distributions of statistics. If
neglected, a slowly varying drift would render the limit distributions invalid, al-
though hopefully by a small enough amount that finite-n approximations would
be useful. Since such components are rarely if ever specified in empirical applica-
tions, there is a sense in which they are just window-dressing and the mathematics
would surely be simplified by their omission. However, on the other side there is
the question “What if?” If slowly varying components do exist, at least the math-
ematics tells the practitioner what to do about them. There is the larger issue,
that the parameter d must also be known to make use of the limit results. This is
not a problem arising in the conventional unit root analysis, but at least there do
exist a range of procedures to estimate d from the data. Estimation falls outside
the subject matter covered in this book, but among innumerable references see for
example [24], [48], [60], [66], [32], and [18].

is inappropriate and
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1.2 Shocks and Dependence

Regarding the distribution of the shock sequence {u;}, two alternative sets of
assumptions are invoked at different points in the development that follows.

1.1 Assumption The sequence {u;, —00 < i < oo} is identically and indepen-
dently distributed and L,-bounded for r > 2, with E(u;) = 0 and E(u?) = o2
where 0 < 02 < 0.

1.2 Assumption The sequence {u;, —00 < i < 00} is

(a) strictly stationary and L,-bounded for r > 2, with E(u;) = 0, E(u?) = o2
where 0 < 02 < oo and for k > 0, E(u;uix) = 7, (k) = O(k~179) for § > 0.

(b) La-near epoch dependent (NED)! of size —1 on either a a-mixing sequence

of size —r/(r — 2) with r > 2, or a ¢-mixing sequence of size —r/(2r — 2).

Assumption 1.2(a), and in particular the requirement ¢ > 0, specifies that the
autocovariances are absolutely summable, the condition defining the boundary
between weak and strong dependence. It implies that the standard deviations of
partial sums of the process grow like y/n and hence that w? < co where

n 2 [e'e]
1
2 = lim =E i) =02 +2 k). 14
wy = lim ~B( u oL 2 (k) (1.4)

j=1 k=1

Assumption 1.2(b) implies the autocovariance summability condition of 1.2(a),>
but this is nonetheless stated explicitly to define notation and focus attention on
the important implications of weak dependence.

In calculations involving second moments, much simplicity in exposition is
achieved by neglecting autocovariances, which Assumption 1.1 permits. Since no
restriction beyond (1.2) is imposed on the moving average coefficients, allowing
them to take arbitrary forms for finite lags, assuming independent shocks does no
more than confine attention to linear forms of serial dependence, less restrictive
than might be supposed. The strategy adopted here, when Assumption 1.1 is
convenient for exposition, is to collect the generalizations needed to move to As-
sumption 1.2 in one place. What will be shown, in Section 2.6 and Chapter 8 in
particular, is that relaxing the i.i.d. assumption in many cases involves no change
in asymptotic results other than replacement of 02 by w? in formulae.

Another class of models with the moving average representation (1.1) is the

familiar ARMA class, where the expression corresponding to (1.2) is b; = o,

where apax is the largest autoregressive root, assuming the parameterization that
places stable roots inside the unit circle. If |amax| < 1, ARMA coefficients of order

1For an explanation of the mixing and NED dependence concepts see SLT, Chapters 15 and
18.

2See SLT Chapter 17.5.
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al .. as j — oo form an absolutely summable and hence also square-summable
geometric sequence. The ARMA process is in this case weakly dependent and
covariance stationary, having a finite variance not dependent on the time index.
That Assumption 1.2 is a relatively mild condition on dependence is evident from
the fact that geometric memory decay corresponds at long range to the case where
0 is arbitrarily large.

The coefficients in (1.2) are square summable if 0 < d < 3, which is a suffi-
cient condition for covariance stationarity. The cited estimates of d for the Nile
minima series fall in the covariance stationary region although not too far from
its boundary, which is what the eyeball analysis of the series would also suggest.
Under Assumption 1.1 the variance of the process {z;} in the stationary case is

easily calculated as
oo

o2 =E(x}) = o2 Zb? < 00. (1.5)
§=0

The autocovariances are also defined in this case. Since this symbol arises fre-

quently, for economy of notation define v, to stand in for v, (k) = E(x;x;4%), for

k > 0. It is easily verified that these have the property

=02y bibjr e Y 2(17) L(j)? = O(k*).  (1.6)
Jj=0 Jj=k+1

The term weakly dependent is generally defined to mean a process with sum-
mable autocovariances, the ARMA class being the best-known example, whereas
under stationary strong dependence the autocovariances do not form a summable
sequence, as is apparent from (1.6).

Even if stationary, long memory processes do not generally satisfy useful mixing
and near-epoch dependence (NED) conditions.?> Under Assumption 1.1, the Lo-
NED criterion for z; can be evaluated as

o0 1/2
||$i - EithhHQ = O'u< Z b?) — O(mdfl/Z).

j=m+1

This does vanish with d < % although not fast enough to meet the usual conditions
for the central limit theorem to operate. In the L,-bounded case with p < 2,
and also with u; dependent under Assumption 1.2, where in either case it is
necessary to appeal to the Minkowski inequality, no NED property of any kind
can be demonstrated for x;. The usual nonparametric techniques for modelling
dependence are not available here.

The nonstationary fractional process with % < d < 1, in spite of exhibiting
too much persistence in its variations to possess a variance, does eventually lose
dependence on initial conditions since b; — 0 as j — oo. Its behaviour is therefore
distinct from that of a random walk. On the other hand the case d = 1 matches the

3Consider the sufficient mixing condition under linearity of SLT Theorem 15.9. Under (1.2),
there is no positive value of d to satisfy condition (b) of that theorem.
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ARMA case apmax = 1, the so-called unit root process. A major reason for interest
in the fractional process is that it provides an alternative model class within which
the unit root can be embedded. However, d is not the root of any equation and
the ‘fractional root’ terminology sometimes encountered in the literature is best
avoided.

The single model feature intrinsically associated with long memory is the pa-
rameter d and according to the equality in (1.6), under Assumption 1.1 the au-
tocovariance sequence {7, }32,, provides a complete specification of the memory
properties of z; in (1.1). It is reasonable to ask whether the long memory property
might be specified directly by the autocovariances or, more conveniently, in terms
of the spectral density (the Fourier transform of the autocovariances). Some details
of this approach are given in Chapter 9. Working with the spectrum, dependence
on d can be expressed semiparametrically. Might there be a gain in generality to
be achieved by avoiding the linear formulation in (1.1) altogether?

The answer to this question is best provided by consideration of the Wold
decomposition theorem? according to which a stationary and nondeterministic
time series always has a linear moving average representation with white noise
shocks, that is, covariance stationary and uncorrelated with zero mean. Except in
the Gaussian case this is not the same thing as i.i.d., as specified in Assumption 1.1.
However, what it does imply is that the only form of shock dependence permitted
must coexist with uncorrelatedness and hence must be nonlinear, prominently
including the case of conditional heteroscedasticity. Volatility models of the ARCH
and GARCH type (see for example SLT §18.6) are permitted under Assumption
1.2. In other words, defining long memory as a property of the second moments
of the joint distribution of a process is equivalent to specifying (1.1) with (1.2)
under Assumption 1.1 and nearly so under Assumption 1.2, in the sense that the
cases ruled out under Assumption 1.1 are of a specific character, that is to say,
they must feature nonlinear dependence. Arguably, the loss of generality involved
in working in the linear framework is little more than notional.

It is also noteworthy that while long memory in volatility is an important
phenomenon, the moving average framework is also adopted in fractional gener-
alizations of GARCH models.” The centred squares of a process are modelled as
fractional linear processes, even though with random signs the process itself could
be white noise. If the centred squares are covariance stationary, the same basic
considerations apply.

The focus on the stationary case of long memory adopted henceforth is not
because the nonstationary case is uninteresting, but because it is connected to the
stationary case by the simple operations of cumulation and differencing. If x; is
stationary with parameter d < % then S; = Z;Zl x; is a nonstationary fractional
process, having 14 d as the fractional exponent. The integration operation can be
repeated any finite number of times, to define d to have any desired positive value.
The original series is easily retrieved from S; by differencing, with z; = AS; =

4SLT Theorem 13.14.

5For example, see [16].
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S; — S;_1 after setting Sy = 0. Any other starting value Sy can be substituted
for 0 when forming the integral, although the initial date must always be finite.
It is legitimate to define a stationary long memory process {z;, —00 < i < o0},
but take care to note that {S;, —oo < i < oo} does not have a well-defined
distribution. It is perhaps needless to say that it is the behaviour of partial sum
processes {S;,i > 1}, after suitable normalization, that is the focus of interest
in this book. Their properties derive from those of the increment processes just
as the behaviour of Brownian motion is understood as deriving from the partial
summation of weakly dependent increments.

1.3 Fractional Integration

The best-known mechanism for inducing the behaviour summarized in (1.2) is
represented by the recursion

j+d—1
bJ:j—+

bj—1,7>0 (1.7)
where by = 1. (No slowly varying component in this instance). These b; are the
coefficients of the binomial expansion of the so-called fractional integral

(1—B)—d:§:bj3j. (1.8)

where B denotes the backshift operator (or lag operator) defined by the relation
Bx; = x;_1, where x; is a time series coordinate as in (1.1).6 The fractional
integral generalizes the unit root operator (1 — B)~!. Its solution as an infinite-
order lag polynomial follows from Newton’s generalized binomial theorem, which
says that for |¢| < 1,

(148" = Z %tﬂ‘ (1.9)

where 7 is any real number and
(r)j=r(r—1)---(r—j+1). (1.10)

The latter function is known as a falling factorial and (+) is called the Pochhammer
symbol.

The relation j! = T'(j + 1) where I" denotes the gamma function, defined in
(B.12) of Appendix B, follows by recursive application of (B.13) starting from
I'(1) = 1. While (r); = r!/(r — j)! is only true when r is a positive integer and
r > j, (B.13) shows that the equality

(r), = - I(r+1)

=751 (1.11)

6While in econometrics L is the symbol commonly assigned for the lag operator, B is adopted
here to avoid confusion with the slow variation process L(j).
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holds for any real r. Define

d+j-1); _TG+d __ dI(j+d

bi = j! T TW@IG+1) T@+0DIG+1)

(1.12)

and notice that the recursion in (1.7) generates this series for j > 1. In view of
the fact that

(=) = (=1 (r+5 - 1);
it can be verified from the first equality of (1.12) that

(), -
TJ =b;(—1).
Setting r = —d and replacing t by —B, the expansion in (1.9) assumes the form
of (1.8). It is clear why with d > 0 the process generated by (1.8) is referred to
as ‘fractionally integrated’, the ‘fully integrated’ case with d = 1 corresponding to
the unit root. It follows from (1.10) and (1.11) for fixed j and increasing r that
for a fixed value of a,

T+ a) — lasr— oo. (1.13)
Therefore (1.12) implies
djdfl
bj ~ —— 1.14
T T(d+1) (1.14)

which may be compared with (1.2). The class of models having lag structure (1.8)
with d € (0, %) provide a continuum of dependence properties within which the
unit root case is embedded, with 0 < d < % representing the covariance stationary
members of the class.

One advantage of special case (1.12) is that the autocovariances can be evalu-
ated exactly. The following derivation adapts Lemma 1 of [35].

1.3 Theorem
5> T'(1 —2d)T(d + k) sin 7rd

kTP —d1 k) 7

(1.15)

Proof Substituting from (1.12) into the formula in (1.6) gives

22 ]+d I'(G+k+ad)
FArG+Hr@rEG+k+1)

_ 2 (d+k) . .
= o} e ek k1)

_, T1-2d) T(d+k)
_Uil“(d)f‘(l —A)T(1—-d+k) (1.16)

where the second equality of (1.16) notes the match with the hypergeometric series
defined in (B.22) and the third is got by simplification after applying identity
(B.23). The formula in (1.15) is lastly obtained by use of (B.15). I
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Applying (1.13) shows that v, = O(k?*?~!), agreeing with the calculation in
(1.6). The case of particular interest, easily shown using identity (B.15) after
setting k = 0, is

(1 — 2d)
_ 2 _ 2
Yo = 0g Oy F(l . d)2 .

As expected, this formula diverges as d approaches the stationarity boundary of
1. Another version of formula (1.15) sometimes cited is

(1.17)

_ o T -—2d4)(-1)
Tk TP A—d+ k(1 —d— k)

Switching between the two is a simple application of identities (B.15) and (B.5).

1.4 Antipersistence

The case d < 0 in formula (1.2) is not by itself of special interest since it merely
implies summable lag coefficients and hence, weak dependence in general. This
is however the distinguishing feature of the fractionally differenced process, oth-
erwise known as antipersistent. The special additional requirement defining the
antipersistent case is that Z;’;O b; = 0. According to the first equality in (1.6), un-
der Assumption 1.1 this has the implication (noting v, = v_; under stationarity)

that - - )
Y =0 (Z bj> =0. (1.18)
§=0

k=—o0

With v, = 02 > 0 from (1.5), it follows that antipersistent processes must exhibit
negative autocorrelation.

The most familiar case of antipersistence is the simple difference of an i.i.d.
process, ¥; = u; —u;_1. Here, the autocovariance sequence is of the form v, = 202,

v, = 7.1 = —0o2 and zero otherwise, which agrees with (1.18). This is the
case d = —1. More generally, a fractional process with d in the range (—%,0)

arises as the differences of a covariance-nonstationary fractional process where the
fractional exponent has the form d + 1 € (%, 1). Suppose that y; = Z;io a;U;i—j
where a; ~ j9L(j) with d in the indicated range and L(j) > 0, and so define
T =Y — Yio1 = Z;io bju;—; where by = ap = 1 and b; = a; — a;—; for j > 0.
Given the assumption of slow variation with L(j)/L(j —1) — 1, it can be verified
that as j — oo,

JULG) = (G = D'L(G — 1) ~ dj* 7 L(j) (1.19)

which matches the representation in (1.2). It is also easy to see that with d < 0,
m
> bj = am ~m?L(m) — 0 (1.20)
3=0

as m — o0o. In the case of the fractional integral defined by (1.12), the relation
in (1.19) holds not just as a tendency but identically for every j > 0. Applying
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(B.13) once again, note that

FG+d _ _T@+d (j+d_1>
L@rG+1) Td+1)IG\ g
I(j+d+1) D((j—1)+d+1)

Frd+1)rG+1) TA+D)I((G-1)+1)

The fact that these coefficients sum to zero when d < 0 follows directly on
setting B = 1 in (1.8). Also note that (1.15) gives «y;, < 0 for every k > 0 when
de (—%,0). The fact that the «, sum to zero over the range k = —o0,...,00 is
less obvious from the formula, but this must follow from (1.18) and (1.20).

The differencing operation can be iterated just like the integration operation
so in principle, fractional processes are defined for any real value of d at all. Since

L+ (b1 — 1)+ (ba—b1) + (b3 —b2) +--- =0

for any sequence {b; }?’;1 converging to zero, the antipersistence property continues
to hold under iterated differencing.

By contrast with integration, differencing loses information about the current
location of the process and a starting value has to be supplied for each integration
operation. If x; =5; — S;_1 for i = 1,2, ... are the differences of a nonstationary
process {S;, i =1,2,...}, it is always correct to set £ = S since the differencing
is in effect undoing a cumulation operation that must, by construction, have had
a finite initial point. This is true whether or not {z;} is itself stationary. By
contrast, since no finite initial date can be specified, the operation of differencing
a stationary sequence loses the initial value. For this reason, it is said to form an
overdifferenced process. In particular, an antipersistent process with d < —% is
overdifferenced since cumulating it from any initial date yields a fractional process
with exponent 1+ d < %, hence eventually stationary.

A convenient vehicle for understanding the antipersistent case is the fractional
integral z; = (1 — B)~%u; from (1.8), since inverting the polynomial is straight-
forward. The autoregressive representation of the process is (1 — B)%z; = u;, or
equivalently

T = Zd?j%’i—j +u; (1.21)
j=1
where the lag coefficients are
]‘—‘(.7 - d) d—1
V=Y .
%= Targ+n VU )

If d < —1, this latter sequence is either non-vanishing or divergent as j — oo, which
implies that the process {x;}5°___ does not have a well-defined distribution. Such
a process is said to be non-invertible. On the other hand, processes for which
-1<d< 7% are invertible, noting that ¢; — 0 as j — oo and the representation
in (1.21) is well defined. (See [49] and [8] for alternative analyses of this question).
In spite of being invertible, these cases are excluded from consideration in the
sequel since it is the bounds —% <d< % that fix the region over which normalized

partial sum processes have the limiting properties of interest.
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1.5 Linearity

The pure fractional model (1.8) depending on a single parameter is excessively
restrictive. If the first route to a parametric generalization is to let {u;} be a
weakly dependent process, maintaining linearity should be the first consideration.
In other words, let a moving average representation of the shocks be u; = <,0(B)5Z
where {e;} is i.i.d. with zero mean and finite variance and p(B) = 372 ¢, B/
denotes a polynomial in the lag operator with absolutely summable coefficients.
The natural choice is the ARMA(p, q), for which ¢(B) = 6(B)/é(B) and ¢(B)
and 0(B) are lag polynomials, of finite orders p and ¢ respectively, having roots
strictly outside the unit circle. The rate of decay of the lag coefficients is geometric
in this case. The ARFIMA (p,d, q) (autoregressive fractionally integrated moving
average) model with representation

¢(B)(1 = B)"z; = 0(B)u;

is a popular choice in empirical studies of long memory.

The following result shows that linear weak dependence of the forcing sequence
has no effect on the long-range behaviour of the process beyond changes of scale.
For simplicity’s sake the slowly varying component is omitted in this instance, but
its inclusion would change nothing material.

1.4 Theorem If a(B ) = b(B)y(B) denotes the composite lag polynomial where
b; ~ Kj41 for |d| < 4 and a constant K > 0 and lp;| =0@G~ %) for § > 0, then

~ o(1)Kj jd—1 (1.22)
as j — oo.

Proof Gathering terms of the product with matching powers of L shows that

J
aj; = Z orbji—k
k=0

for each j > 0. Choose 7 from the interval (1/(1+ §),1) and so write

- ="\ 1
aj~ K o(j — k) = K 1( ) sO(
k=0

—in
o J—1J

) T (1)

Break up the sum on the right-hand side of (1.23) as

’]1

(% Z)w(

Since (j — k)/(j —j") — 1 as j — oo for any fixed k < [§7], it is immediate that
A(j) — ¢(1). In view of (1.23) and the fact that (j — j7)/j — 1, the proof is
completed by showing B(j) — 0.

)T = a6) + BG). (1.24)
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To do this, it is convenient to re-order the terms of (1.24) after taking the
absolute value. Substitute |¢;| = k~'1~% and also let m = j — k, so as to write

AN o m e
BOI< 3 G =m) (=)
=6 s
= (j — j")1—dj—n(+d) Z:l (j]—nm) md—1
1)

S (] _j’r])lfdjfn(l“ré) Z md*l
m=1
< (j— jﬁ)j—n(1+5)_

The second inequality holds because 7 —m > j7 so that the factors in the terms of
the sum with exponent —1 — ¢ are all smaller than 1. The sum of the terms m?~?
is of order of magnitude (j — j7)? by integral approximation’ and the conclusion
|B(j)] — 0 follows noting that n(1 + d) > 1 by choice of . 1

The implication is that linear short-run dependence has no asymptotic impli-
cations. The coefficients of the infinite order moving average (MA(c0)) process

z; = (1 - B) (B, (1.25)

with |d| < 4 satisfy the conditions specified in (1.2) where ¢(B) is any lag polyno-
mial with summable coefficients and L(j) — ¢(1)/T'(d + 1) as j — co. Any form
of shock dependence that can be removed by linear filtering is compatible under
(1.2) with Assumption 1.1.

"See SLT Theorem 2.17(i).



Chapter 2

Fractional Asymptotics

From the point of view of inference the main interest in fractional processes is
with the associated partial sum processes, since it is the time aggregation that
gives rise to known distributions in the limit. The familiar case of Brownian mo-
tion B has the feature that B(at) ~q a'/2B(t) for t > 0 and a > 0, where ~q
denotes equivalence in distribution. This is an example of the self-similarity prop-
erty of a process, by which the distribution is preserved under changes of scale
with suitable normalization. John Lamperti ([40]) first suggested extending the
class of self-similar processes X to cases of the type X (at) ~gq a®X(t), with the
self-similarity index « falling either above or below % The same idea was explored
by Benoit Mandelbrot ([43], [44]), who defined fractional Brownian motion, com-
monly abbreviated as fBM, to be the Gaussian case of this generalization. For
an excellent survey of its properties by Murad Taqqu, see [69]. As previously re-
marked, the symbol H (after Hurst) is commonly used for the self-similarity index
in the statistical literature, corresponding to d+ %, so that 0 < H < 1 is the range
of interest matching |d| < 1.

2.1 Fractional Brownian Motion

Fractional Brownian motion is the almost surely continuous stochastic process X :
[0,1] — R that is represented in the time domain by

X(t) = / (t — £)1U () + / (t— &) — (—ODAU(E), te0,1]  (21)

—0o0

where |d| < 3 and U denotes a Brownian motion process with variance E(U(1)?) =
o2, where without loss of generality it can be stipulated that U (0) = 0. The slightly
counter-intuitive notion of U(&) evolving from a starting point at £ = —oo can be
better appreciated by noting that a Brownian motion has independent increments
and is accordingly reversible. The distribution on the negative half-line can be
paired with that on the positive half-line initialized at zero. While of course U
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diverges in the limit with probability 1, only the stationary increments dU enter
the formula in (2.1), having square-integrable weights in the second term.

The case of regular Brownian motion is embedded in (2.1) as the case d = 0, the
formula reducing to U(t) for ¢ € [0,1] with the presample component cancelling.
The convention introduced by Mandelbrot and van Ness ([44]) is to include the
scale factor 1/I'(d + 1) in the formula. As explained in Chapter 9, this scale
factor aligns the variance of the process in (2.1) with that of the harmonizable
representation of fBM in the frequency domain, although this is only true if the
process driving the harmonizable representation has variance matching that of U.
This may be an attractive assumption, as when both variances can be set to 1,
but the factor otherwise achieves nothing material and tends to clutter algebraic
expressions, hence it is omitted here.

The striking feature of (2.1) is the dependence of the process on the entire past
history of the driving process U. This is of course a characteristic of (1.1) generally
and hence of the ARMA class of processes, but weak dependence means that
in large samples the presample contribution to the variation becomes negligible.
Setting d = 0 in (2.1) gives regular Brownian motion B(t) = fot dU (), the second
term in (2.1) vanishing. In fractional processes having d > 0, on the other hand,
the presample contribution persists into the limit distribution.

Sometimes the expression in (2.1) is referred to as ‘fractional Brownian motion
of Type I since an alternative formulation known as the Type II case (see [46]) is

X@%:A(thMU@) (2.2)

This is the asymptotic counterpart of the partial sum process driven by the trun-
cated version of (1.1) in which u; = 0 for ¢ < 0. Since it features nonstationary
increments, where the distributions are linked to the time elapsed since what
is usually regarded as the first observation of a sample (i.e., unconnected with
the phenomenon being modelled, in general) the Type II process is evidently
a less satisfactory platform for empirical time series modelling than (2.1) (see
[18]). Nonetheless, there is a substantial literature based around these truncated
processes so it may be useful to point out that weak convergence to (2.2) can be
analyzed by a somewhat more compact version of the arguments to be deployed
here. This suggests a useful exercise for the reader.

2.2 The Variance

An increment of the fBM process of Type I for 0 < ¢ < s <1 has the form
s t
X=X = [ 6-9©+ [ (=" ¢-9MU©. @3

—00

The signature property of fBM is the variance function of these increments.
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2.1 Theorem If |d| < 3, E(X(s) — X(t))* = o2]s — t|**"!Ty < oo for any
s,t € [0,1] where

1 o 2
T)=—— 1+ 7)4 — 7% dr. 2.4
d 2d+1+/0 (A+7m)* =79 "dr (2.4)
Proof Assume s > t without loss of generality. The orthogonality of Brownian
motion increments implies that

s t
BX(s) - X =0} [ (- ¢ [ (-0 @-97 e (@5)
t —o0
Apply changes of variable 7 = (s — £)/(s — t) in the first integral in (2.5) and
7= (t—¢) /(s —t) in the second integral, noting (s — &)/(s —t) = 7 + 1. The
integral in (2.4) converges for |d| < . N
The increments of fBM are thus shown to be stationary, the variance depending
on the width of the interval |s — ¢|, but not on ¢. Self-similarity implies that the
distribution of the increment X (¢+4) — X (t) matches that of a=%/2(X (t4ad) —
X(¢)) for any a > 0 (see [44]).
For Theorem 2.1 to be practically useful, a closed form for the expression Y4

in (2.4) is desirable. The formula in question is as follows.

2.2 Theorem If |d| < 3,

11— 2d)T(1 + d)

Ya= (2d+ 1)I'(1 —d) = (26)

This formula is sometimes quoted with the additional factor 1/T'(1 + d)?, for the
reasons explained in the remarks following (2.1). Note the salient fact that Ty = oo
in both of the boundary cases, d = % and d = f%. As discussed in greater detail
in §2.4, these divergences represent the breakdown of a.s. boundedness of X on
the one hand and the failure of a.s. continuity of X on the other.

To prove (2.6) requires a digression into methods of complex analysis that do
not otherwise feature in this theory and its study is therefore optional, but it may
be of found of interest in its own right. The following reworks Lemma 5.1 of [17].

2.3 Lemma If |d| < 3,

/0 ((r+1)" =) dr = 2d1+ 1 (F(l _F(Qf)_rizl)+d) N 1) 27)

Proof Consider the function of a complex variable
6(z) = (z+ 1) =292 zeC.
Recalling e'™ = —1 define, for a real argument x,
x, z>0

2(z) = { (2.8)

e|z|, z<0.
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Then,

fle)=d0z=((z(x) + 1) ~ 2(2)")’
is a well-defined function of a real variable x € R whose integral over [0, 00) is the
solution sought.

In the case 0 < d < 1, it can be verified both that f(z) = O(|z[**~2) as z —
+oo and that lim,_,q | f ()] = 1, so f is integrable for both positive and negative x.
In the case —3 < d <0, f has a singularity at = = 0, but lim,_o | f (z) /2(2)??| =
1 where 2d > —1 so it is integrable on the nonnegative half-line. It also has
a singularity at * = —1 but lim,_,_1|f (2) /(2(z) + 1)?!| = 1 so it is likewise
integrable on the negative half-line. Therefore, the integral

Lg= / f(z)dz
exists for |d| < 1.

Introduce the change of variable y = —1 — x, with inverse relation x = —1 —y.
For each of the three cases z > 0, —1 < x < 0, and = < —1, it can be verified that
z(z) = €™ (1 + 2z(y)) and also that 1 + z(x) = €'"2(y). Hence,

/ - z(x)d)2 dz
o0

- / — (@ (2(y) + 1)0)* dy = L, (2.9)
It follows from (2.9) that £; = 0 for d # 0. Direct inspection shows that £y = 0

also holds.

Let L£14, L24, and L34 denote the integrals of f(z) over the intervals (—oo, —1),
(—1,0), and (0,00) respectively, so that L34 is the formula sought and L4 =
Lig+Log+Lsq = 0 for all d. Analogously to (2.9) the change of variable y = —1—x
gives

zld:/_ ((2(2) + 1)* - 2(2)%)* da

- /Om((_z(y))d —(—2(y) — 1)d)2dy — Mg,

Next, multiply out f(x) and use the facts that with = in the interval (—1,0) it is
possible to write both z(z) 4+ 1 =1— |z| and z(z) = €'™|z|, also with |z| becoming
x under the change of variable x = —z. Thus,

Log = /_Ol(z(a:) + 1)%%dz + /_01 2(z)?dx — 2/0 (z(2) + 1)%2(x)%da.

-1
1-0  0—¢m@dD)

1
_ _ 9eimd A1 _ \dg
2d+1 2d+1 ¢ /0“ z)"dw

1 2imd .
— ;l—j-l ~26™B(d 4 1,d+ 1) (2.10)




2.2. THE VARIANCE 17

where the last equality notes the definition of the Beta function from (B.14) of
Appendix B. Adding over the three intervals yields the relation

14+ eQiTrd

——  _9¢mp 1 1 = 2.11

eQiﬂdﬁgd 4

which after rearrangement using (B.2) solves as

1 ( 1+82iﬂ'd

L34 + 20 B(d + 1,d + 1))

T I+eBmd\ 24+ 1
B(d+1,d+1) 1
= — . 2.12
cos(md) 2d+1 (2.12)

By identity (B.8) and double applications of (B.15) and (B.13),

sin(2md) 'l1—-dI'(d+1)
cos(td) = 3 5ntrd) ~ T(L—2)T(2d T 1) (2.13)

and also, by the second equality of (B.14) and (B.13),

Bld+1,d+1) = (Qdi(f);(;ZzH)' (2.14)

After substitution from (2.13) and (2.14) and simplification, (2.12) is seen to match
the formula in (2.7). 1

Proof of 2.2 Immediate on substituting (2.7) into (2.4) and simplifying.

An alternative derivation of formula (2.6) is given in Chapter 9, using the
harmonizable representation of the process; see Theorem 9.2. Another version of
the formula that is sometimes quoted is

I'(d+1)?

Tog=o—"—.
¢ I'(2d + 2) cosd

(2.15)

The proof that (2.15) matches (2.6) is a simple matter of applying (2.13) in reverse.
A useful identity, defined for any pair of time intervals s; > t; and sg > t9, is
(X(s1) = X(12))(X(s52) = X(12))

= 1((X(s1) = X(12))? + (X (52) = X(1))?
— (X(t2) = X(0))* = (X(s2) = X(s1))%).  (2.16)

With Theorem 2.1 this allows the covariance of any pair of process increments to
be calculated. Setting t; = t2 = 0 in (2.16), and also s; = s and so = ¢, gives

E(X(s)X (1) = 3020 q(s** 1 + 24 — |5 —¢2*H) (2.17)

which with d = 0 reduces to the familiar case of regular Brownian motion, having
E(X(s)X(t)) = 02 min(t, s). For another example, set t; = so = t, s1 =t +J, and

u
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to =t —0 in (2.16) to give the covariance of a pair of adjacent non-overlapping
increments,

E(X(t+0) — X(0)((X(t) = X(t —0)) = 02 Tq(22¢ — 1)524.

This is 0 if d = 0 and otherwise has the sign of d.

It is reasonable to ask how a stochastic process such as (2.1) can be understood
to connect with the infinitely remote past. To elucidate this, imagine a version
of (2.1) in which the Brownian motion driving the process has a finitely remote
starting point, say —N for some N € N. That is, define a process XV by

t 0
XN (t) = / (t — &)U () + / (t— &) — (~OHAU(©), te 0,1,  (2.18)

-N

A minor amendment of Theorem 2.1 now gives the following.

2.4 Corollary E(X%(1)?) = o272+ where

1 N 2
N d_ _d
Ty = 57T +/0 (A+7n)?=79dr. DO (2.19)

It is easy to verify that for ¢ € (0, 1],
2
E(X(t) — XN ()" = o2t (Tq — YY)

= oot /OO((l +7)! = (1)) dr
= O(N?*71) (2.20)

as N — oo. In other words, subject to the condition d < %, X exists as the mean
square limit of a sequence of finite-lag processes X*. This decomposition plays a
major role in the treatment of the functional central limit theorem in Chapter 3.

2.3 The Linear Structure

The next objective is to show that when the shock sequence in (1.1) satisfies ei-
ther Assumption 1.1 or Assumption 1.2, the normalized partial sum of a fractional
moving average that is stationary and not overdifferenced converges to a limit hav-
ing the variance function specified in Theorem 2.1. The weak convergence proof
itself is given in Chapter 3. The remainder of this preliminary chapter explores
some essential properties of the objects under study and develops techniques of
analysis.
With z; given by (1.1) let

i=1
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The representation in (1.3) suggests that this sum would be Gaussian in the limit
if supplied with an appropriate normalization, although also showing that this nor-
malization could not be n~/2. However, in the framework of (2.21) the mechanics
of calculating moments and so forth would be daunting. S, is a sum of sums and
the essential trick, underlying all that follows, is to aggregate the components in
a different order. Thus,

= (boun + brup—1+---) + (botn—1 + brtp—2+---)
v (boun + brug + -+
= botn + (bo + b1)tp—1+ -+ (bo + - + bp—1)us
+(bl+'~+bn)u0+(bQ+~~+bn+1)u_1+~'

=Y a (2.22)

where

n—i

ani= >, b (2.23)

j=max{0,1—i}

In this representation of S,, the terms are either independent or, at worst, weakly
dependent, but they form a nonstationary sequence in view of (2.23) and are
infinite in number.

More generally, the notation to be used in the sequel is

[ns]

S[ns] - S[nt] = Z ani(sat)ui (224)

1=—00
for any 0 <t < s <1, where

[ns]—1i

ani(s,t) = > b;. (2.25)

j=max{0,[nt]—i+1}

In particular, note that a,;(t,t) = 0 for any 4, representing an empty sum, so
that Sp,s — Spny = 0 if s = t. Also, a,[n4(s,t) = bp = 1 when n is large enough
that [ns] > [nt]. Where convenient, a,; as in (2.23) will continue to be used as
shorthand for the case a,;(1,0).

Assuming for simplicity that the coefficients b; vary like (1.2) for all j and not
just in the limit, consider how the sequence of weights an;(s,t) in (2.25) varies
in the contrasting cases d > 0 and d < 0. When d > 0, an,(s,t) would take its
maximum at ¢ = [nt] + 1, at which point it has [ns] — [nt] terms and diverges at
the rate n?. As i increases, the number of terms in a,;(s,t) decreases down to
the single term by = 1 at the point ¢ = [ns]. Moving in the other direction, with
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i < [nt], the terms of the sum in (2.25) are by_;, ..., b5)—;. While there are [ns] of
these terms, for a given finite n their sum is tending to zero, with a,,; = O(]i|"!)
as ¢ — —00.

In the antipersistent case with d < 0, ap[,4(s,t) = bg = 1 but the b; are
negative for j > 0, with Z;io b; = 0. Letting ¢ decrease from [ns] down to 1
the sum accumulates negative terms and so declines towards zero. There is a
discontinuity in the function at the point ¢ = [nt] where it jumps to approximately
—1 when n is large, being the sum of the first [ns] coefficients starting from j =
1. Thereafter it forms an increasing (absolutely decreasing) negative sequence,
tending to 0 with a,; = O(]i|¢™!) as i — —oc.

With this framework established, let
r(n) = ndt1/2L(n) (2.26)
and hence define the normalized partial sum process X, : [0, 1] — R where
[n1]
Snt) 1

i=—00

Xn(t)

Following (2.24) the variation over an interval (¢, s] has the form

[ns]

Xo(8) = X)) = —— 3 amils, D)us. (2.28)

i=—00

The process defined by (2.27) is a step function, being constant but for jumps
at the points where ¢t = [nt]/n and taking its value at the terminal points of the
jumps. While not a continuous function of time it is right-continuous, with every
point having a limit point to its left. Such processes are commonly referred to
by the colourful French acronym ‘cadlag’. If the process has the unit interval as
domain, as is commonly the case, the space of cadlag processes is denoted Dy y,
of which the space of continuous processes, C|g 1}, forms a subset.

A technical detail that can be overlooked in the present context, but matters
for convergence proofs, is that Dy 1} is customarily endowed with the Skorokhod
J1 topology. Distances between elements x and y of Cjg ) are defined by the
so-called uniform metric, dy(z,y) = sup, |z(t) — y(t)|, but this has undesirable
consequences in the presence of discontinuities. Without going into too much de-
tail,! the Skorokhod distance between cadlag processes = and y is the smallest
number dg(z,y), by suitable choice of homeomorphism A : [0,1] — [0,1], such
that both sup, |z(t) — y(A(¢))] < ds(x,y) and sup, |\(¢) — t| < dg(z,y). Thus,
functions are close in the Skorokhod topology if their discontinuities are close in
time as well as in magnitude. In practice, distances are assigned by a separable
complete metric embodying the topology, such as that constructed by Billingsley

([61, [7)-

LA full account can be found in SLT Chapter 30.
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2.4 Limiting Forms

Allowing the general formulation in (1.2) for the lag coefficients, the decomposition
in (2.25) exhibits the following tendencies as n increases. In this context, recalling
the interpretation of series such as {b;}32,, note that 041 is always assigned the
value 1.

2.5 Theorem Let a,;(s,t) be defined by (2.25) for 0 <t < s < 1 where the b;
satisfy (1.2) for |d] < § and Y272 b; =0if d <0. For t <z <s,

Qn[na) (57 t) ~ (n(s - CC))dL(TL(S - CC)) (229)
and for —oo < x <'t,

Az (5,1) ~ ((n(s — 2))? = (n(t — 2))?) L(n(s - z)) (2.30)
as nm — 00.
Proof First, suppose 0 < d < % If m is a positive integer,

m—1

m J+1
[ vt ma=3 [ v L
0 J

Jj=0

Let L(y) denote a slowly varying function of a real-valued argument, that matches
the definition of b; in (1.2) at the integer points and that for large enough j satisfies
the inequalities

G+DLG+1) < /.j+1 y 1 L(y)dy < §7NL(). (2.31)

These terms are nonsummable over j so there exists m large enough that

m

m m—1
Zjqu(j) < / YL L(y)dy < Z F4LL(H). (2.32)

j=1 0 =0

For the case t < x < s, set m = [ns] — [nz] in (2.32). It follows according to (2.25)
and (1.2) that

[ns]—[na]
Unna] (8, 1) = Z bj ~ d/o y 1 L(y)dy. (2.33)

By Theorem A.8(i) of Appendix A, the integral in (2.33) has solution correspond-
ing to (2.29) as n — oo. Similarly if z < ¢ then

[ns]—[nz] [ns]—[nz]

Unfna) (s,8) = > bi~d / y4 1L (y)dy (2.34)

j=[nt]+1—[nz] [nt]—[nz]
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with solution matching (2.30).
Now consider d < 0 and Z;io bj = 0. For t <z < s, given (2.31) for large
enough j,

[ns]—[na] ) o0

an[nw] S, t Z b - Z bj ~—d yd_lL(y)dy

j=[ns]+1—[na] [ns]—[nz]

and the solution is in this case given by Theorem A.8(ii). If = < ¢, similarly,

[ns]—[nz] 0 s
Qpna) (s, t) = Z b; = Z b — Z b;
j=[nt]4+1—[nz] j=[nt]+1—[nz] j=[ns]+1—[nz]
[ns]—[nz]
~ d/ y' ' L(y)dy. B
[nt]—[nz]

The following limit result applies the tendencies established by Theorem 2.5
to show the implication of having formula (1.2) constrain the moving average
coefficients at long range.

2.6 Theorem If |d| <

[ns]

D anils,0)” ~ Ta(n(s — £))* ' L(n(s — ). (2.35)

i=—00

Proof Define sums My,, and Ms, by

[ns] [ns] [nt]
S ani(s, )= > ani(s,6)?+ Y ani(s,t)® = My, + My, (2.36)
i=—00 i=[nt]+1 1=—00

For fixed values of s and ¢, not indicated explicitly, let A,; denote the approximator
n (2.29) for i = [nz] and let

aZ;(s,t) — A2,

Summing over indices ¢ = [nt] 4+ 1, ..., [ns] specified for Mj,,,

Zi afn(s,t) . 1‘ Z gniA m
2 A%
as n — 00, by the modulus inequality and Theorem 2.5. Approximating sum

by integral analogously to the argument leading to (2.33) and applying Theorem
A.8(i), with d > —1 (2.38) implies

< max ni — 0 2.38
- Z A [nt]<i<[ns] 9 ( )

[ns]

n(s—t) n(s — 2d+1
~ YA / v L(y)*dy ~ %L(n(s —1))2. (2.39)
i=[nt]+1
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For the case —oo < i < [nt], substitute the approximator from (2.30) into (2.37)
and construct the counterpart of (2.39) for My, to get

Mo~ | " ((ns— 9)? — (nt —y)?)*Lins — y)2dy

— 00

~ (n(s — 1)) L(n(s — t))? /0<><><(1 +7)% — 7r9)2dr, (2.40)

The second asymptotic equivalence makes the change of variable 7 = (nt—y)/(ns—
nt) and uses the fact that L(n(s —t)z)/L(n(s —t)) — 1 as n — oo for both x = 7
andz=1+7. 1

Had b; been defined to have the form dj?~1L(j)/ T'(d+1) in place of (1.2), such as
might be motivated by the particular case in (1.12), the formula in (2.35) would
need to include the factor 1/T'(d + 1)2. However, notwithstanding the remark
following Theorem 2.2, formula (2.6) for T4 is maintained in what follows.

The limiting variance of an increment of the process X, is going to be a central
feature of the asymptotic analysis and the following are immediate consequences
of (2.24) and Theorem 2.6.

2.7 Corollary Under Assumption 1.1 and with |d| < 1,

[ns)

E( Z :L'i>2 ~ 2T y(n(s — 1) L(n(s — )% O (2.41)

i=[nt]+1
2.8 Corollary Under Assumption 1.1 and |d| < £, for t € [0,1] and § € (0,1—1],

lim B(X,(t+06) — X, (£))" = 021021, (2.42)

Proof Definition (2.27) implies

o2 [n(t46)]

E(X,(t+6) — Xa ()" = 7 ST ani(t+6,1)% (2.43)

Substitute into (2.43) from (2.35) and simplify. B

These calculations go some way to explaining the behaviour of the process at
the boundary points —% and —I—%. In the nonstationary case d = % the integral
in (2.40) diverges, showing that the remote data points are so influential that the
partial sum process eventually blows up and cannot approach the limit distribution
(2.1). The rate at which the tail component in (2.20) disappears with N is an
indicator of what happens as the boundary is approached. In the case d = —% the
integral in (2.39) diverges. The reasoning in this case is a little more subtle, but
the limit in (2.42) gives the clue. The constant Y4 might be removed by choice of

normalization and it is not so much that this quantity diverges with d = —%, as
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the fact that 6%*™! does not approach 0 as § — 0. This shows that it is almost
sure continuity that fails.

The boundary points are awkward since except at these points a well-defined
limit distribution of the partial sums can always be obtained, if necessary by
differencing or cumulating the underlying process provided in the latter case that
an initial value (i.e. constant of integration) is known. However, the difference
between the case d = % and a stationary alternative is at worst a logarithmic
divergence. In the modelling context, a test of the point hypothesis d = % has no

obvious rationale comparable to (for example) the cases d =0 or d = 1.

2.5 The Multivariate Model

Extending the fractional model to describe the interactions of two or more related
processes is very largely a matter of setting up appropriate notation. Let A(B)
denote a diagonal m X m matrix polynomial whose diagonal elements are of the
form by (B) = Z;‘io byjB7 for k=1,...,m, where B denotes the backshift opera-
tor and by; ~ dj%* Lk (4), with |di| < % for each k. The parameters di,...,d,
are assumed to be in order of magnitude with d; < --- < d,, and the functions
L1(j),...,Ln(j) are either slowly varying or constant at infinity. A m-vector of
fractional processes is then represented by

z; = A(B)u; (mx1). (2.44)
Define m x m matrices
D,, = diag(n®@*2L,(n),...,nd 2L, (n)) (2.45)
and
Ani(s,t) = diag(aini(s,t), ..., amni(s, t)) (2.46)

where agn;(s,t) is the case of (2.25) with d = dj and so define the vector X ()
(mx 1) for 0 <t <1 in terms of the process increment by

[ns] [ns]
X,(s) = Xn(t)= Y Dylmi= Y D, Au(st)u. (2.47)
i=[nt]+1 i=—00

Assume that the elements of the m-vector shock process {u;, —0co < i < oo}
individually satisfy the conditions of Assumption 1.1, and have the contempora-
neous covariance matrix

3. = {or} =E(u;u)) (mxm). (2.48)
Also define the matrix ¥ = {Yy;} (m x m) where

1

T = ———
M de+d + 1

+ /Oo((1 Fr)h ) (L) - Ay (2.49)
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The Hadamard product X, ® Y is the m x m matrix having elements o; Ty, for
k,l=1,...,m. Finally, for 0 < ¢ <1 let

K (6) = diag(6D /2, ..., §0mt1/2),

This setup permits the following generalization of Corollary 2.8.

2.9 Theorem If Assumption 1.1 holds for each element of u;,

lim E(Xu(t+9) = Xu(0)(Xult +) — X (1)) = K(6)(SLOT)K(3) (250)

n—oo

for0<d<land 0<t<1-6.

Proof Modify the proof of Theorem 2.6 as follows. Replace the term a,;(s,t)?
in (2.36) by agni(s,t)am;(s,t) and replace A2, by the product Ag,;A;,; where
these factors represent the approximator functions (2.29) and (2.30) evaluated at
parameters dj and d;. The result that

[n(t49)]
. 1
Y= M A L Iy 2 O Damlt £ 0.0 (251)

for each pair k, [ and any choice of ¢ and § is then a straightforward extension. The
modifications of the asymptotic equivalences in (2.39) and (2.40) are then direct,
with di + d; replacing 2d and the squared terms replaced by products in the cases
k#1.

Given (2.51), the argument of Corollary 2.8 can be applied to each element
of the expected outer product of (2.50) with one modification, that according to
(2.47) the (k,1)*™ divisor has the form n®+4+1L, (n)L;(n) in place of x(n)? as
appears in equation (2.43). The conclusion is therefore that, for each pair (k,1),

E(Xpn(t 4 0) — Xin () (Xin(t +6) — Xpn(t)) — opy Ly 6 THTL (2.52)

These limits constitute the elements of the limit matrix in (2.50). 1

A closed form for (2.49) is obtainable by extending the technique of Lemma 2.3,
but this will be most conveniently given in Chapter 4, as Theorem 4.6. The
context of this latter result is a bivariate analysis, but of course a covariance is
necessarily a pairwise construction. Adapted to the present notation, the formula
in (4.34) takes the form

T(dg + 1)I(dy + 1) cos(m(di — dy)/2)

T =
M T(dy, + dy + 2) cos(m(dy, + dy)/2)

(2.53)

As required, Ti; = Ty, and the formula collapses to T4, as in (2.15), on setting
dy, = d; = d. Another derivation, based on the harmonizable representation of the
processes, is Theorem 9.3.

It is tempting to ask whether formula (2.16) has a generalization to allow the
calculation of covariances for increments over differing time intervals. Unequiv-
ocally the answer to this question is no, covariances can shed no light on the
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time-ordering of events. This fact can be illustrated by modifying (2.16) for a
sequence pair (X, X;), replacing the squares of increments with contemporaneous
products. For simplicity’s sake set t; = to = 0 assuming X;(0) = X;(0) = 0, also
putting s; = s and sy = t. This gives the equality

Xi(8)Xi(s) + X (1) X (t) = (X (s) — Xe(£))(Xi(s) — Xi(2))
= X () Xi(t) + Xi(t) Xu(s). (2.54)

The expectation of the left-hand side of (2.54) can be calculated by (2.52), but it
is not possible to determine either E(X}(s)X;(¢)) or E(Xy(t)X;(s)) individually,
only their sum. More generally, it can be pointed out that formula (2.52) is also
shown by Theorem 9.3. By construction, the harmonizable representation of the
processes can contain no information about temporal orderings.

2.6 Shock Dependence

While there are many situations in which the result of replacing Assumption 1.1
by Assumption 1.2 implies no more changes to asymptotic results than the re-
placement of o2 by w? in formulae, this can be quite tedious to demonstrate. As
an example consider Corollary 2.8, which is an easy consequence of Theorem 2.6.
Its generalization, given here for the case t = 0 and § = 1, depends on a blocking
argument.

2.10 Theorem Under Assumption 1.2,
1 n 2
lim E(— xz> :wde.
B

Proof For brevity, write as before a,; for a,;(1,0) defined in (2.25). Choose
an increasing integer sequence {B,} such that B,, — oo but B,/n — 0 and let
Ty = [n/By]. Define, for j = —oo,... 7y,

1 JjBn
Si == D, W (2.55)
Bn'" 0B+
and also
Zn (i — Qn B
* ni n,jBn
Spi = Z 3 Ui (2.56)

i=(j—1)Bp+1 By " gn
where g,; > 0 is an array to be chosen. Then, define Ay, Agy,, and As, by

n n
E Ti = E Anil;
=1 i=—00
Tn Tn n
_ nl/2 3/2 *
- Bn/ E an,jB, Snj + Bn/ E gannj + § Uil

j=—00 j=—00 i=rnBn+1
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The object of the proof is to show that

E(A42,)

in
2

lim

noo ()

=Wy (2.58)

where (2.26) defines x(n), whereas E(A3,) and E(A32,,) and hence also the expected
cross-products are of smaller order.
Since the autocovariances are summable by Assumption 1.2(a),

sup |E(SELJ) —w?| — 0asn— oo. (2.59)
—0o<j<ry

Next, consider the covariance of blocks of observation S,,; and Sy, j_y, with m > 1.
There are B2 pairings of coordinates from each block, whose date separations
B,m + p vary from B,(m — 1) + 1 with p = 1 — B,, to Bp(m + 1) — 1 with
p = B, — 1. Since B,, — |p| of the pairs have separation B, m + p for each p,

Bn—1

1 C1-6 e
[B(SniSni-m) < 5= D (Ba = pDlyu(Bum +p)| = Om™ =" B;?). (2.60)
" p=1-B,

From this it follows that

sup Y [E(Sn;Snjom)| = O(B.?). (2.61)
—00<j<Tn
Next, define
Bn n,j .
wnj:ﬂ’ —0< j< .
Zi:—oo agli

From Theorem 2.5 and applying the argument of Theorem 2.6,

Z av%nj ~ TdridJrlL(Tn)Q- (2.62)

j=—o0

It follows, since (n—B,,j)* ~ B (r,,—5))¢ for 0 < j <, and (—B,j)* = B4(—j))¢
for j < 0, that

Tn
2 2d+1 2
B, E ap g, ~ Tan* T L(ry,)?.

j=—o0

Since L(r,)/L(n) — 1 it further follows that 377" w;; — 1, as n — co. Write
n 1
< Z aii) E(43,) = Tip + 2T, (2.63)

i=—00
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where

Tn rn—1 Th—
Ty, = Z ijE(Sz ) Ta, = Z Z WnjWn, j+m (SnJSn,j+m)
Jj=—00 j=—00 m=1
y (2.59),
T, — w2 < sup< |E( 2)] Z wm—i—w Z wm '—>0 (2.64)
—o0o<j<ry, _ —
j=—o00 j=—o00

as n — oo. Also by (2.61), noting that """~
Tn — ja

|wmwn7]+m| <lforl<m¢<

j—foo

rn—1 Tn—7
Tonl < D0 > [wnjwn j4mBE(Snj S jrm)| = o(1). (2.65)
j=—o00 m=1
The implication of (2.63), (2.64), and (2.65), together with (2.26) and Theorem
2.6, is that (2.58) is confirmed.

Next, consider As, in (2.57). A bound must be found the terms |an; — an B, ;|
and in view of formula (2.25) with £ = 0 and s = 1 these contain the sums of
the B,,j — i successive coefficients b,_p, j 11, -.,bn—i. If the sequence {[b;[}32, is
monotone decreasing then |a,; — an,B, ;| < (Bnj —1)|bp—B, j+1|. In this case, let
the choice in (2.56) be

Inj = bn—p,j+1l (2.66)

so that |ani — anB,j| < Bngnj for By(j — 1) < ¢ < B,j. More generally, set
Onj = MaXm>n—B,j+1 |bm|. Given (1.2), the resulting shift is by at most a finite
number of steps and leaves the asymptotic argument unaffected. With this setup,
the weights appearing in S}, in (2.56) are bounded by B;1/2. By arguments
paralleling those for S,

sup  E(S;2) =0(1) (2.67)
—00<j<ry
and -
sup Z |E (S* S,*” )| =o(1). (2.68)
—00<j<ry, m—1
Next define

Bg 1/2
ij=<Znn—njaQ> ;, —00< J<The

i=—o0 'ni

Since |by,—p, j+1| ~ (n — Bpj)* 1L(n — By,j) by (1.2) and n ~ r, B, the choice in
(2.66) implies

> Bign;=0 (B”“ 5 (o 2L an)2> = O(B2Y),

j=—o00 j=—0o0
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Hence by Theorem 2.6,
S 2 Bt 2d—1
Z wpj = O(n2d+7{L(n)2) =O(r, ). (2.69)

j=—c0

From (2.57), (2.67), (2.68), and (2.69), the conclusion is that

(% aii)lEmén)

1=—00
Tn Tn—1 Tn—J
= Z *2E 8*2 + 2 Z Z wmwn Jj+m S:JS*J‘H”)
j=—00 j=—00 m=1
—o(1) (2.70)

which in view of Theorem 2.6 confirms E(43,,) = o(E(A2,)).

Finally, it is easy to verify in view of Assumption 1.2(a) that E(43%,) =
O(B2%+1) = 0(E(432,)). Combining this fact with (2.70) and (2.58) completes
the proof. 1

For clarity of exposition this result has been given for the case of a,;(1,0), but
the following extension is immediate.

2.11 Corollary Under Assumption 1.2,

[ns]
1
lim B — 2 2y 2d+1,
fim By S ) =ulats -
i=[nt]+1
Proof In equation (2.57), and subsequently, a,; is replaced by a,;(s,t) and n

by [ns], with the definitions of B,, and r,, modified to match. The argument of
Theorem 2.6 allows equation (2.62) to be replaced by

[Tn S]

3 a2 (s,8) ~ Tar2 (s — )24 L(r, (s — 1)),

j=—o00

With these substitutions, the proof of Theorem 2.10 is now replicated almost
unchanged. N

The next corollary of Theorem 2.10 extends the result to the multivariate case,
in the manner of Theorem 2.9. To replace the contemporaneous covariance matrix
3, defined in (2.48), the long run covariance matrix may be defined as

n

Qu = {wn} = lim % > B(ua))  (moxm) (2.71)

i=1 j=1

which is finite under Assumption 1.2.
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2.12 Corollary If Assumption 1.2 holds for each element of u;,

nlLII;O E(X,(t+0) — X,(t)(X,(t+6) —X,1) = K(6)(2OY)K(3). (2.72)
Proof This is by extension of the arguments of Theorems 2.9 and 2.10. In
place of Ay, Az, and As, in (2.57), define in the obvious manner the pairs Ag1y,
Ajin, Akon, Aion, and Agsy,, Aizn. In (2.59), replace E(SZ]») by E(Skn;jSin;) and in
(2.60), E(Sn;Sn,j—m) by E(Skn;jSin,j—m), with the starred sums redefined in the
same manner. In (2.63), Ag1,A;1, replaces A%, and agniain; replaces afm with the
corresponding substitutions in (2.70). With these substitutions, the logic of the
proof of Theorem 2.10 holds for each of the diagonal and off-diagonal elements of
the matrix, with Wit Yo%ttt replacing wdeéde. |



Chapter 3

The FCLT for Fractional
Processes

Proofs of functional weak convergence of fractional partial sum processes, with
fractional Brownian motion X in (2.1) as the limit, were were given originally
by Yu. Davydov ([20]) and Murad Taqqu ([68]). Other contributions to this
literature include ([26]) and more recently [71] and the relevant chapters of [25]
and [5]. FCLTs for the Type II form of the limit process are given in [65], [37], and
[45]. The material of the present chapter is based on joint work with Robert de
Jong, in [21] and specifically Theorem 3.1 of [15], although the proof presented here
is a much expanded and corrected revision of the original, benefitting in particular
from invaluable commentary in [39].

What distinguishes the present approach is that it deals with the Type I limit
process and also that it provides a version (shown in §3.5) for general nonparamet-
ric dependence of the shocks as specified in Assumption 1.2(b). The other results
cited above all depend in one way or another on a linear short-memory structure
based on independent shocks. Assumption 1.1 is also invoked here initially, for
simplicity and so that a complete proof can be given without too much reliance
on cited results. Theorem 3.11 in §3.5, which is the generalization to Assumption
1.2, depends on material from SLT at key steps of the argument.

3.1 The Main Result

Let X,, be as defined in (2.27) with z; given by (1.1) and (1.2) with |d| < & and u;
satisfying Assumption 1.1. The following extra assumption for the shock process
in relation to d is also made, imposing a further moment restriction when d < 0
(the antipersistent case).

3.1 Assumption {u;}°__ is L,-bounded for r > max{2,1/(3 +d)}. O

1=—0Q
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Given the results of Chapter 2, under Assumptions 1.1 and 3.1 a functional central
limit theorem can be proved establishing the weak convergence of X,, to the fBM
X with parameter d. That the limit process has the covariance function of X is
already known, given the agreement between Corollary 2.8 and Theorem 2.1.

3.2 Theorem If |d| < } and Assumptions 1.1 and 3.1 hold, X,, —q X where X
is the fBM in (2.1). O

The proof of Theorem 3.2 is shown by means of a series of lemmas. As a pre-
liminary, it is illuminating to write an increment of the normalized limit process
as the sum of three Brownian functionals. For a constant N € N, further decom-
posing (2.3) yields

X@wawn=l7&fvama+/ ((s — &% — (t — %) aU(©)

—-N

+ [ (-or= -9, (3.1)

— 00

The first two terms of this decomposition constitute the increment X% (s) — X (¢)
according to the definition in (2.18). According to Corollary 2.4, under the as-
sumption on d, by taking N large enough the final term can of (3.1) can be treated
as negligible in Lo norm, as shown in (2.20).

Defining x(n) by (2.26), from (2.21) and (2.24) the finite-n counterparts of
these limit expressions are

e xo=(X 4 3 43 )i,

i=[nt]+1 i=1-nN i=—o00

= Rin(s,t) + Ron(s,t) + Rsn(s,t). (3.2)

The objective is now to show that the increment X ™ (s) — X V() represents the
weak limit of the first two terms of (3.2). Let the sample counterpart be denoted
by

XN (t) = Rin(t,0) + Ran(t,0) (3.3)
so that R, (t,0) = X,,(t) — XY (). The status of this latter term is established
similarly to Corollary 2.4.

3.3 Lemma Under Assumption 1.1 and with |d| < 3, lim,—.c E(R3,(s,1)?) =
O(N?¥=1) as N — c0.
Proof Following the approach of Theorem 2.6, similarly to (2.40) and (2.20),

—nN

E(Rs3n(s,t)) 2 Z a; i (s,t)

1=—00

~ o2 (s —t)4T! /00((1 +7)% — r9)2dr. (3.4)
N
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Noting that the integral in (3.4) is T4 — Y2, the conclusion follows by (2.20). R

This result distinguishes two modes of convergence as n and N respectively
increase, these convergences being treated as strictly sequential. While it could
be proved that E(R3,(1,0))? — 0 as N — oo for any finite value of n, it is only
necessary to show this for the limit case. In the usual way with the functional
convergence of partial sums, increasing n represents the compression of a growing
set of observations into a finite interval. For any given IV, the discrete collection of
points approaches a continuum as the gaps separating them shrink like 1/n, leading
to the asymptotic equivalence indicated in (3.4). By contrast, the divergence of N
represents the inclusion of ever more remote lags into the sum. The domain of the
function Ray,(s,t) grows with IV although more slowly than the number nN + [nt]
of corresponding data points.

Theorem 2.6 leads to the conclusions that

o2 [ns] 2(s5— t)2d+1

E 2 — U 2. Ou .
(Rin(s,0)* = 77 i_{%ﬂam(s,t) - e — (3.5)
and
0_2 [nt]
E(Ry,(s,1))? = — a(s,t
S G
N
R / (1 +7)% — 7927 (3.6)
0

as n — 00. Putting these limits together, it is possible to write
E(XN(t)?) = o2 vy 2+l (3.7)

where T2 is defined in (2.19) and Yq — YY" = O(N?¢71) according to (2.4) and
(2.20). The procedure at this point is to derive the limiting distributions of the
increments X (s) — XY (t) = Rin(s,t) + Ran(s,t) where the approximation to
(3.2) is controlled by the choice of N.

3.2 Finite Dimensional Distributions
For the results of this section, Assumption 3.1 is not required.
3.4 Lemma Under Assumption 1.1,

Rin(s,t) + Ran(s,t) N N(0, a2 1Y (s — t)Qd'H)

for any s and ¢t with 0 <t < s < 1.

Proof The terms Ri,(s,t) and Ra,(s,t) are shown to have Gaussian limits
individually and since these pairs have no time periods in common, they are inde-
pendent of each other by assumption so that their limiting sum is also Gaussian.
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The limiting variance follows directly from (3.5) and (3.6). The terms of the sums
R1,(s,t) and of R, (s,t) are also independent of each other under Assumption 1.1,
but are heterogeneously distributed, with moving average weights a,;(s,t)/x(n).
The proof is given for the case t = 0 and s = 1, but according to Theorem 2.5 the
generalization is direct.

Under Assumption 1.1 the Lindeberg condition is sufficient for the CLT to
hold! and for Ry, (1,0), this has the form that for any ¢ > 0,

n

> @B Ljapeuil fnmy>er) = 0. (3.8)

=1

nh—{go K}(’]’L)2

To check this condition, consider

1 n
7 2 B il i) >e1)

i=1

K

1
2 2
< max E(ui1{\aniui\//{(n)>6})—K/(n)Z Zam. (3.9)

~ 1<i<n

It follows by Theorem 2.6 and Corollary 2.8 that r(n) =2 >_" a2, = O(1). There-
fore, to bound the majorant of (3.9) apply Theorem A.4 in Appendix A with
1 = €k(n)/|an;|. There are two cases to be considered. In the case d > 0, Theo-
rem 2.5 gives max;<;<y |ani|/k(n) = O(n~'/?), not overlooking that in ratios of
this sort the slowly varying components, if any, cancel in the limit. According to

Theorem A.4, the bound on (3.9) therefore has the form

2 r—2 1—r/2
2% B en(m)/anily) = 008X (Jansl/5(n))"72) = o(n'™"72)  (3.10)
which vanishes when r > 2. If d < 0, Theorem 2.5 says that maxj<;<n |ani| = 1,
and s0 max;<;<y |an;|/k(n) = O(n=4"1/2). In this case Theorem A.4 gives

2 _ o (n(d1/2)2—1)
102% B(U7 1 {jui >en(n)/lanil}) = 0(n )- (3.11)

Therefore, provided d > f% the Lindeberg condition is satisfied in either case
when r > 2, although when d < 0 the convergence is correspondingly slower.

In the case of Ra,(1,0), the Lindeberg condition assumes the form

0

Z a2 B 1 ap il m(n)>e}) =0 (3.12)
i=1—-nN

and Theorem 2.5 and Corollary 2.8 give

Janil _ [(n —9)* — (=1)|
r(n) nd+1/2

(3.13)

1See SLT Theorem 24.6.
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which is decreasing in —i for both d > 0 and d < 0. A convenient way to handle
the Lindeberg condition test is to break up the terms of the sum into N blocks
of length n, itemized by £k =0,..., N — 1. Consider initially the case k = 0. The
first n terms of R, (1,0) contribute the sum

0
2 Z aan Uy 1{\aniui‘/ﬁ(n)>6})
i=1—

K2 n

0 2
anl
= 1 Iggi(@ E(u 1{|amuz|/ﬂ(n >e} ; W

2 —n

where (3.13) implies

0 1
a ~ (r+ l)d —Td)QdT.
2 [

i=1—n

Similarly to (3.10) and (3.11), (3.13) further implies

{ o(n(t=7/2)), d>0

o(n(d+1/2@=1) g < 0. (3.14)

X BT s >en(n)/fanil}) =

For the cases k > 1, the maximum value of |a,;| over the range 1 —n(k+1) <i <
—nk is found when n is large enough at i = —nk, for d of either sign. According
0 (3.13), |an,—nk| ~ n?|(k +1)% — k9| and after simplification it is found that

N-1 nk

\ afn‘ 2
, > n(n)zE(uz' Llaniuil/rn)>e})
k=1 i=1—n(k+1)

N— a2
7Ll E ]' a u KN
kz: —n( k+1)<L< nk K( ) (u {Janiuil/n( )>6})
- nN n2d|(k+ 1)d o kd‘Z ( nd+1/2 >2,T

ot n2d+1 nd|(k + 1)? — k4|

N-1
n! TN (k4 D)= R (3.15)

k=1

The sum in the majorant of (3.15) is bounded for arbitrary N by [~ ((r + 1) —
74)2dr, which with |d| < 1 is finite by Lemma 2.3. Putting together the conver-
gences of (3.15) and (3.14) shows that (3.12) holds so that R, (1,0) also satisfies
the Lindeberg condition.

Replacing a,,;(1,0) by an;i(s,t), and the sum limit n by [ns] in (3.8) and (3.12)
extends these results with straightforward modification of the formulae to Ry, (s,t)
and Ray(s,t), completing the proof. N
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3.3 Uniform Boundedness and Uniform Integra-
bility

The hypothesized limit process (2.1) is almost surely continuous It remains to
show that the sequence of empirical distributions defined by {X¥,n € N}, where
XN is defined in (3.3), has a limit that is almost surely continuous likewise. The
key concept here, that of uniform tightness of the sequence of distributions, is
reviewed in §3.4. First some fundamental limit properties have to be established,
specifically, that process increments of a fixed width § are uniformly bounded and
uniformly square-integrable. The tightness analysis then considers what happens
as 0 shrinks to zero.

Consider an increment XY (t 4+ ) — XN (¢t) for § > 0 and 0 < ¢ < 1 —4. For
s € (t,t + 9] define

To(s,t) = XN(s) = XN(t) = Rin(s,t) + Ron(s,t) (3.16)

and decompose the variance E(T;,(t + 6,t)?) = v2(¢,0) correspondingly, where

/{Z?V( ié) [zt: > (t+6,1)

i=[nt]+1 i=1-nN
= v, (t,0) + V3, (¢, 9). (3.17)

V2(L,6) =

Under Assumption 1.1, 2, (¢,0) and v3,(t,8) are the variances of Ry, (t + 6,t)
and Ra,(t + 0,t) respectively and in view of (2.35) and (2.26) it is evident that
v2(t,8) = O(1).

It is helpful to set up a compact notation for the objects under study. For
0>0and 0 <t<1-/, define

= T (s, 1)
T,(t,6)= sup ———. 3.18
( ) {s:]s—t|<d} Vn(t75) ( )

The notations Ry, (¢, ), Ran(t, 8), and so forth are defined likewise for the processes
in question. In each case, the supremum over s of the sum’s absolute value is nor-
malized by the standard deviation of the increment.

The squared supremum of the absolute value is the same thing as the supremum
of the square. For given ¢ and §, the uniform square-integrability of (3.18) is the
condition that for some ng < oo,

sup E( 2(t, 5) (t’5)>B}) — 0as B — oo. (3.19)

n>no
In fact a stronger condition can be shown, specifying the rate of convergence of
the expectations to zero, and this extension will be needed in the sequel. While
ng = 1 may generally be a reasonable assumption, it is possible for the required
conditions to be imposed on the limiting case but left unspecified in finite samples.
Uniform integrability cannot hold without uniform boundedness in probability
and the following result is therefore informative, for while Assumption 3.1 is shown
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in Theorem 3.8 to be sufficient for uniform tightness, the fact of its necessity
in the antipersistent case is an important feature of the fractional asymptotics.
The following necessity proof adapts a counter-example in [72], cited by [39] in
commenting on [15].

3.5 Theorem Under Assumption 1.1, for 6 > 0 and 0 <¢ <1 —§ the collection
{T2(t,6), n € N} is uniformly bounded in probability if and only if Assumption
3.1 holds.

Proof If w; is L,-bounded then according to Lemma A.3, P(|lu;| > n) =
O(n~"log(n)~*~#) as n — oo for p > 0. If the u; are independently and identically
distributed then for any € > 0,

p(amﬁysﬁzpCﬁTMMSMWQ

. K
t<s<t+d i=[nt]+1

(1= P(jui| > er(n))) "I
1 no
0 (1 - )
( ek (n)" log(er(n)) +# >
nk(n)~" s
-0 {——} . 3.20
(ol gy} ) 0
If nk(n)~" — oo then this probability converges to zero as n — oo for all € > 0
and the supremum over [nt] < i < [n(t+0)] of |u;|/k(n) accordingly diverges with
probability 1.

According to (2.26) the condition nk(n)~" = O(1) holds by Assumption 3.1.
The proof is completed by showing that this condition is both necessary and suf-

ficient for sup,< ;s [Tn(s,t)| to be bounded in probability. According to (2.25),
the partial sum from [nt] + 1 to [ns| has the form

[ns)

Tos= Y 2D,

i=1-nN K(n)
bo bo + b1 bo + b1 + bs
e Ly L S R 3.21
() 1 ) T ey 20

where by = 1 and if d < 0 the lag coeflicients in (3.21) are converging to 0 as in
(1.20). To show necessity, rearrange (3.21) by pulling out the leading term, taking
absolute values, applying the triangle inequality, and then taking the sup of both
sides, to give

[ns]—1

>

i=1-—nN

ani(s,t)
K(n)

u
sup s sup |Tn(s,t)|+ sup

< (3.22)
t<s<t+6 H(n) t<s<t+d8 t<s<t+é8

Uj |-

The shocks are independent and the second majorant term does not contain u,s).
Since v, (t,6) = O(1), the divergence of T2(t,8) with probability 1 must follow
from the divergence of the minorant of (3.22).
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To show sufliciency, consider relation (3.20) with t = —N and ¢ set to N + 1.
Under Assumption 3.1, this has the implication that as ¢ — oo,

flogP( sup [gns| < 5) = O(e " log(ek(n))~1H). (3.23)
~N<s<1 K(n)

The probability itself therefore tends to 1. By definition the bound in question
applies to every u;/k(n) in the sum (3.21) and it follows that |T},(s,t)| = O,(1)
under Assumptions 1.1 and 3.1. This is true for any s and in particular for
Sup;<s<iys | Tn(s,t)|. The same order of magnitude extends to (3.18) and, as
noted, the supremum of the square is the square of the supped absolute value.

To see the implications of this result for (3.19), rearrange the Chebyshev in-
equality as _ _

E(T2(t,6)) > e*(1 — P(Tu(t,0) <¢)). (3.24)
Unless Assumption 3.1 holds, (3.22) implies that if d < 0, with large enough n
the probability in the minorant of (3.24) must shrink so far that E(if(t, §)) > &2
Since as m — oo this remains true even as ¢ is taken arbitrarily large, (3.19) is
ruled out.

The natural route to demonstrating that (3.19) holds is by verifying a uniform
bound for squared partial sums, such as Theorem A.5 in Appendix A. How-
ever, the argument is not straightforward due to the fact that the moving average
weights appearing in T, (s, t) are not merely an array of constants but depend on s,
over which the supremum is to be taken. Therefore the collection {T2(t,6), n € N}
does not meet the specified conditions of Theorem A.5. What can be shown is
that this sequence is dominated by sequences that do meet the conditions. The
key feature of Theorem A.5 in this context is that when the summands are in-
dependently distributed the Doob inequality, which is a result for martingales,
holds irrespective of their ordering. The following lemma develops a roundabout
application of the theorem to obtain the required result.

3.6 Lemma Under Assumptions 1.1 and 3.1, for all0 < d < 1 and ¢t € [0,1 — ¢]

the collection {T2(t,8),n > ng} for ng < oo is uniformly integrable with

E(T3(t,0)1(7, 1.0)55) = o(B*"). (3.25)
Proof Consider the sum (3.16). Taking absolute values and applying the trian-
gle inequality, also noting v, (t,0) > v1,(t,0) and v,(t,0) > van(t,d), gives the

relation
[Ta(s, )] _ [Ban(s:8)] | [Ran(s, 1)

Un(t,8) = vin(t,0) Von (£,0)
Taking the sup over s of each term of (3.26) and then squaring both sides leads to
the inequality

(3.26)

T2(1,0) < (ém(t, 8) + Ron(t, 5))2 (3.27)

which holds with probability 1. According to Theorems A.7 and A.6, to prove

the lemma it is sufficient to show that the collections {R2,(t,6), n > no} and
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{R2,(t,8),n > ng} are uniformly integrable, with order of magnitude o(B*™") as
B — oo similarly to (3.25).

Consider the moving average coefficients of Ry, (s,t). According to (2.25) these
depend on s, having the form ap;(s,t) = bo + - -+ + by, where k = [ns] — ¢ with
i running from [nt] + 1 to [ns] and hence k running from 0 to [ns] — [nt] — 1. The
complete set of these coefficients, by descending order of i, is

{ bo bo+b1 by + b1+ bo bO+"'+b[N(t+5)}*[nﬂ*1}
k()" w(n) k() T k(n) '

For any s € (t,t+ 0] the coefficients appearing in R1,(s, ) belong to the set (3.28),

being the first [ns] — [nt] members of the indicated sequence, but in reverse order

(increasing ), so that the successive partial sums as s increases are not a simple

cumulation of terms. This is the problem with the application of Theorem A.5.
Therefore, consider for s € (¢,¢ + ¢] the modified array

(3.28)

[ns]

Kj(n) i=[nt]+1

in which the moving average coefficients depend on fixed ¢ and 4, but not on s.
While R, 5(t 4+ 9,t) = Ri,(t + 0,t), for other values of s the coefficients in (3.29)
are also drawn from (3.28) in decreasing order as i increases, but now starting
from the end. Define

. |ani(t+ 6,t)]

" k(n)vin(t, 6)
so that Z[" (t40)] 2 — 1 by (3.17) and

nt]+1 ni

[ns]

Rlus(s:) _ Y o (3.30)

Yin (t ) i=[nt]+1

This is the cumulation of the first [ns] — [nt] terms of a sequence with fixed co-
efficients. It follows by Theorem A.5 that, on the assumptions, the collection
{Rm&(tv §)2,n € N} is uniformly integrable with the rate of convergence in (3.25).
This property does not depend on the ordering of the moving average weights
in the sum. By assumption the shock process is stationary and Theorem A.5
continues to apply under arbitrary permutations of the c,; in (3.30). Let R7,,,(s,1)
denote the partial sum corresponding to (3.30) under such a permutation, noting
that v2,(¢,) is the sum of the squared elements of (3.28) and is unchanged. In
particular, a permutation p* can be chosen such that, with probability 1

sup  Rin(s,t)2 < sup Ripp (8, t)?. (3.31)
{s:]s—t|<d} {s:|s—t|<d}

To see that such a p* exists, note how the sup in the minorant of (3.31) is con-
structed. For each s the sum of the terms {a,;(s,t)u;, i = [nt] +1,...,[ns]} is
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formed and then s is chosen to maximize the square of this sum. By contrast, on
the majorant side of (3.31) the partial sums are formed by picking coefficients in
the chosen order p* from the set (3.28). This set includes all those in the minorant
and equality in (3.31) is always achieved by having the two sets of coefficients
matching. Free choice of p* can never do worse.

Let {pX} denote a sequence of permutations that satisfy inequality (3.31), for
each n. By construction, each element of the collection {}Nﬁ’l‘np; (t,6)%,n € N} is
drawn from a sequence with the property shown in (3.25) and hence shares that
property. In view of (3.31) and Theorem A.6, the same property applies to the
collection {Ry,(t,8)2,n € N}.

Next, consider Ra,(s,t) for t < s < ¢+ 6. These sums all contain [nt] + nN
terms, but they differ because the moving average coeflicients are sums of [ns]— [nt]
terms according to (2.25). Thus, for each i = 1—nN, ..., [nt], ani(s,t) = bjpygr1-i+
-+ + byps)—i- The second term of (3.17), v3,(¢,8), is the sum of the coefficients
a2,(t+0,t)/k(n)?. The sum of the terms a2,(s,t)/x(n)? may similarly be written
v3,(t,s — t). If the weights c,; are defined for given s by the equality

[nt]

M: Z CniUj (3'32)

van(t,0) TN

then for this same s,
[nt]

2 (t,s—t
> 2, = Yanlbs ) (3.33)

i=1-nN Vin(t9)

If the ratio in (3.33) is O(1) as n — oo, the sums (3.32) satisfy the conditions of
Theorem A.5. Since the maxima of the squared partial sums are thereby uniformly
integrable, this is certainly also true of the complete sums, according to Theorem
A.6. This is true for any choice of s in the closed interval [¢t,¢ + §] and hence, in
particular, for the collection {R2, (t,8),n € N}.

It therefore remains to show that the ratio (3.33) is indeed O(1). The sums
v3,(t,s—t) and v3, (¢, d) contain the same number of terms, respectively the terms
a2,(s,t) and a?;(t + §,t) defined by (2.25) and with large enough n, a2.(s,t) <
aZ,(t + 6,t) for every i. This is because the coefficients b; have the sign of d at
long range according to (1.2) and hence sums with more terms (larger s for given
i) are absolutely larger. This is true even with d < 0, since ¢ < [nt] and hence by is
always excluded. Thus, there exists ng large enough that v3,(t,s —t) < v3 (t,0)
forn >ng. 11

ng is left unspecified in this result only because (1.2) leaves the finite-order lag
coefficients unspecified. In the case of (1.12), to take the leading example, the
coeflicients are a monotone sequence and ng can be set to 1. Note however that
without Assumption 3.1, with d < 0 the expectations in (A.11) are undefined in
the limit as n — oo, as demonstrated by (3.24), so that the arguments based on
Theorem A.5 fail. The assumption is accordingly necessary.
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3.4 Uniform Tightness

A tight distribution is one having the property that there exists a compact subset
of the sample space having probability arbitrarily close to 1, so that the random
outcomes do not ‘escape to infinity’. Uniform tightness is the property of a se-
quence of tight distributions, that tightness is preserved in the limit. A familiar
counter-example is the sequence of uniform distributions on the intervals [—n,n]
of R, which are well defined for every finite n but not in the limit.

The empirical process X,, defined by (2.27) is an element of the space Djg 1) of
cadlag functions on the unit interval, in other words, a step function. As the sample
size n increases, the width of the steps shrinks like 1/n while the heights of the
jumps are diminishing in line with the standard deviation of the increments, at the
rate n~/2=¢, Notwithstanding the Gaussianity, to match fBM in (2.1) the limit
distribution of the process must be confined to the space Cip ;) with probability
1. This property of a sequence of random empirical processes is called stochastic
equicontinuity, A formal definition and additional discussion of this concept can
be found in, for example, §22.3 of SLT.

A step function can be transformed into a continuous function by the simple
expedient of joining the vertices with straight lines. Hence, it is also possible to
think in terms of a sequence of distributions with domain Cj ;) and the issue is
then whether the limit process is also in Cfg 1}, with probability 1. If some lines do
not shrink in length to zero in the limit, but instead become vertical jumps as the
step width goes to zero, processes under the limit distribution are said to escape
from Cjg 1). Uniform tightness fails if this occurrence has positive probability. By
analogy, it is also commonly said that a sequence with domain Dy y; is uniformly
tight if the limit is in C|g 1) almost surely, which is the property required in the
present case.

To allow additional applications, specifically those arising in Chapter 6, the
domain of the empirical processes is taken to be an interval [L, U] that is finite
and includes the origin, but otherwise is unspecified. However, for the present
purpose of proving Theorem 3.2 the bounds are set to L = 0 and U = 1. For a
random process Y, € D[y}, the so-called modulus of continuity is defined as

wy(0) = sup sup Y, (s) — Y., (¢)]. (3.34)
te[L,U] {s:0<|s—t|<5}

If w,(0) — 0 as § — 0, the function ¥;, must be continuous in its argument. If
stochastic equicontinuity holds, the probability of this event can be made as close
to one as desired by taking n large enough and uniform tightness of the sequence
can be defined in these terms. Sufficient conditions are proved as Theorem 30.19
of SLT, which is itself adapted from Theorem 15.5 of [6]. Adapted to the present
applications and omitting some topological detail, this theorem can be cast in the
following form.

3.7 Theorem Let {y,} denote a sequence of probability measures on Diz
where U — L < oco. If for all n > ng with ng < oo,
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(a) for n > 0 there exists M < oo such that p, (z : sup, [z(t)] > M) <n

(b) for £ > 0 and 1 > 0 there exists ¢ > 0 such that p,,(w,(6) >¢) <n

then {y,,} is uniformly tight and any cluster point has p,, (Ci,p)) = 1. O

SLT Theorem 30.19 treats the case L = 0 and U = 1 and also replaces condition
3.7(a) with the condition of boundedness in probability at a point of the interval,
which is sufficient given condition 3.7(b) although condition 3.7(a) is convenient
for the present case since it has already been shown to hold by Theorem 3.5.

The next result gives conditions for stochastic equicontinuity by way of vali-
dating condition 3.7(b). The familiar P is here interpreted to denote p,, when the
argument is a random element bearing subscript n.

3.8 Theorem For a random process Y,, € Dy, y) with U — L < oo, define

Toto)= sup L) =Yal®)]

(3.35)
{s:|s—t|<d} l/’ﬂ(tv(s)

where v,(t,8)? = E(Y,(t + §) — Y, (¢))%. If |d| < 3 and for each § > 0 and
te[L,U-4,

(a) v2(t,6) = O™ 24+ 45 1 — 00

(b) E(Tg(t,é)l{fn(t 5)>B}) = o(B?>7") for n > ng where ng < oo and r >
max{2,1/(d + 3)}

then, for € > 0,
lim lim sup P(w,(d) > ¢€) =0 (3.36)

—0 n—oco

where w,,(9) is defined in (3.34).

Proof Define the set of integers J(d) = {[L/0]+1, [L/d]+2,...,[L/d]+[(U—-L)/d]}
so that the collection {jd € [L,U]: j € J(6)} defines a set of [(U — L)/d] points of
the interval within a distance 0 of their nearest neighbours. For j € J(4), let

Wn;(0) = sup Y. (s) — Y, (59)] (3.37)
{s:|s—jd|<25}

For any pair s, t such that L <t < s <t+ ¢ < U, there exists j € J(J) such that

|t— 76| < 26 and |s—jd| < 26. Noting that {|z+y| > e} C {|z| > se}U{ly| > 3¢}
for variables = and y, subadditivity implies that

P(wy,(6) > ¢) = P( sup sup  |Yo(s) = Y, (40) + Y, (0) — Y (8)] > ¢)
te[L,U] {s:|s—t|<d}

< 2P ni(0) > Le). 3.38
< 2P(max wn;(6) > 3¢) (3.38)
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Noting that w > M for M > 0 if and only if wlg,~ny > M, subadditivity and
then the Markov inequality also give

P<f£?(§) wnj(é) > %8) < j;é)P(w?zj(é) > igz)

4
< 2 Z E(w%j(5)1{w3j(5)>s2/4})- (3.39)
JEJ ()

For brevity define v,,; = v,,(j,26), dependence on § being understood, and simi-
larly define
i(0
Wpj = wz”_()
Vnj

so that wy; = T (j8,268) according to (3.35) and (3.37). In view of condition (a),
vh; = O((20)™in{1,2d+1}) a5 § — 0 and hence, since the set 5(8) has [(U — L) /9]
elements, > c ;5 D%j < 2(U — L)6™024} when n is large enough. Hence there
exists ng < oo such that for n > ng,

> B(wnlpu, @ser/m) = D TngB(ng 1wz, se2 /052 ))
JEJ(9) jeJ(s)

min{0,2d —2
< 2(U — L)smind }jg%)E(wnj1{wij>62/4maxkeJ(é) v2,1). (3.40)

Passing back up the chain of inequalities (3.38), (3.39), and (3.40), the limsup
as n — oo of the probability in the minorant of (3.38) goes to zero if the same is
true of the majorant of (3.40). This happens as § — 0, confirming (3.36), if two
conditions are met. The first is that

lim limsup sup v2(t,8) =0 (3.41)
6—0 n—oo te[0,1-4]

which follows directly from condition (a) since d > —%. In this case the argument
of the indicator function in the majorant of (3.40) diverges, as § — 0. The second
condition is that, for any n > ng, the majorant of (3.40) vanishes as a result.
However, according to condition (a) in conjunction with Lemma 3.6 and condition

(b),

6min{0,2d} 5min{072d}7(1/2+d)(277‘))

o
JIGH?()(% E(wnjl{‘ﬂ)n]‘\>€/2 maxyc s (s) an}) — O(
(3.42)
as & — 0. Since min{0,2d} — (% +d)(2 — r) > 0 under condition (b), the proof is

complete. I

Proof of Theorem 3.2 It is sufficient to show that XY —4 XV for N € N,
where XY is defined in (3.3). Since X —, X as N — oo by Lemma 3.3,
the limiting distribution of XV may be made as close to the distribution of X as
desired, by choice of N.
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Lemma 3.4 establishes the Gaussianity of X*V. Applying Theorems 3.7 and
3.8 for the case Y,, = XV with L =0 and U = 1 and letting T},(s,t) in (3.35) be
defined by (3.18) and (3.16), the fact that for n € N and n > 0 there exists M < co
such that P(T,(0,1) > M) < n follows from the sufficiency part of Theorem 3.5
and confirms condition (a) of Theorem 3.7. Theorem 3.8, whose assumptions are
verified by (3.7) and Lemma 3.6, in turn verifies condition (b) of Theorem 3.7, so
proving uniform tightness and the almost sure continuity of the limit distribution.

Corollary 2.8 establishes the covariance structure, to complete the proof. |

3.5 Dependent Shocks

Proving the FCLT under the assumption of independent shocks has the benefit
of highlighting the special features of the problem while keeping complexities to
a practicable minimum, but the ambition must be to extend the result to allow
weak dependence of the shocks. One reason that it might be desirable to treat
short-run autocorrelation separately from the specification of the moving average
coefficients of equations (1.1) and (1.2) is so that the latter can be given a known
functional form. The obvious example is the fractional integration formula (1.12),
without which it is not possible to give the fractionally integrated process the neat
representation
xXr; = (1 — L)fdui

from (1.8). There are circumstances where this formulation might be regarded
as losing little generality over (1.1)4(1.2) provided w; is not required to be an
independent process.

A feature of the results of this section is a dependence on material from SLT.
These involve, among other things, the following new assumption.

3.9 Assumption For scale constants {c,m, m =1,...,n}, there exists a € (0, 1]
such that with B,, = [n!7%] and r,, = [n/B,] for n € N, the following conditions
hold: if

Maj = yp % e, 1! (343)
for j=1,...,ry and M, ;, 1 = max,, p,+1<i<n |Cns| then
| max M,; = o(B;'/?) (3.44)
and N
Z":M,%j =0(BY). O (3.45)
j=1

The following central limit theorem under dependence, with conditions given in a
form adapted to the present applications, is proved as Theorem 25.12 of SLT.

3.10 Theorem . _, Cpmum —a N(0,V) as n — oo if
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(a) E(ZZ:l Cnmum)2 -V <o
(b) {um}m _, satisfies Assumption 1.2

(¢) {cnm}r _, satisfies Assumption 3.9. O

A generic notation is used in Assumption 3.9 and Theorem 3.10 since the identity
of the constants and the sample depend on the application. A leading case ism =1
fori =1,...n, but to reprise the arguments of §3.2 the cases of m = i+n(k+1) for
i=1-n(k+1),...,—kn also arise, for k =0,..., N —1. In some applications the
number of terms in the sum is not n but an integer multiple thereof, for example
[nt] for t > 0, but this detail is omitted from the formal statement in the interest
of clarity.

Comparing the conditions of Theorem 3.10 with those of SLT Theorem 25.12
itself, condition (a) of the latter theorem specifies a limiting Lo-norm of 1, but
this is an arbitrary choice of normalization and any finite constant value can be
substituted. Conditions (b) and (c) impose the conditions of SLT Theorem 25.6,
which is a CLT for mixingales.

The key fact is that the property specified in Assumption 1.2(b), of La-near-
epoch dependence (NED) on a mixing process, is sufficient for u,, to have the
Lo-mixingale property of size —%.2 With suitable scale adjustments, this property
also extends to ¢pmty,. Formally, letting {F,.,,} denote a filtration defined on
the relevant probability space, an Lo-mixingale of size —p is a pair {Tnm, Fnm
satisfying the conditions®

|| E(xnm|fn,7n—v) ||2 S ‘CnnLKv

| Zrm — E(xnm|~7:n,m+v) 2 < ‘Cnm|gv+1

where ¢, = O(v™%) for ¢ > ¢, and ¢, is an array of scale constants.* The
filtration is typically of the form F,,, = o(z,j,7 < m). The series under present
consideration have the general form (with i = m) of z,; = cu; where ¢,; =
ani(s,t)/k(n).

A special feature of SLT Theorem 25.6 is that it accommodates heterogeneity
in the distribution of the process increments by fine-tuning the specification of the
blocking parameters. This is the role of Assumption 3.9. Like many limit results
for dependent processes, Theorem 25.6 of SLT works by breaking the sample series
into r, blocks of B,, successive terms, similarly to Theorem 2.10. The property
being exploited is that partial sums of mixingales behave approximately like mar-
tingales, with the residual terms becoming negligible as n increases under suitable
restrictions on the range of dependence. This allows a central limit theorem for
martingales® to be invoked, although with heterogeneity in the underlying series

2Proved as SLT Theorem 18.7.
3The Znm in this generic definition is a different object from the z; of (1.1).
4The mixingale concept is reviewed in detail in SLT Chapter 17.

5For example, SLT Theorem 25.3.
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the blocking construction must satisfy Assumption 3.9. This condition is critical
in the antipersistent case. For the case d > 0, any choice B, = o(n) meets the
conditions but with d < 0, the restriction on the divergence rate of B,, implied by
condition (3.44) is needed to ensure that the variance of every normalized block
converges to zero. Comparison of (3.10) and (3.11) in the independent case shows
a related contrast.%

The CLT can then be shown, subject to the further condition that the normal-
ized block sums form a uniformly square-integrable array. The condition on the
blocks is essentially equivalent to what was previously shown for the increments
of the form (3.18), with Assumption 3.1 needed to validate the step. Here too,
antipersistent processes are subject to an additional restriction relative to long
mMemory processes.

With these preliminaries established, the main result to be shown is the fol-
lowing, where X, is defined by (2.27) and X is the {BM in (2.1).

3.11 Theorem If Assumptions 1.2, 3.1 and 3.9 hold then X,, -4 X. O

As before, the proof is constructed via a series of lemmas which mirror the devel-
opment of the proof of 3.2, working with the decomposition of (3.2). Of these,
the first is the generalization of Lemma 3.3.

3.12 Lemma Under Assumption 1.2, lim,, o, E(R3,(s,t)?) = O(N?¥ 1) as N —
00.

Proof The result

—nN
(R3n(3 t TL)2 Z anz S, t
2 (s — 1) / (14 1) — 79)2dr (3.46)
N

follows by the arguments of Theorem 2.10 and Corollary 2.11, which can be
applied to the complete sum Ri, + Ra2, 4+ R3,, then noting that the division into
three is simply accomplished by dividing Y, into its three components, of which
the third is the integral in the last member of (3.46). Note that the equality in (3.4)
now becomes the first limit result in (3.46) but the second step of the argument
follows (3.4) directly. B

The next step is to prove a replacement for Lemma 3.4, but to do this one
further technical property has to be shown and this proof can conveniently be
given first. This is, that increments of the empirical process Ry, (s,t) + Ray(s,t)
are asymptotically uncorrelated.

6Lemma 25.10 of SLT offers some additional insight into the role of this restriction.



3.5. DEPENDENT SHOCKS 47

3.13 Lemma Let z,; = ani(s,t)u;/k(n ) and for r € [-N,1] define Z,(r) =
S so that for ¢ > 7, Zu(q) — Zn(r) = S Zpi 1S an increment

i=—o00 i=[nr]+1

of the process Ri,(s,t) + Rop(s,t) in (3.2). For —N <1 < q1 <ry < ¢ <1,
Jlim B((Zn(q1) = Zn(r1))(Zn(a2) = Zn(r2))) = 0.

Proof For any n € (0,q2 — 12),

[B(Zn(q1) = Zn(r1))(Zn(g2) = Zn(r2))]
[ng1]  [n(rz2+m)]

§ E zniznk

i=[nr1]+1 k=[nr2]+1

[ngi] [ng2]

i=[nr1]+1 k=[n(rs+n)]+1

(3.47)

Applying the modulus inequality to the first majorant term of (3.47) followed
by the Cauchy-Schwarz inequality and then using that z,; = O,(n~'/?) and the
assumption of weak dependence,

[nq1]  [n(ra+m)] [nq1] [n(r2+n)]
Z Z E(Zniznk) <E Z Zni Z Znk
i=[nri]+1 k=[nra]+1 i=[nry]+1 k=[nra]+1
[nqi] [n(ra+m)]
< Z Zni Z Znk = 0(771/2)~
i=[nr]+1 2 g=[nro]+1 2

Next, consider the second majorant term of (3.47) where |i —k| > n(ra+n—q1) >

nn. Assumption 1.2(a) implies

anz( t)ank (37 t)
K(n)?

and hence the second majorant term of (3.47) is of O((nn)~?%). Now, choose
n=0(n"T) for 0 <7 < 1 so that (nn)~% = O(n=1=7)) and

E(zniznk) = Vu ()i — k|) =O0((n(r2+n—q) " °n") (3.48)

E(Zu(@1) = Zu(r1))(Zu(a2) = Zu(r2))| = O(max{n~"/2,n=0""}) = o(1). N

3.14 Lemma Under Assumptions 1.2 and 3.9,

Rln(s t) + Rgn(s t) —> N(O szd( )2d+1)
for any s and ¢t with 0 <t < s <1.

Proof The case s =1 and t = 0 is taken as the exemplar. Appealing to Theorem
3.10, the main task is to show that Assumption 3.9 holds for the scale constants.
In Ry,(1,0), noting that the slowly varying components cancel in the limit,

1 lani(L0)]  (n—1)
leni| = k(1) iz

(3.49)
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When d > 0, ¢,; is decreasing in ¢ and according to (3.43),

(n—-(G =B (n—j+1?

My ~ A T1/2 ¥ pUR,d
Hence,
| max My = My = O(n=Y?%) = o(B;'/?) (3.50)
and .
Zl M2 = Bnr%“ Z —j+ )X =0(B;Y). (3.51)
iz

These results hold for B,, = [n'~%] for any « € (0, 1].

On the other hand, if d < 0 then ¢,; is increasing in ¢ and takes its maximum
at ¢ = n, at which point a,; = 1. In this case let B,, = [n!7%] for —2d < a < 1,
which is a feasible choice with d > —=. Then,

= o(B;Y/?). (3.52)

1
Mnj = Cpn "~ n

13%%}:4-1 nd+1/2
In (3.51), j replaces j—1 in the definition of M,,; but (noting 0¢ = 1 in this context)
the sum is still of O(B™'). The conditions of Theorem 3.10 are accordingly
satisfied for Ry,(1,0) with |d| < 3, the limiting variance V' in Theorem 3.10(a)
being defined by (3.5) with w? replacing 2 by application of Theorem 2.10.
Next, consider the sum Ra, (1, 0) in which the terms are labelled 1-nN < i < 0.
Similarly to (3.15) break this sum into N blocks each of length n, denoted

& a(1,0)
RE,(1L,0)= ) ’;T)u k=0,...,N—1.
i=1—n(k+1)

The analysis comparable to that for Ry, can be applied to each of these blocks.
Assumption 3.9 must be verified in effect for the case ¢, for m =1,...,n, where
m =1—nk — i and according to (2.30), in this instance,

(0 =) = (<))

|ena| ~ RSV (3.53)
To distinguish the different cases write M,’fj for k=0,...,N — 1, where
Mr’fj = o nax |Cnil
1—nk—jB,<i<—nk—(j—1)B,
it nk+ (G- 1)B,)* — (nk + (5 — 1)Bn)d|' (3.54)

nd+1/2

For both d > 0 and d < 0, ¢,; is decreasing as —i increases and M,’fj is maximized
over j=1,...,r, at 7 = 1. For each k£ > 0,

d d d
ko nd(k+1)7 — k]
(x| My~ RSy

= O(n~Y2) = o(B V). (3.55)
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Making the change of variable 7 = k + (j — 1) /7y, it is also found from (3.54) that

i(Mk )QNB_%d " (rn(k+1)+j—1)* = (rpk + '—1)d)2
nj n2d+1 2 n J nk 1]

Jj=1
1 w d d\2 -1
~ ) (1+7)* =79 "dr = 0(B, ). (3.56)
It follows that the conditions of Theorem 3.10 are satisfied by R (1,0) with

k+1
V = lim E(R,(1,0))* = wi/ (1 +7) =79 2dr. (3.57)
n—oo k
When d > 0, the indicated orders of magnitude in (3.55) and (3.56) hold for all
k > 0. However, when d < 0, k¢ > (k+1)? and in the case k = 0, with 09 equated
to 1 in the usual way, (3.55) has to be replaced by

1

0 _ pg0
max Mnj*Mnand+1/2

_ —d—1/2y _ —1/2
1<j <t O(n ) =o(B,"7)

where the last equality holds provided that B,, = [n'7%] for —2d < a < 1. The
calculation in (3.56) continues to apply in this case for k = 0, so that (3.45) is still
validated.

To extend these arguments to the cases of Ry,(s,t) and Ra,(s,t), for any
s,t € (0,1] is a matter of replacing n by [ns] and setting ¢,; = ani(s,t)/x(n).

The individual blocks Ry, and RY,,..., Ry~ are therefore Gaussian in the
limit, and are also uncorrelated in the limit in view of Lemma 3.13. Therefore the
product of the marginal densities is identical in form to the joint density under
independence and it follows that in the limit the blocks are jointly Gaussian and
hence in particular their sum is Gaussian. The variances of the form (3.57) for
each k are summable over kK = 0,..., N — 1, hence the sum approaches the limit
having the form of (3.6) with w? replacing o2. 1

The property of independent increments is important for another reason, which is
to show that the dependence of the limit process X is determined exclusively by d,
in the manner represented by equation (2.1), so validating Corollary 2.8 and the
characteristic fractional dependence illustrated by (2.17). Such a demonstration
was not needed in Lemma 3.4 because there the increments were independent by
assumption.

The next step is to show uniform boundedness in probability as the preliminary
to proving uniform tightness. Theorem 3.5 is for independent shocks and does
not apply under Assumption 1.2. However, the following assumption is shown to
be a sufficient restriction on the dependence.

3.15 Assumption For ¢t € [-N,1],§ € (0,1 —t], n € N, and n > 0,

n(t+9)]—[nt
P( sup |u[m]|§n) > (1= P(jui] > )" o (3.58)
t<s<t+d
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If the second equality of (3.20) in the proof of Theorem 3.5 is replaced by inequality
(3.58), the sufficiency part of Theorem 3.5 continues to hold under dependence.
This is shown formally as follows.

3.16 Corollary Under Assumptions 1.2, 3.1, and 3.15, the collection {T2(t, d),
n € N} for 6 > 0 and 0 < ¢ <1 — ¢ is uniformly bounded in probability.

Proof The proof of Theorem 3.5 can be followed at most points, but under As-
sumption 3.15, the second equality in equation (3.20) is replaced by an inequality
as in (3.58). Equation (3.23) is therefore replaced by

—logP< sup < 5) < O(e7"log(er(n))~17#) (3.59)
and under Assumption 3.1 the probability on the left-hand side of (3.59) must
converge to 1 as € — oco. |1

If the inequality in (3.59) was not imposed the divergence of the supremum with
positive probability could occur, but Assumption 3.15 rules out this eventuality.

Having regard to the plausibility of condition (3.58), the first thing to observe
is that the existence or otherwise of autocorrelation in levels is irrelevant. The
relation concerns only the joint distribution of the absolute values, or squares, of
the process. Consider partitioning the sequence elements u; in (3.58) into subsets
S4 and Sp and so defining events A = {Js, {|ui| > n} and B = Ug, {|ui| > n}.
The intersection of the complements of these two sets is the event whose probability
is on the left-hand side of (3.58). The relation

P(A° N B°) > P(A°)P(B°) = (1 — P(A))(1 — P(B)) (3.60)

rearranges using the de Morgan law as P(B|A) > P(B) and equivalently as
P(A|B) > P(A). If an element of one set exceeds the bound, it is at least as
probable according to (3.60) that an element of the other set will do so. Suppose
for example that the elements of S4 are odd-numbered in the time sequence and
those of Sp are even-numbered. Then, a failure of (3.60) would represent the op-
posite of volatility clustering. Negative correlation of adjacent squares in the time
sequence is not an impossible scenario, but few empirical studies of conditional
heteroscedasticity suggest such outcomes.

Further, the partitioning exercise can be performed on each of sets S4 and Sp
and an inequality obtained for the minorant of (3.60). Repeating the cycle until all
the sets are singletons defines a chain of inequalities for products of probabilities,
terminating in the right-hand side of (3.58). If (3.60) held for every such partition
then Assumption 3.15 certainly follows, but this strong condition is only one
of many ways the assumption might be validated. In the example of adjacent
squares, note how the succeeding partitions would involve sample elements further
separated in time and hence with a diminishing role under weak dependence. For
Assumption 3.15 to be contradicted, inequality (3.60) would need to fail at a
preponderance of the partitioning steps. These considerations suggest that the
alternative to (3.58) can with some confidence be relegated to a special case.
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A further issue is that Lemma 3.6 cannot be applied directly to show the
condition imposed by Lemma 3.8, since it uses Theorem A.5 which does not work
for mixingales. A uniform integrability proof for mixingales is given as Theorem
17.14 of SLT, and as with Theorem A.5, this result generalizes straightforwardly
to lower and upper sum bounds of the form [nt] + 1 and [ns], for any ¢ < s. The
drawback with this theorem is that while it shows uniform integrability of the
maximal sum it does not specify a rate of convergence in the manner of equation
(A.10), which does need to be known for the application to Theorem 3.8.

While the proof given for Theorem 17.14 of SLT is both lengthy and tricky, the
extension is minor and can be given in terms of steps in that proof. Similarly to
Theorem 3.10, the interested reader is left to pursue the details with the relevant
pages of SLT to hand (pages 357-360 of the 2nd Edition). Except for the addition
of condition (3.61), the following statement matches SLT Corollary 17.15, which is
the extension to arrays of the main result for mixingale sequences. With m =i in
the application, x,,;/c,; here corresponds to u; which is stationary and L,-bounded
for r > 2 under Assumption 1.2.

3.17 Theorem For r > 2 let {@ym, Fnm} be a L.-bounded, Lo-mixingale array of
size f%. Let S, = an:l T and v2 = ZZFl 2, where ¢, are the mixingale
scale constants. If the array {2, /c?, .} is uniformly integrable the collection

{maxi<g<n 52, /v2, n € N} is uniformly integrable, with

B((max S2e/v2) Lmasacucn 1Sl /o) ) = 007 7): (3.61)
Proof In view of SLT’s Theorem 17.4, it suffices to show that when that proof
is valid, (3.61) also holds. The proof proceeds by setting a number & to be the
common upper bound of three terms, there denoted E(42), E(22), and Err/6(32).
The sum of these terms defines a bound on &£y(22) = E(&21y3,>m}) where
22 = maxi<k<n S2,/v2. It is shown that ¢ is a decreasing function of the bound
M with e — 0 as M — oo.

The key relations are (17.65), (17.67), and (17.74). Equation (17.65) shows
E(42) = O(m™?), where m is the order of lead/lag defining the mixingale trunca-
tion in definitions (17.52)—(17.54); see also Definition 17.1 of SLT. The parameter
d can be equated with the serial dependence parameter from Assumption 1.2(a).
The notation = is used here to denote matching orders of magnitude as ¢ — 0.
Following (17.65), let the bound be represented as € « m™® and equivalently, let
m v« e~ /% denote the approximate value of m required to attain the bound.

Next, under the assumption that x,.,, is an L,-bounded random variable for
r > 2, use the result E((xnm/cnm)21{|X,m/cnm‘>3}) = o(B?*™") from Theorem
A.4 of Appendix A. With this assumption, inequality (17.67) (where X;/c; can
be read as Znm/chm) can be extended by a step beyond the source proof and
written as

E(22) <« mB*" =e. (3.62)

Since the relations represent orders of magnitude the notation allows scale con-
stants to be taken as implicit.
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Substituting for m in (3.62) and rearranging gives B = e1+1/9)/2=7) a5 ap-
proximating the value of B needed to attain the bound. Inequality (17.74) can be
rendered in the same manner as

4B4
mM “e. (3.63)

5M/6(37721) <

Substituting for m and B in (3.63), rearranging, simplifying, and inverting gives
for0<e<1landr>2,

M?77 o g2 =1/8 < (3.64)

Equating M with n to match the notation of Theorem A.5, Theorem A.4 applied
to the random variable max;<k<y, |Snk|?/v2 leads to (3.61) replacing (17.75). N

Like Theorem A.5, Theorem 3.17 places no restriction on the ordering of
summands and can duplicate its role in the argument for the mixingale case. With
T,(t,6) defined as in (3.18) except that w? replaces o2, the required result is as
follows.

3.18 Lemma Under Assumptions 1.2, 3.1, and 3.15, the collection {TEL (t,0),n >
ng} is uniformly integrable and satisfies (3.25), for ng < co and all 0 < § < 1 and
te0,1-4].

Proof Identical to the proof of Lemma 3.6, subject only to replacement of the
citations of Theorem A.5 by citations of Theorem 3.17. 1

Proof of Theorem 3.11 Lemma 3.12 focuses attention on the terms Ry, and
Ry, of (3.2) as before. Then, Lemmas 3.14, and 3.13 establish the Gaussianity
and increment independence of the limit distribution. Lemma 3.18 establishes
condition (b) of Theorem 3.8, which proves the almost sure continuity of the limit
distribution in the same way as before. Theorem 2.10 and Corollary 2.11, in
combination with Theorem 2.6 and Corollary 2.8, fix the covariance structure to
complete the proof. i

The conclusion of these results is that the only consequence for the limit dis-
tribution of swapping Assumption 1.2 for Assumption 1.1 is the inflation of the
variance parameter. In the important case of conditional heteroscedasticity, the
shock series may be uncorrelated although dependent and in that case the limits
in question may actually match the i.i.d. case. However, as can be deduced from
the style of the proofs, the rate of convergence to the limit can be substantially
slower. Much the most important consequence of shock dependence is that larger
samples may be needed to attain comparable approximations to the limit.

3.6 The Multivariate FCLT

The matrix notation required to handle the multivariate case is detailed in §2.5.
Let D™ denote the space of m-dimensional cadlag functions and C™ the space of
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m-~dimensional continuous functions. The domain of the functions is not indicated
explicitly to leave this option open, although [0, 1] is the case here.

For the space of cadlag m-tuples endowed with the Skorokhod topology (see
page 20 for details), the notation D™ is taken to convey that the times of discon-
tinuities are coordinated. In other words, Skorokhod distances must be defined in
terms of a common change-of-time function A. Vectors of cadlag functions whose
jumps are uncoordinated are not treated in the present theory, but the elements
Xin, -, Xmn in the present case are step functions whose jump times are dictated
by observation dates, hence coordinated.

The following fundamental result, proved as Theorem 30.13 of SLT, extends
the well-known Cramér-Wold theorem to random functions and is at the heart of
the multivariate FCLT, so deserves a formal statement in this context.

3.19 Theorem Let X,, € D™ be an m-vector of random elements. X, —q X
where P(X € C™) = 1 if and only if A'X,, —q A'X, where P(A'X € C) = 1, for
every fixed A (m x 1) with A’A=1. O

With this setup the multivariate extension of Theorem 3.11 can be specified.
Taking advantage of the developments in §3.5, it is possible to allow the conditions
of Assumption 1.2 for full generality.

3.20 Theorem If the process X, (m x 1) is defined by (2.47) where —3 < d; <

- <dpy < % and the elements of {u;} each satisfy Assumptions 1.2, 3.1, and 3.9,
then X,, —q X where X is a vector whose k! element is a fBM with parameter
dy,, with covariance structure given by the limit in (2.72).

Proof By 3.19 the result follows if A'X,, converges in distribution to an a.s.
continuous Gaussian limit X’ X for all m-vectors A of unit length. These limits
are not fBMs in general, but as a consequence of Corollary 2.12 the cases A = e
for k=1,...,m (the columns of the identity matrix of order m) yield fBMs with
parameters dy.

Establishing the finite dimensional distributions can proceed in tandem with
the arguments of Theorem 3.11. In parallel with (3.2) let

[ns] [nt] —nN
NX,(s) = NX (

S+ >+ > )A D, Aui(s, t)u;

=[nt]l+1 i=1-nN i=—o0

= R} (s,t) + Ry, (s,t) + R}, (s,1). (3.65)

To verify the status of the remainder term R3,,(s,t), note that according to (2.49),
Vet = Vit + (v — Viy) Where

Vit — Yht = /Oo((l +1)% — ) (1 +7)% — r%)dr

N
eyt [ ot - rtyar)

< max
k:7l N N
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_ O(NQmax{dk,dl}—l).
It follows by Theorem 2.9 that

nILH;OE(R?m(S t)?) ZZAkAzwkz(sz Veo) (s — )t att
k1L

— O(NZm .

By assumption this is of small order in N and as in the univariate case, N can be
taken large enough for this term to be negligible.

Consider the remaining sums in turn. As before, it is convenient to consider
the case s = 1 and ¢t = 0, the extension to other cases being easily supplied. As
in Lemma 3.14, the finite dimensional CLT is proved by verifying the conditions
of Theorem 3.10, the essential step being to specify the scale constants to be
attached to each observation. For fixed A, write W, = XD, *A,,;(1,0)u; and so

define the array {c),}, being the positive square root of

() =EWAH =XNA,:(1,0D,'Q,D,; ' A,;(1,00A (3.66)

n n

where the long-run variance matrix €2, is defined by (2.71). Then, fori=1,...,n
corresponding to the terms of R}, (1,0), applying Theorem 2.5 and noting that
the slowly varying factors cancel,

m m di+d; 2dq
TL —1 n—1i
?~ E E Ak AWk —— ) = (n—9) I (3.67)
a1 n2di+1
k=11=1

with d; = min{ds,...,d,} and

~

di+d;—2dy

(n—1)
Jni = Z Z UL e e e 7 (3.68)
k=11=1

Compare formula (3.67) with (3.49). The exponents in (3.68) are nonnegative
by construction and the array J)); is both positive and finite for all n > 1. The con-
ditions of Assumption 3.9 are therefore met, following the line of reasoning in the
proof of Theorem 3.14, subject to d; > —%. The finite-dimensional distributions
of the processes R7,, are proved in the same manner as before.

For i =1—nN,...,0, corresponding to terms of R3,(1,0),

i i /\k)\zaJkl (n =)™ — (=)™)((n — )% — (=))™)

7” ndrtdi+1
k=11=1
(n =" i, (=0 (n — )M (=)M s
= n2di+1 ni T n2di+1 ‘]nz - W‘an (369)

where

m m .
_ di+d;—2d,
\ n—i
Ji = g g )\k)\lwkl( - )

k=11=1
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momn di+d;—2d;
J)\2 ZZ)\k/\lwkl< )

k=11=1

=S w5 E) T G

k=11=1

The terms J)}, J2? and J3 are strictly positive and finite for all 1 —nN <i <0

n

and all n > 1. There therefore exist constants L* and U”, A such that

0 < LA <min(JM, J22 T2 < max(JN, JN2 JM) < U < oo

n nt n n

and such that when n is large enough, L}, < (c}.,)? < U\ where
d1)2

v _oalln—9)n —(—9)
Lo =1 n2di+1 ’
A =) = i)y
U, =U 3Tl .

Consider the stationary weakly dependent process W) /c)., for which scale con-
stants of unity are appropriate. The argument of Lemma 3.14 applies to the
increment processes @Wﬁ; /e, and \/@W,?L /)., setting \/L_i‘” and m re
spectively for the arrays of scale constants. In particular, the fact that the condi-
tions of Assumption 3.9 are satisfied in these cases for d; > —% was established in
the proof of Lemma 3.14, leading to equations (3.55) and (3.56). (Note, in these
arguments the magnitude of scale factors is irrelevant.) Sincey/L},/c); < 1 <

VUNeh, W itself is tending to a convex combination of these processes as m in-

creases. If both ZZ 1~ VLW, A Jed, and ZZ 1~ VUMW,

n
in the limit then the same is true of Rj,. These arguments establish the finite-
dimensional distributions of the scalar processes.

To prove uniform tightness of the distributions, it is convenient to define

W) /e, are Gaussian

[ns]

ank‘i(sat)
Tor(s,t) = Z muki (3.70)

1=1—n
so that >_10 M Tk (s, t) = Ry, (s, t) + Ry, (s, t) from (3.65). Also let

[n(t+46)]

o & anki(t + 57 t)anli (t + 57 t)
- ZZ)‘k)‘lwkl . Z nd L () Ly(n) (3.71)
k=11=1 i=1—nN
Application of Theorem 2.9 gives, since min{ds,...,d,,} > f% by assumption,
m m
di+dp+1
nli)rr;ou (t,0)? ZZAMWHTWS ITERTE 4 0as § — 0. (3.72)
k=11=1
It has to be shown that for 0 < § < 1 and ¢ € [0,1 — ] the collections
m 2
—1 ATk (s, t
{ sup (i )\k kQ(S ) , n> no} (3.73)
{s:|s—t|<d} l/n(ta 6)
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satisfy the conditions of Lemma 3.18. If so, uniform tightness follows directly by
Theorem 3.8, given the convergence with ¢ indicated in (3.72).

To investigate (3.73), the approach is first to consider the terms of the sum one
at a time. For k = 1,...,m, the particular case of (c);)? in (3.66) when X = e,

(the k' column of the identity matrix) has the form

9 | WhkGnki(s,t)?
Cuki (8:8) = 53537 (ye RCIER (3.74)
For each k, form the sums of these elements for the increment of width § and note

that
[n(t+9)]

vap(t6) = D it +6,1) = w Lepd™ ! (3.75)
i=—1—nN

as n — 0o. Then, under Assumptions 1.2, 3.1, and 3.15 the collections

Thr(s,t
{ sup ﬂ,nzno}

{s:]s—t|<8} Vnk(t,0)

satisfy the conditions of Lemma 3.18, for each k. The conditions of Theorem 3.17
hold under Assumption 1.2, noting that the squares of the terms of the sum (3.70)
divided by the ¢2,,(s,t) from (3.74) have the form u},/wgs.

Next, m successive applications of Theorem A.7, in conjunction with the ar-
gument leading to inequality (3.27) and then application of Theorem A.6, extend
the required conditions to the collection

{ sup (g:wf n> no}. (3.76)

{st]s—t]<0} \ 21 Vnk(t’ 5)

The next step is to apply this reasoning to another case, in which, for the given
set of weights A1, ..., Am, ug; in (3.70) is replaced for each k = 1,...,m by

x AeVni(t,0)

Let T}, (s,t) denote this case of (3.70) with wj}, from (3.77) replacing ux;. Then,
(3.75) together with (3.72) shows that for any & > 0 the ratios of scale factors
in (3.77) converge to finite constant limits. Hence, under Assumption 1.2 the

collection . )

T (s, t)) }

sup E =], n > ng (3.78)
{ {s:|s—t|<d} <k_1 Vnk:(ta 6)

satisfies the required conditions in the same way as the collection (3.76). This
completes the proof, since the collection in (3.78) is identical with the collection
in (3.73). 1



Chapter 4

The Fractional Covariance

The material of the foregoing chapters lays the groundwork for posing various
fundamental questions arising in econometrics, in particular, the distributions of
regression coefficients when the variables entering the relationships in question
may be fractional series, either regressors, or disturbance terms, or both. Inter-
est therefore focuses on the limit distributions of sample means, variances and
covariances under suitable normalizations.

Regressions may of course involve stationary series as defined by relations (1.1)
and (1.2), but the cases of greatest interest inevitably involve partial sum processes
of the form (2.21). This generalizes the usual cointegration methodology for non-
stationary series with autoregressive roots of unity, which corresponds in the frac-
tional context to the case d = 0. The suitably normalized covariance between a
unit root process and a weakly dependent process is well-known to converge to
a stochastic integral of the It6 type, having Brownian motion as the integrator
process.

Generalizing these results to the case where either or both of the partial sum
and the stationary integrator are fractional is now the primary object. The devel-
opment occupies both the current chapter and Chapters 5 and 6 following. The
three stages of the analysis are to calculate limiting expectations for the random
variable in question, to develop heuristic representations of the limiting integrals
and then, not least, to prove weak convergence to these limits. The developments
are based on some original ideas sketched in [19], which is joint work with Nigar
Hashimzade. Chapter 7 then briefly shows what the results obtained imply for
regression analysis.

4.1 Assumptions and Preliminaries

Let z; and y; be linear processes having the MA(oo) forms

Ty = ijui_j, Yi = chwi_l (41)
7=0 =0
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where b; ~ d,j% 1L,(j) and ¢; ~ dyl%~1L,(l). The analysis will initially focus
on the following particular setup.

4.1 Assumption The pair (z;,y;) are defined by (4.1) where (a) |d,| < 1, |d,| <
1: (b) the sequences (u;,w;) are i.i.d. with means of zero, L,-bounded with r > 2
and with contemporaneous covariance matrix

E [“} [ui w] =%= {"3 "“;“} (4.2)

Wy Ouw Oy
and pl = E(uiw?) < co. O

The case u; = w; is allowed. These random variables define a filtration F = {F;,
i € Z} on the probability space such that the processes {z;, F;} and {y;, F;} are
adapted.

The assumption of independent shocks in (4.1) is restrictive but substantially
simplifies the mathematics. The wholly linear framework has the benefit of sim-
plicity while focusing interest on the long memory characteristics of the data. Since
the coeflicients b; and ¢; may have arbitrary forms for finite j and I, the range
of models encompassed even by the present assumptions is wide. The extensions
necessary to allow for weak dependence (specifically, autocorrelation) in the shock
processes are treated separately, in Chapter 8.

The next two results relate to the empirical covariance of a pair of stationary
fractional series. Define 0., = E(x;y;). Since under Assumption 4.1 the sequence

bjcj ~ dudy @2 Ly () Ly (j)
is summable and the shocks are serially uncorrelated, the relation
o0
Ouy = Ouw ijcj < 00 (4.3)
§=0
follows in a similar way to (1.5).

4.2 Theorem Under Assumption 4.1, n=! Z?Zl TiYi =Ly Oay-

Proof

o0

n 2 oo 00 00
E(% S i %y) = LSS S b,
i=1

7j=0m=0 (=0 p=0

X Z Z(E(ui_jwi_luk_mwk_p) - E(ui_jwi_l)E(uk_mwk_p)) (4.4)

i=1 k=1

where Assumption 4.1 implies that

E(ui—jw; —jup—mwi—p) — B(wi—jw;— 1) E(ug—mwi—p)
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Mﬁwio—?nu ijzzfl:kfm:kfp
= o202 i—j=k—-m#i—Il=k—p (4.5)

0 otherwise.

It has to be shown that the terms of (4.4) that are subject to the two types of
restriction in (4.5) are collectively of small order. Writing out the terms in which
the first restriction holds, since 7 = [ and m = p the fourfold sum reduces to a
twofold sum. Since u and w are always contemporaneous in these terms, they can
be combined as x; = u;w; — E(u;w;) and by Assumption 4.1 this series is serially
independent with mean zero and variance g, — 02,,. Also, let h; = bjc; which
defines a summable sequence. If these substitutions are made in (4.4) the result is

oo o0 n o n oo n 2
% Z Z hjhm Z ZE(CCi—jCCk—m) = %E(ZZ}LJ'JJZ'_]) . (4.6)

=0 m=0 i=1 k=1 =0 i=1

Re-ordering the terms so that the coefficients attached to each x; are gathered
together (compare (2.22)), in view of the serial independence and summability of
the coefficients the right-hand side of (4.6) is

1 00 J 2
w3 o)
j=0 “k=max{0,j—n+1}

“w(E &) 205 M)

M@(zhk) (E5)( 5 )

j=n j=2n =j—n+1

(2]2(d+d1)+n+2j d+d2)

j=2n

=0(n1).

The order-of-magnitude inequality here neglects any slowly varying components
which cannot affect the result, since d, + dy, < 1.
The second restriction in (4.5) implies that

E(ui—jwi—jup—mwi—p) — E(wi—jw; ) E(ug—mwi—p)
= E(ui—jug—m)E(w;—jwi_p).
Excluding the cases where one or other of these covariances is zero implies the
further restrictions m = j+ k —¢ and [ = p + i — k, which require respectively

that j > ¢ — k and that p > k — 4. The summands then do not depend on ¢ and &
independently, but only on ¢ — k. Setting ¢ = 7 — k, the sum has the form

[o olENe o BNe s HNe o]

TL2 Z Z Z Z Z Z b mclcp uz—juk—m)E(wi—lwk—p)

7=0m=0 =0 p=0 i=1 k=1
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o0

oo’
_ w h.
=2 E E , bjbj—qCpCptq

g=1—n j=max{0,q} p=max{0,—q}

< % S Z j2da=2 (1 _ g)dw*l f: p2dv—2 (1 + %)drl

J

q=1-n j=max{0,q} p=max{0,~q}
1 n—1
2d,—1 | 2d,—1
=D (Uit Sy
q=0
=0(n™h. 1

A key application of this result is to the case y; = x;, with the limit in (1.5). It is
proved under weak dependence of the shocks as Theorem 8.5.

The next theorem, applying only to cases with y; # x;, deals with the distrib-
ution of the empirical covariance when the shocks are contemporaneously as well
as serially independent.

4.3 Theorem Under Assumption 4.1, if 0, = 0 and d, + dy < %,

1 & 4

i=1
where V,, < oo.

Proof

% ; TiYi = Z Z bij (% ; Ui—kwi—j>

k=0 j=0

where for each j and k, random variables Z(k, j) are defined by
Zuz kWi—j *) (k .7) N(O,O’ZO’IQU) (47)

where the limit distributions hold by (say) the Lindeberg-Lévy central limit theo-
rem. It can be verified that Z(k, j) = Z(K', j') if j—k = j'—k'. Moreover, products
of the form w;_pw;— U, Wr,—j have zero mean unless both i —k = m — k' and
i—j = m—7j’, which imposes the same condition. In other words, if j —j’ # k—k’
then E(Z(k,j)Z(K',j')) = 0. Being Gaussian, the pairs are independent if they
are not identical.

Define ¢ = >0 372 bic; Z(k, §). Being a weighted sum of Gaussian random
variables that are elther 1dentlcal or independent, ( is itself Gaussian if its variance
is finite. The pairs byc; Z(k, j) and byc;s Z (K, j') are correlated if, for any p € N,
both ¥’ = k+p and j' = j+p and also if both k = k' +p and j = j' +p. Summing
the corresponding weights, the variance is calculated as

Vey = E(C?) = 020 <Z b? Zc + 22(2 bkbkﬂ)Zchﬁp)) (4.8)
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By (1.6), > 320 bkbrtp 25 CiCjtp = O(p??=+24y=2) and these terms are sum-
mable over p under the specified condition. i

Note that v and w are not required to be independent of each other in this result.
If the products have zero mean and finite variance, serial independence is more
than sufficient for the central limit theorem to operate. The corresponding result
under weak dependence (but with zero cross-autocorrelations) is proved in Section
8.1 as Theorem 8.6.

Some interesting implications of the condition d, +d, < %, placing a particular
limitation on the scope of Gaussian inference, are discussed in Section 7.3. A nat-
ural example is the case where x exhibits stationary long memory and y is weakly
dependent, with d, = 0 so that ¢; = 0 for j > 0. (This means serially independent
under Assumption 4.1.) In this case, simply enough, ny =002 Zk . How-
ever, a limited degree of long memory in both processes is also cornpatlble With a
Gaussian limit.

4.2 The Covariance Decomposition

In the remainder of this chapter, and also in Chapters 56 to follow, the case of
principal interest is going to be the limiting distribution of the covariance process

Z Z LTeYi+1 (4.9)

1=1 k=1

where
K(n) =n% [, (n)L,(n). (4.10)

An equivalent notation would be G,, = (nK(n))™! Z?;ll Siyi+1 where S; denotes
the partial sum process. Strictly, it would be better to write (4.9) as GZ¥ so as
to distinguish the case in which the roles of  and y are interchanged. This form
of labelling becomes unavoidable in some later developments, but to avoid clutter
the distinction is treated as implicit where this does not hinder sense.

The natural context for statistics such as (4.9) is regression analysis and specif-
ically cointegrating regression. These applications are reviewed in Chapter 7. A
leading example is the case y; = x; which might arise in the context of testing for
mean reversion in a partial sum process. In the conventional case of weakly de-
pendent series, absence of such mean reversion is an indicator of a unit root. The
aim is to show that the weak limit of GG,, exists and for fBMs X and Y is a random
variable fol XdY, with known distribution. However, fol XdY here defined is not
in general an It6 integral. In particular, it does not have a mean of zero and the
main task undertaken in this chapter is to calculate its mean.

Serial uncorrelatedness of the shocks allows G, in (4.9) to be split into compo-
nents according to their expectations. Substituting from (4.1), the sum of products
may be expanded as

n—1 1

Zzzzb ClUk—j Wit1—1- (4.11)

zlkl]OlO
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Let this sum be decomposed as G,, = G1,, + G2y, + G3,, where Gy, contains those
terms in which k — j <14 — [, so that the time indices of w strictly exceed those of
u, and in G, the indices of u lead those of w, so that k —j > ¢+ 1 —1[. Therefore,
(5, has the terms where k — j = ¢ + 1 — [ such that the time indices of v and w
match. The decomposition can be written out as

—1 i oo itj—k

G = (4.12)
i=1 k=13=0 (=0
1 n—1 1 oo
Gy = K ) bjCitj—kp1Uk—jWh—j (4.13)
n i=1 k=1 j=0
and
1 n—1 ¢ oo o}
Gs, = nK(n) Z Z bjcluk._jwi_,_l_l. (414)
i=1 k=1 ;=0 l=i+j—k+2

With E(G1,) = E(Gs,) = 0 under Assumption 4.1, the first objective is to
obtain a formula for the limiting mean of Go,.

4.4 Theorem If Assumption 4.1 holds and d, + d, > 0, E(G2n) — OuwAzy as
n — oo where

1 d °
Apy = Yy (d 1 datdy 4 g rdetdy
Y74, 1 d, <1+dz+dy+/0 y(LA )= dar

—(ds +dy)(1+ T)ddez)dT). (4.15)

Proof It can be verified by inspection that

n—1 1 0o n—1 oo
E E bjCitj_kt1 = E n—1) E bjcjti = E E E bjcry1-
i=1 k=1 j=0 i=1 i=1 k=0 j=max{0,k—i+1}

The sum of the b; in the right-hand member is equal to a, ;—x(i/n,0) as defined
n (2.25), a sum containing either k + 1 terms or ¢ terms whichever is the smaller.
Therefore, setting E(ug—jwi—;) = 0y for all j and k in (4.13), it is found that

n—1 oo

(GZn -

Qn i—k /n 0 Ck+1 (416)
i=1 k=0

To obtain the limit of this sum, separate the terms into two blocks, for k =

0,...,4— 1 and k > ¢ respectively. Applying (2.29) and also (1.2) while noting

that the slowly varying components cancel in the limit and that d, +d, > 0 by

assumption, the first block gives

—1i— n—11i-1

Qn,i—k /TL O)Ck+1N uw ZZ(k+1
i=1 k=0

)dz-‘rdy—l
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— Ty / / gletdu=lqedr

UUU}
4.17
(dy+dz)(1+dy+dx) ( )

Applying (2.30), the second block gives

n—1 oo

An ik (i/1,0)Cri1
i=1 k—i

S (GRS EOR

1=1 k=0
Tt / / (€ +7)% — 7)€+ )" dedr
/ (dy (1 +7) " 4 dyrtet

—(dy +dy) (17" 7%)dr. (4.18)

(dw + dy)

Combining these two limits completes the proof for the cases with d, # 0.

If d, = 0 then A\, = 0 and the explicit representations used in (4.17) and (4.18)
do not hold. One possibility is ¢, = 0 for k > 0, but to assume ¢, = O(k~1?) for
0 > 0 is asymptotically equivalent. In the latter case,

k

Zam k(i/n,0)cpin = (Z+Z) > biCri

j=max{0,k—i+1}

where
i-1 k
DD bicrr = O Ly (i)
k=0 j=0

and also

) k
S0 bk = OGO LL(0)).
k=i j=k—i+1

Hence, with K (n) = n L,(n),

n—1 oo

=0(n"°%)

i=1 k=0

confirming that E(Ga,,) vanishes in the limit. Expression (4.15) is therefore for-
mally correct in all cases. |

This result does not impose the requirement that b; and ¢; depend exclusively on
parameters d, and d,, but any additional parameters must enter via the functions
L, and L, and hence are cancelled.
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At this point, let A\, represent the counterpart of (4.15) with the roles of = and
y interchanged so that d, and d, are swapped in the formula. Then Ay, + Ay, =
T,,, where it is easily verified that

1

Tpy=—r
YU l+dy+dy

+ / ((1 + 1) — Td*') ((1 +7)% — Tdy) dr (4.19)
0

and, needless to say, Ty, = Y,,. This expression exists whether or not d, +d, > 0,

and reduces to 1if d, = d, = 0. It is the bivariate case of T; in (2.49), the element

of the long-run covariance matrix of the process (x;,y;), such that

Ouw Lay = nlLH;O nKl (Z T; Z yl> (4.20)

where
n

n n
Z x; Z Z Ty + Z Z TpYir1 + Z Z YkTit1- (4.21)
i=1 =1 = i=1 k=1 i=1 k=1

An important special case of these calculations is y = x, for which it is found that
Apw = %Tm and of course that T,, = Y4, in the notation for the univariate case
n (2.4). The expectation of the first right-hand-side term in (4.21) is no,, where
04y is finite according to (4.3), whereas after dividing by nK (n) the expectations
of the second and third terms converge respectively to ouwAzy and oywAy.. With
d, +d, > 0 the contemporaneous component of the covariance therefore vanishes
under the normalization by nK(n), which explains why 1., can be decomposed
into two complementary terms. This is a key distinction between the distributions
of long memory processes and the weakly dependent case.

4.3 Closed Forms

The expressions in (4.15) and (4.19) are intuitive and easily interpreted, but for
computational purposes closed forms have an advantage. These can be obtained
as follows, by an argument that closely parallels Theorem 2.2.

4.5 Theorem Under Assumption 4.1(a) and if d; + d, > 0,
I'l —d, —dy)sinnd,

Aoy =T'(dy + 1)T'(dy, + 1)7r (T ds +dy) (o +dy)’ (4.22)
Proof Let the integrand in (4.15) be written with a complex argument, as
buy(2) = dy(1+ 2) =0 4 dy 2t — (dy +dy) (1 + 2) %2
=dy(1+2)% ((1+2)% — 2%) —dyz% (1 + 2)% — 2%) (4.23)

for z € C. Defining

& £>0
Z(f)_{ emlg, £<0
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similarly to (2.8), fz, = ¢,,02 is a well-defined function of a real variable { € R. In
(4.23) note that as z increases, (1+2z)% —z% approaches d,z% ~! and (142)% —z9
approaches d,z%~1 so that fu, (&) = 0%+ =2y a5 ¢ — +oo0. Hence, foy 18
certainly integrable if d, > 0 and d, > 0. If d, < 0, f;, possesses a singularity
at £ =0 but f,(€)/2(§)% — —(d, +d,) as € — 0. Similarly, if d, < 0 then f,
possesses a singularity at £ = —1, but f,,(£)/(1 + 2(£))% — —(d, + dy)e'™= as
& — —1. Therefore f,, is integrable for all £ € R.

Let fy, denote the formula complementary to fz, with y and x interchanged.
Introduce the change of variable 7 = —1 — ¢ so that similarly to (2.9), z(§) =
e™(1+ z(7)) and 1+ 2(¢) = e'"2(7). These relations imply according to (4.23)
that 4

Fyel€) = @t £ (). (4.24)
By symmetry of the formulae, f,,(7) = el (datdy) fyz(§) likewise and it follows
that fu, (&) = e#m(detdu) £, (€). (This makes sense noting e*™ = 1.) Hence, it
must be the case that

| tatera=o (4:25)
and equally that

/jo fyz(T)dT = 0. (4.26)

Now integrate f,, over the three regions of the line, (0, 00), (—1,0), and (—o0, —1),
knowing from (4.26) that the sum of the segments is zero. Let the first segment
be denoted

Ly = /O " feo)de. (4.27)

Let L,y = fooo fay(§)dE, the integral appearing in (4.15) whose evaluation is the
objective. With 7 = —¢ — 1, in view of (4.24) the third segment is

-1 o9
/ Fya(€)dE = / fya(r)dr = ™=t (4.28)
—o0 0
The second segment rearranges in a manner closely similar to (2.10) as
0 1 1
/ Fyz ()A€ = —do / (1= e +d, / CHIRARLS
—1 0 0

— (de + dy) / (1 — €)% (cimg) b

_ d, + eifr(derdy)dy
1+d, +d,

) 1
— (dy + dy)e'™ / (1—¢&)d=edvde  (4.29)
0

where the integral in the final term is the Beta function B(d, +1, d, +1) according
to (B.14) of Appendix B. Adding together (4.27), (4.28), and (4.29) yields

dw + eiﬂ(dm-i-dy)dy
1+ do +d,

Lozt —(dy+dy)e™ v B(dy+1,dy+1) 4™ dFd) £ — 0. (4.30)



66 THE FRACTIONAL COVARIANCE
The critical step is to note that this equality remains true if  and y are everywhere
interchanged, the Beta function being symmetric in its arguments. Thus,

dy _|_ei7r(dy+dm)dw
1+d, 1d,

Loyt —(dy+d,)e™ = B(dy+1,d,+1) 4™ tda) £ =0, (4.31)

The procedure is to subtract (4.30) multiplied by e"(4=*4s) from (4.31), so elim-
inating £y, and then to solve the resulting equation for £,,. After cancellation
and rearrangement this operation gives

eifrdw (1 _ e2i‘n’dy)
1— eZirr(dx+dy)

dy

Lay = T 1tditd,

(dy +dy) B (dy +1,d, +1) (4.32)

It remains to simplify this expression. Successively, identities (B.2), (B.9),
(B.11), and (B.15) give

ei”dz(l _ eindy) eiwdz(l _ eQiTrdy)(l _ e—2i7r(dm+dy))
1— e2in(dotdy) 2(1 — cos2n(dy + dy))
2cosdy — 2 cos(dy + 2dy)
4sin® w(dy + d)
sin wd,,
sinm (dy + dy)
D(dy + dy)T(1 — dy — dy) sinwd,
™

Also, by (B.14) and (B.13),

I'(d, + 1)I(d, + 1)
(do + dy)(1 + dy + dy)T'(dy + dy)

B(d;+1,d,+1) =

Substituting these formulae into (4.32) and simplifying gives

(1 —d; —dy)sinnd, dy
(1 +dy +dy) 1+d, +dy,

Loy =T(dy +1)I'(dy + 1)

Finally, substituting this expression into (4.15) gives (4.22). I
Directly from (4.22),

Yoy = Aoy + Ay
I'(1 — dy — dy)(sinndy, + sinmd,)
7 (1+dy + dy) (de + dy)

The scale factors I'(d; + 1) and I'(d, + 1) appearing in (4.22) and (4.33) are
optional and as remarked on page 23, they would disappear from the formulae if
the moving average coeflicients were defined explicitly to include them as divisors.
This alternative would be implemented in effect by replacing (4.10) with

= I(d, + 1)I(dy, + 1) (4.33)

K(n) = n%T%T(d, + 1)T(dy, + 1)L (n)L,(n).
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Economy of notation is the natural criterion for deciding which convention to
prefer.

Formula (4.33) has been derived on the assumption d, + d, > 0 and returns
an awkward ‘zero over zero’ result for the case d, = —d,, even though expression
(4.19) is well defined for d;+d,, < 0. There is an equivalent and more robust version
of the formula that has already been quoted as expression (2.53), in connection
with Theorem 2.9. This equivalence is shown as follows.

4.6 Theorem

_ D(dy + 1)I(dy + 1) cos(n(dy — dyy)/2)
T = I(dy +dy +2) cos(m(dy +dy)/2) (4.34)

Proof Applying successively identities (B.8), (B.10), and (B.15) gives the relation

sinm(dy + dy)(sinwd, + sinmd,)
2sin(nw(dy + dy)/2) cos(m(dy + dy)/2)
cos(m(dy — dy)/2)
cos(m(dy +dy)/2)
™ cos(m(dy —dy)/2)

= T ¥ AT —do —d) cos(m(da T dy)j2). | 3)

sinwd, + sinwd, =

=sinw(d; +dy)

Substituting (4.35) into (4.33), replacing I'(d; + dy) (1 +dy +dy) (dz + dyy) by
I'(dy + dy + 2) according to (B.13) and then cancelling the matching terms in the
ratio gives finally (4.34). 1

Formula (4.34) might also be obtained by operating directly on (4.19) in the man-
ner of Theorem 4.5. However, an alternative direct proof based on the harmoniz-
able representation of the processes is given as Theorem 9.3 in Chapter 9.

4.4 Antipersistence

The condition d; +d, > 0 must hold to define A,y and Ay, without which at least
one of the processes is antipersistent. The following results give an indication
of what happens in this latter case. The cases d, +d, < 0 and d, +d, = 0
require separate treatment, while d, = —d, # 0 must also be distinguished from
d, = d, = 0, which is the conventional unit root scenario.

4.7 Theorem
(i) Ifd, = —dy, # 0 and 0, # 0 then E(Gs,) = O(logn).
(ii) If d; +dy < 0 and 04y # 0 then E(Ga,) = O(n~% ).

Proof For part (i), consider expression (4.16) and its decomposition into the
terms with £ < i in (4.17) and those with k£ > 4 in (4.18). With d, + d, = 0 the
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second member of (4.17) takes the form

n—1 1

Tuwdy Z Z ! (% glog z) = O(logn) (4.36)

i=1 k=1

where the second equality applies Stirling’s approximation (B.16). For the terms
with k > 4, consider the second member of (4.18). Applying a Taylor’s expansion
of first order around (i + k)/n gives, with d, +d, =0,

S S -0
Wl

i=1 k=0

n—1

= Gyuwdyd, Zzl( Z(z—ik)2> =0O(logn).  (4.37)

The indicated order of magnitude in (4.37) is verified by showing that the term in
parentheses in the penultimate member is O(1) as i — n and n — co. Since i < n,

S < Sy
ni= i+k/ T 1+ k

k=0

where 0 < § < 1. The squared term in parentheses converges to zero as k — oo
for any fixed ¢, and also as ¢ — oo.

For part (ii), the condition d, + d, < 0 means that for each ¢ < n the terms
an,i—k(i/n,0)ckr1 = O(k% T4 ~1) are summable over k. In view of (2.25), these
sums have the form

Zam i/, st — §(2b>ck+1+z( S e

k=t “j=k—i+1

The second block of terms vanishes as i — oo. The first block has a finite limit as
i — oo but does not vanish, given by = 1 and d, # 0. The conclusion is that

nloo

—ZZanlkz/nOCkH O(1).

i=1 k=0
The result follows in view of the normalization nK (n) defining G,, in (4.11). 1

In the case d; + dy < 0, the summability means that all three terms of the
decomposition (4.21) are Op(n). It can generally be assumed that there exists in
this case a finite constant

nlz

Yo = Jim Zl kZIE TrYir1) (4.38)
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and a complementary quantity v,,. However, there are no general formulae for

Vay and Yya tO compare with oywAzy and oywAye because due to the summability
of the terms in (4.38) they must depend on low-order lag coefficients which are
not restricted under (1.2). The one thing known is that E(3"; | z;)? = O(n?d="11)
and E(3°1, 4:)? = O(n?% 1) according to Corollary 2.7, so with d, +d,, < 0 the
expected left-hand side of (4.21) is o(n) by the Cauchy-Schwarz inequality. That
is to say,

In the particular case y = z, so that necessarily d, < 0, v, = > re Vi
where «;, is defined for x in (1.6). The relation in (4.39) is then identical to that
represented in equation (1.18). For the fractionally differenced model represented
by (1.12) with d, < 0, the «, are negative for every k > 1 according to (1.15). In
this particular case, in view of (4.39) it follows from (1.17) that

o2(1 - 2d,)

The condition v, < 0 reflects the fact that the limiting partial sum process (that
is to say, X (¢) defined in (2.1)) is ‘mean-reverting’ in the sense that its increments
tend to be negatively correlated and there exists a tendency towards zero when
1+ d, < 1. In the hierarchy of time dependence, the partial sum process with
antipersistent increments falls short of the unit root process (d, = 0). As noted,
Y., is well defined for d, + d, < 0 in spite of (4.39), the difference being the
choice of normalization. Under the normalization by n the covariance vanishes,
but under normalization by nK (n) the limit in (4.20) exists, as shown in Theorem
2.9.

However, all these conclusions depend on the assumption o, # 0. If u; and
w; are contemporaneously uncorrelated (implying under Assumption 4.1 that the
cross-correlogram is zero at all orders) then of course each of the terms in (4.21)
has zero expectation.

4.5 Lo, Convergence

An important fact is that Gs, is a consistent estimator of its mean, albeit not a
feasible one. The following result implies that the limit distribution of Gy, + Gsn,
matches that of the mean deviation of G,,, not overlooking that the mean diverges
under the given normalization when d, + d, < 0 according to Theorem 4.7. The
present assumption of independent shocks simplifies the argument somewhat. The
extension to the weak dependence case is Theorem 8.8.

4.8 Theorem Under Assumption 4.1, Ga, — E(G2,) —1, 0.
Proof From (4.13),

n—1 1
1

G2n - E(GQn) = nK(n)

Py, (4.40)
i=1 k=1
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where
o0

P = ijCiH,kJrj(uk,jwk,j — Ouw)- (4.41)
=0

The square of nK (n)(Gan —E(Gay,)) is the summed elements of the outer product
of the %n(n — 1)-vector having elements { Py, k=1,...45,i=1,...,n—1}. It can
be verified that

n—1 ¢ i—1

E(G2y — E(G20))? < R 50 0. Z [E(PiePimype—p)l.  (4.42)

i=1 k=1 m=0 p=k—i+m

If 4 and k in this sum count the rows of the matrix lower triangle, the indices i —m
and k — p in the majorant of (4.42) fill in the column elements, with ¢ —m running
from 1 to 7 and k£ — p running from 1 to ¢ — m. Note that the index p can take
either sign subject to the inequality ¢ —m > k — p. There is some double-counting
of terms having m = 0, but to show that the majorant of (4.42) is of small order
in n suffices for the proof.

The terms of the sum have a general bound of the form

o0 o0
|E(PikPi—m k—p)| < Z Z|bjblCi+1—k+jCi—m+1—k+p+z
7=0 1=0

X E(uk,juk,p,lwk,jwk,p,l — 0’12““)|. (4.43)

Under serial independence of the shocks, the expectations in (4.43) vanish unless
7 =p+ 1 and so this expression reduces to

oo

IE(PitPi—mk—p)| < (o — T Z|bjbj—pci+1—k+jci—m+1—k+j|- (4.44)
j=0

To bound (4.42), the first step is to divide the sum into two components ac-
cording to the sign of p. In other words, write

E(G2n — E(G2n))? < An + Aoy (4.45)

where Ay, has the terms in which 0 < p < k — 1 in the innermost sum of (4.42),
while Asg,, contains the remaining terms for the values of m having k—i+m < p < 0,
where these exist. Let Ay, be further decomposed by splitting the sum in (4.44)
into the sums of the first k£ terms and of the rest so as to write for the case p > 0
(noting b;_, = 0 when j < p),

k—1 0
[E(PitPimi—p)| < (Mo — Ty) (Z + Z) 1005 —pCit1—k+jCimm+1—k+j]
i=p  i=k

= B11 + Bia. (4.46)
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This gives the decomposition

At = TL2K 2 Z Z Z Z (Bll + 312) = A11pn + Ar2n- (4.47)

i=1 k=1m=0 p=max{0,k—i+m}

Similarly for As,, for those cases of (4.44) contributing to the sum with k < ¢ —m
and hence p < 0, decompose the sum as

|E(PikPi—m. k—p)|

i—m—k oo
= (How — in)< + Y )lbjbjpci+1k+jcim+1k+j|

=0 Jj=i—m—k+1
= Ba1 + Baa. (4.48)

The sum over m in (4.42) in this case takes the upper limit of ¢ — k — 1, so that

-1 ¢ i1—k-1 -1

Aan = n2K Z Zl Z _Z (Bo1 + Baz) = Aoin + Ao (4.49)

0 p=k—i+m

This is an empty sum in the cases with £ = ¢ and then is assigned the value 0.

The argument now proceeds by bounding each of the terms, A11,, A12n, A21n,
and Asy,, as functions of n. Substituting from (1.2) but omitting the slowly
varying components, which will be cancelled in the limit of (4.47), also assigning
the value by = 1 to Q%1

k-1
1—kydy—?
By < Z]d = +2dy =3 _p)dzq(l I L) v
Jj=p J
y (1+i—m—i.—1—k)dy—1
J
< (k — p)2d=t2dy=3, (4.50)

The second inequality of (4.50) is valid since i +1—k >0and i —m+1—k > 0,
so the terms in parentheses in the second member with exponents d, — 1 < 0 are
both smaller than 1. Similarly, j can be replaced by j — p without diminishing the
sum since its exponent is negative. Inserting the bound in (4.50) in A;1, in place
of By and bounding the sums by integral approximation gives

i i—1 k-1

A, < Z Z Z Z (k — p)2de+2dy=3

i=1 k=1 m=0 p=0
<<§ : § :kZd w+2dy—2
i=1 k=1

<< Z i2dw+2dy — O(n2dw+2dy+1)' (451)
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In Bjs on the other hand, 7+ 1 —k > 0 and ¢ > m > 0 and so, similarly,

17k+j)dy*1

o
B dy—1(;: o Nde—1;dy—1 (1
12 < ;J (j—p)*ti +—

. il 1Ky
X (=) (1 =)

< (k —p)?d=a=1id =1 — )t =t (4.52)

where in this case the terms in large parentheses with negative exponents are
vanishing as j — co. Substituting the bounding terms of (4.52) into Ajs, gives
the bound

n—1 1 i—1 —1
TLZK(TL)ZAQ” < Z Z 7:dyfl Z (Z _ m)dyfl Z(k _ p)Zd””*l
1=1 k=1 m=0 p=0
n—1 i
< Y it e = Ot (4.53)
=1 k=1

According to (4.47) it follows that Ay, = O(n™1).
Next, consider As, for those cases with i > k. The term corresponding to
(4.50) is

i—m—k

, 4 B i1 — k1
By < Y Rt p)de 1(1+—.) ’
i=0 J
i—m41—kyd—1
X (1 + )
j
< (i —m — k)2 24y =3, (4.54)

The terms in large parentheses with negative exponents don’t exceed 1, as in Bj1,
and in this case p < 0 so replacing j — p by j does not decrease the bound. Thus,

n—1 ¢ 1

—k—
nQK(n)2A21n < Z Z Z

i=1 k=1 m=0

1 1

_Z (Z —m— k)dewLZdny
p=k—i+m

n—1 4 1—k—1
<> > (i — m — k) T2dy—2
i=1 k=1 m=0
n—1 1
< YO (i — k)Pl = Q22 (4.55)
i=1 k=1

The term corresponding to (4.52) by similar reasoning is

(o] .
1— k4 j\dut
Bp< Y N —p)dm—lidrl(l y—=J H) !
j=i—m—k+1 v
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1—k+jd\dy—1
X (i —m)dv—! (1+.7+‘7) v
i—m
< (i = m = k)*E T (i = m) W (4.56)
and so
i i—k—1 -1
)2 Azgy, < sz ’12 Z m)ts 1 Z (i — m — k)21
k=1 m=0 p=k—i+m
i i—k—1
<<sz SIS S (== et
k=1 m=0
7
< Zl -1 : k)2dz+dy — O(nzdm+2dy+1). (4.57)

k:l

The second inequality of (4.57) is valid since the bound is not decreased by replac-
ing (i —m)% 1 by (i —m — k)41 In view of (4.55) and (4.57), Aa,, = O(n™1)
according to (4.49). Hence by (4.45) the proof is complete. |



Chapter 5

Stochastic Integrals

5.1 Mean Deviations

The next major objective is to study the asymptotic behaviour of the terms Gy,
in (4.12) and Gg,, in (4.14). The limiting forms of these terms will be denoted by
=, and Z3 respectively and their sum by =. The task of the present chapter is to
elucidate the forms of the random variables Z; and Z3, while Chapter 6 tackles
the main business of proving that G, — E(G,) —4 Z, subject to Assumption
4.1 and some additional conditions, collected as Assumption 6.9, which include
dy +dy > —1.

The essential first step is to express G1,, and G3,,, by some judicious rearrange-
ment of terms, as F,-adapted stochastic processes. For the case of G, consider
the expression in (4.12). For a given k and ¢, imagine the terms of this sum as
entries in a rectangular table with infinitely many rows, with j the row index and
[ the column index. The first row has ¢ — k + 1 entries, the second row has i — k + 2
entries, and so forth. In (4.12) the sum is first by columns giving the inner sum
of row elements and then by rows. Interchanging the order of summation over j
and [, so that now summation is first by rows over column elements and then by
columns, gives

1 n—1 1 0o )
G = nkK(n) Z Z bjciug—jwit1-1- (5.1)
i=1 k=1 1=0 j=max{0,l+k—i}

Next, let p = k — j and m = ¢ — [. Making these substitutions to eliminate j
and [, note that (5.1) is the same as

i min{k,m}

Glnz Z Z Ci— mw7rL+lz Z by pUp- (52)

=1 m=—o0 k=1 p=-—o0

The final step is again to interchange orders of summation, this time over m and



5.1. MEAN DEVIATIONS 75

i, and also over k and p. The result of this rearrangement is

n—1 4
Gin Z wm+1( Z Up Z Ci—m Z bk”)
m=—o00 p=—00 i=max{1,m} k=max{1,p}
Z ArnmWm+1 (53)
where

Grm = Z ApmpUp (5.4)

p——OO

and, restoring the original subscripts [ =4 —m and j = k — p,

n—1l—-m l+m—p
Upmp = Y cl< > bj>. (5.5)

l=max{0,1—-m} j=max{0,1—p}

Take care to distinguish this usage of the symbol a from that in (2.25), noting the
three subscripts in place of the earlier two.

(3, can be rearranged in much the same manner. Defining p = k£ — j and
m =1+ 1 — 1 (noting that now m < p < n) and identifying these subscripts with
the variables w,, and u, gives

= Kk p—1
GSn =
nK(n

W, -

1=1 k=1 —00 M=—00

Next, interchanging orders of summation, first over ¢ and k and then over k£ and
p, has the result

1 n—1 n—1 n—1
G3TL = TLK(TL) Z ( Z W Z bkfp ZciJrlm)

p=—00 m=—00 k=max{p,1} i=k
1 n—1
- LS (5.6)
Ny
where
hnp Z EnpmWm (57)

m=—0o0

and (restoring original subscripts)

Enpm = n_zl_p bj< Tin cl>. (5.8)

j=max{0,1—p} l=j+p+1—-m
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Equations (5.3) and (5.4), and (5.6) and (5.7), show Gy, and G, to have the
appearance of sample covariances of a relatively familiar type, apart from the infi-
nite order of the sum. Specifically, these are the covariances between independent
processes, w; and u; respectively, and moving average processes lagged one period.
That their means are zero has been arranged by construction, with the contempo-
raneous pairs removed to Gg,. What is unusual is the construction of the moving
average weights. These are in general non-summable and hence affiliated with unit
root processes, although here the weights a,,mp, and e, are dependent on their
position in the sequence rather than being just unity or zero.

To get a feel for the formula for Gy,, as the exemplar case, it is of interest
to see what happens to (5.5) in the respective cases d, = 0, so that specifically
bj =0 for j > 0, and also dy, = 0 so that ¢; = 0 for [ > 0. In the first case, noting
that p < m, apmp =1+c1 + -+ cp1-m if p > 1 and apmp = 0 otherwise. In
the second case, anmp = bmax{0,1—p} + *** + bm—p. In the two cases combined,
nmp = Lforp=1,...,mand 1 <m < n—1, and apmp = 0 otherwise so gnm
reduces, as expected, to a random walk initialized at p = 1.

5.2 Integral Approximations

The next step is to evaluate the limiting forms as n — oo of the arrays K (n) " a,mp
and K (n) 'eupm. The following theorem is helpful for connecting the limiting
behaviour of the partial sums appearing in (5.5) and (5.8) with the assumptions
about the sequences {b;} and {¢}.

5.1 Theorem If b > a > 0, « > 0 and L(n) is slowly varying at oo,

[nb]—1

1 o1 s b* —a
> J () -

neLin)

Proof L(j)/L(n) = 14 o(1) for [na] < j < [nb] and a > 0. In the case a = 0
there are terms in the sum for which j is finite in the limit and so L(j)/L(n) - 1
as n — oo. However, since the sum in (5.9) diverges these terms are of small order
in n and omitting them does not affect the limit. It is therefore valid to conclude
that for a > 0,

(%

+o(1). (5.9)

[nb]—1 [nb]—1

—nale‘) PIEE T DY ()" + o).

Jj=[na] j=[na]
Taylor’s expansions of the function (-)*/a around j/n specify the relations

LI L) 1) ou

(0% n a\n n

The proof is completed in view of the telescoping sum,
[nb]—1

() (B G

j=[na




5.2. INTEGRAL APPROXIMATIONS it

A fundamental assumption to be carried through the development in this section
is that d, > 0 in the discussion of G1,, and also that d, > 0 in the treatment
of (G3,,. This is because antipersistence calls for a different treatment of the limit
formulae. It is easiest from the point of view of exposition to deal with these two
analyses separately and the required variations are to be found in §5.4.

Consider first the case of G1,. A preliminary is to define the functions

1 -1 dy
ZiMt,s) = dy/ rdv=1 (1 — i ST) dr (5.10)

0 —

for —co <t <1land —oo < s <t and

1
ZiNt, s) = dy/ Tdy_l(l _ ! T)deT (5.11)
0 t—s
for —oco <t < 0 and —oo < s < t. These are the integral forms of the hy-
pergeometric functions F'(a, b; ¢; z) where a = —d,, b = d,, and ¢ = d,, + 1, with
z = (t—1)/(t—s) in the case of Z{* and z = t/(t—s) in the case of Z5'. These func-
tions are represented by the Gauss hypergeometric series for |z| < 1 (see (B.24))
and are defined by analytic continuation elsewhere. The integrals exist with real
arguments if b > 0 and ¢ > b and since z < 0 in both cases, with d, > 0 the
integrals are everywhere well-defined.

5.2 Lemma Ifd, > 0and d;+d, > 0, K(n)_lan[m”ns] = A(t,s)+o(l) asn — oo
for real-valued indices t, s with —oo < s <t < 1, where

1—t
A(t,s) = dy/ v o4t —s)%edo
max{0,—t}

— Lpacop (=)™ (1 =) — Lgcop (1) ™). (5.12)
If d, > 0 and d, + dy < 0, the same conclusion holds for —co < s <t < 1. O

The connection between (5.5) and (5.12) can be made by writing m = [nt] and
p = [ns]. The pair of symbols s and ¢, which in Chapters 2 and 3 played the roles
of the upper and lower bounds of an interval so that s > ¢, are here re-used in a
different context in which s < t is the rule. What might be viewed as connecting
the usages is the fact that in both cases s moves about more, while ¢ has the nature
of an anchor. In any event, they will change places in the analysis of Gg3,. The
expression in (5.12) vanishes at the point ¢t = 1 noting that a,,, = 0 identically,
involving an empty sum.

Proof of 5.2 Considering the components of equation (5.5), define u and v by
j = [nu] and [ = [nv]. If d; > 0, recalling b; ~ d,j% 1L, (j) by (1.2) write

nde L, (n) n
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By Theorem 5.1,

1 [nv]+[nt]—[ns]
dy dy

j=max{0,1—[ns]}

For the anti-persistent case in which f% < d, <0, in view of (1.19) it is possible
to write
Dpnuy

ALy - T o)

and in this case equality (5.13) follows directly. In the case d, = 0, the assumption
of summability gives

[nv]+[nt]— [ns] O(1), s>0
WO
1}

Z o(1), s<0.

j=max{0,1—[ns

This is formally equivalent to (5.13) when L, (n) is a constant not depending on n.
The sum could be assigned the limiting value 1—1;,.¢y by choice of normalization.
Similarly,
Clnw] v
S UL A
ndv L, (n) - +0(1)

and (5.5) therefore implies K(n) ' ay,pmems) = A(t, s) + o(1) with

1—t
At s) = dy/ piu 1 ((v Ft—s)de — 1{s<0}(—s)d1')dv (5.14)
max{0,—t}

which matches the formula in (5.12) provided the integral in question exists.

There are three cases to consider. If d, > 0 then v~ (v+t—s)% <o =1(1—
5)% since v < 1 —t and v%~! is integrable by assumption. If d, < 0 but at the
same time d, + d, > 0, the integrand is bounded above at the point ¢ = s and
v¥+dy—1 is integrable. In these cases the integral exists for all —co < s <t < 1.
If d; + dy <0, in which case d,, < 0 by assumption, substitute (5.10) and (5.11)
into (5.14) so as to write the integral as

1—t
dy / v w4t —s)%=dv
max{0,—t}

= (t =) (1= Z{(t,5) ~ Lpeoy (-2 28 (t5))  (5.15)

making the changes of variable 7 = v/(1 — t) in the first term and 7 = v/(—t) in
the second term. This shows that the integral exists for all —co < s <t < 1, but
that there is a singularity at the point s =¢. i

Since Z{}(t,s) and Z3\(t, s) converge to zero as s — t when d,. < 0, it is not correct
to conclude that (5.15) diverges at s = ¢ in that case. It is simply that it becomes
impossible to assign the integral a value there, although a solution does exist for
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all s < t. To interpret the singularity, it is helpful to note that after normalization
and going to the limit, the gap ¢ —s relates to the terms of the series {anmp, p < m}
in (5.5) as p declines. When d, + d, > 0 these terms diverge at the rate nds+dv
whereas with d, + d, < 0 they converge to zero at rate n%+9v. The practical
difficulty is that when the series is convergent, the first few coordinates are not
vanishing and so are ill-adapted to the normalization by n% 9. As can be seen
in the definition of g, in (5.4), the point p = m is where the dates of the shock
variables differ by only a single period.

This phenomenon links directly to the differing orders of magnitude of the
mean and the mean deviation processes examined in Theorem 4.7. The question
also arises under the heading of autocorrelated shocks in Chapter 8, where it is
treated more formally, but the simplest solution in the immediate run is to impose
the restriction s < t on the integral and by this means move the excluded terms
(at most finite in number) from Gy, to Gs, where, having measure zero in the
limit, their effect on the limiting expectation can be neglected.

Now consider the case of G3,. Define, analogously to (5.10) and (5.11), the
hypergeometric integrals

1
—1 \d
ZE(s,t) :dm/ Td’”*l(l— i T) ‘dr
0 s—1

for —co < s <1and —oco <t < s, and

1 d
ZQE(s,t):dz/ P (1- —r) Yar

0 s—t

for —oo < s < 0 and —oo < t < s, noting that these are well defined when d, > 0.
The following result closely parallels Lemma 5.2 except that d, and d, switch
roles and s > t, reflecting the switch of roles of p and m.

5.3 Lemma Ifd, > 0 and d,+d, > 0, K(n)’len[ns][m] = E(s,t)+o(1) asn — oo
for real-valued indices t, s with —oo < t < s < 1, where

E(s,t) = (1 =)™ ((1 = 8)* — L{s<oy(=5)*)
1-s
—dy vl (v 4+ s — 1) do. (5.16)
max{0,—s}

If d, > 0 and d; + d,, <0, the same conclusion holds for —oo <t < s < 1.
Proof Define v by j = [nv]. Applying Theorem 5.1 to (5.8), similarly to (5.13),

n—[nt]

1 d d
> a=0-t—(w+s— )% +o1)
" yLy (n) I=[nv]+[ns]+1—[nt]

so that .
E(s,t) = dm/ vdw*l((l — )% — (v 45— t)dy)dv.

max{0,—s}
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After rearrangement this formula matches (5.16). The integral exists with d, +
dy > 0 by reasoning similar to 5.2. If d, + d, < 0, so that necessarily d, < 0,
substitutions with respective changes of variable 7 = v/(1 — s) and 7 = v/(—s)
yield the form

1-s
dx/ vl o+ s —t)do

max{0,—s}

= (S - t)dy ((1 - S)dmZIE(Svt) - 1{s<0}<_3)dzZ2E(87t))' (5'17)

which exists except at the point s =t. i

5.3 Heuristic Representation

Let U and W denote Brownian motions on the real line segment (—oo, 1], set-
ting U(0) = W(0) = 0 (which involves no loss of generality) and with variances
E(U(1)?) = 02 and E(W(1)?) = 02, and covariance E(U(1)W (1)) = oyw. The
substitutions dU(s) for up,/v/n and dW(t) for wy,,//n can then be made to
develop an asymptotic approximation to (5.3). Writing F,,(t) = Flnyg € F, as
defined following Assumption 4.1, let {F(t),t € R} denote the filtration to which
U and W are adapted, where F(¢) is the limiting case of F,,(t) as n — oc.

The limit of the normalized random variable G1, in (5.3) can be expressed
heuristically in the form

51—/1 Q(t)dW (¢) (5.18)

where with A(s,t) defined in (5.12),

Q) = / A AU (s) (5.19)

—00

is a F(t)-adapted stochastic process in continuous time. Note the remark on page
18 concerning the interpretation of infinite-lag processes, which also applies to
(5.19) and (5.18). Notwithstanding the possible normalization issue at the point
s =t in (5.19) when d, +d, < 0, bear in mind that the contribution of this point
is of measure zero under continuity of the Brownian motion. Since the variations
of U are controlled its contribution to the distribution of Q(t) is negligible.

For future reference, useful implications of formula (5.19) include the variance
of Q(t) for —oco < t < 1,

B(Q()?) = 02 / A s)ds (5.20)

—00

and also the variance of an increment,

E(Q(t +0) — Q(t))?



5.4. ANTIPERSISTENT INTEGRATORS 81

t+6 t
= ai/ A(t+9,5)*ds + o2 / (A(t+6,s) — Alt, s))st. (5.21)
t —00
If dy =0 and ¢ =0 for I > 0, (5.5) specializes to anmp = anp(m/n,0) where
anyp is defined in (2.25) and (5.4) becomes

from (2.27). In other words, Q(t) = X (¢) for ¢ > 0 and 0 for ¢ < 0 where X is
fBM as defined by (2.1) with d = d,. Equation (5.19) is then redundant and

= = / X ) (5.23)
0

which is the It6 integral with respect to W of a fBM integrand.

In the same way, the limit of G5, can be expressed in the form
1
Eg = / H(s)dU(s) (5.24)
where the F(s)-adapted integrand process is
= / E(s,t)dW(t). (5.25)

Observe in particular that when d, = 0, E(s,t) = 0 for all s and t. The term =3
arises only in the case of a fractional integrator function. Otherwise, E = =; and
this term has the form shown in (5.23).

Notice the important fact that in all cases, both E; and (where it exists) 23 are
stochastic integrals of F-adapted integrand processes with respect to F-adapted
Brownian motions. These integrals are of the It type. Subject to sufficient regu-
larity conditions on the integrands, essentially those of finite variances and almost
sure continuity, plus the validity of mean-squared approximations by integrals with
finite domain of integration, they may be analyzed in the conventional fashion, fa-
miliar from the unit root analysis.

5.4 Antipersistent Integrators

When d, < 0, while the formula in (5.5) is valid the integral approximation in
(5.12) fails and another way of constructing an asymptotic approximation must
be found. In the case d, < 0, the same is true of (5.8) and (5.16).

Focusing first on Gy, an alternative form of expression (5.5) exists whenever
it is possible to write ¢; = ¢ — ¢/, for [ > 0 for a suitably defined sequence {cj },
with ¢ = ¢o = 1. Then, if ¢; ~ dyl% =L, (1) for I > 0 with —3 < d, < 0 it must
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be the case that ¢ ~ [%L,(l), as explained in the discussion leading to (1.19).
With this substitution the double sum of (5.5) can be written as

m—p n—1-m l+m—p
* * *
Anmp = L{m>0}Co E b; + E (cf —ci1) E b
j=max{0,1—p} l=max{1,1-m} j=max{0,1—p}
n—1-—p n—2—m
* *
=Ch—1-m § b] - § : G bl+1+mfp (526>
j=max{0,1—p} l=max{0,—m}

where the second equality is obtained by cancelling the pairs of matching terms
with opposite signs.

A simple application of the formula in (5.26), for comparison with (5.22), is
the case d, = 0. Specifically, if ¢; = 0 for [ > 0 then ¢j =1 for all [ > 0. Formula
(5.26) therefore yields anmp = bmaxfo,1—p} + -+ bm—p for 1 <m <n—1and 0
otherwise, which matches the corresponding case of (5.5).

The question of interest is whether there is a valid counterpart of Lemma 5.2.
While (5.26) is identical to (5.5), the same set of terms simply being ordered in a
different way, the asymptotic approximation needs to be constructed differently.
Therefore, although the notation anm,, applies in each case, the expression A(t, s)
in (5.12) has to be replaced a different one, to be denoted A*(t,s). The same
integral approximation arguments apply. Similarly to (5.10) and (5.11), define
hypergeometric functions

A ! t— 1 de—1
Z8%(ts) = (1+ dy)/ (1= )" ar (5.27)
i —
for —oo <t < 1and —oco < s < t, and
1
N |
Z8(t,5) = (14 d,) / rte(1- L) (5.28)
0 t—s

for —oo <t < 0 and —oo < s < t. In these cases of F(a,b;c;2), b=14+d, >0
and ¢ = 2 + d, and the integrals are well defined as before.

5.4 Lemma If —% <dy <0, and d, +dy > 0, K(n)_lan[nt][nsl = A*(t,s) + o(1)
as n — oo for real-valued indices ¢, s with —oco < s <t < 1, where

A*(t,s) = (1= )% ((1 = 8)* — 1scoy(=5)*)

1—t
- dw/ v (v 4t — 5)% " do. (5.29)
max{0,—t}

If —% <dy <0 and d; +dy <0, the same conclusion holds for —oco < s <t < 1.
Proof The first term of (5.29) is easily constructed from that of (5.26) since
C;—l—[nt]

Ty = (=% ol
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The second term is found by the argument analogous to that of Lemma 5.2 since

o]

d
—_—m—m 1 .
ndv L, (n) v +oll)

Integrability holds in this case with d, + d, > 0 because with d, —1 < 0 the
integrand is bounded above by v%v*d==1 If d, + dy, < 0, substitute (5.27) with
change of variable 7 = v/(1 — t) and (5.28) with change of variable 7 = v/(—t) to
obtain

1—t
dm/ v (v 4t —s)%"1dy
max{0,—t}

= (b= ) (1= )T 8) — Ly (0P 20 5))(5.30)
1+d,

which is well defined for —co < s <t < 1. I

In the case of G, the modification corresponding to (5.26) can be performed
on the formula in (5.8) for the case d, < 0. Define the sequence b} by b5 = 1
and b; = bj —b;_; for j > 0, with b} ~ §% L,(j). Noting p > m in this case, the
double sum in (5.8) becomes

n—m n—1-—p n—m
ST ST TIES SR S
l=p+1—m j=max{1,1—p} l=j+p+1—m
n—1-—p n—m
= Y Uciprim — lpobt, Y« (5.31)
j=max{0,1—p} I=2—m

where the second equality is obtained by cancelling equal and oppositely signed
terms. Arguments closely paralleling 5.4 now give the following.

5.5 Lemma If f% <d; <0 and d; +d, > 0 then e,[nyns = E*(s,t) +0(1) as
n — oo for real-valued indices ¢, s with —oo <t < s < 1, where

1-s
E*(s,t) = dy/ ule (u+ s — )% tduy

max{0,—s}
— Is<op (=) % (1 = )% — (=t)™). (5.32)

If —% < dy <0 and d; +dy <0, the same conclusion holds for —oco <t < s < 1.
O

This being the fourth instance of this type of result with essentially similar charac-
teristics to the preceding three, the details don’t really require further repetition.
These are left for the reader to fill in as may be appropriate.

In the approximation arguments to appear in Chapter 6, the expressions A*
and E* are used in place of A and E to deal with antipersistent integrators in =
and Z3 respectively. With this exception, the arguments are very similar in the
two cases.
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5.5 Integration by Parts

At this point, recall from §4.2 the suggested notation GZ¥ = G7¥ + G5¥ + G5 in
place of GG,,, when the distinction needs to be made. In this framework, it is shown
by Theorem 4.8 that G5Y — 1, ouwAsy and it is thus far conjectured (and to be
proved formally in Chapter 6) that G and G5? converge in distribution to limits
Eizy and Ezgy with sum E;,, where these symbols now stand in for the =Z;, =3 and
= used previously. The complementary cases are defined as Ziy,, Sy, and =, in
which the roles of the variables x and y are interchanged, with A, already defined
on page 64. In a similar fashion, notations Ay, Ay, and A7, A7, and also Eyy,

By, and By, Ey . will be used to distinguish the integrals in (5.12), (5.29), (5.16),
and (5.32) from their complementary cases.

With these changes in place, let X and Y denote the fBMs having the form of
(2.1) with respective parameters d, and d, and respective driving processes U and
W, as defined in §5.3. In the case d, + d, > 0, it appears natural to equate the
random variable Zg, + 0ywAzy With the stochastic integral fol XdY and likewise

Eye T OuwAyz With fol YdX. However, for the designation ‘integral’ here to be
appropriate it should be the case that the integration by parts rule

" xay + /1 YdX = X(1)Y(1) (5.33)
0

is obeyed. Matters are less clear cut when d, + d, < 0 since then A,y and Ay,
don’t exist but an unambiguous requirement for a valid formulation, in every case
with |d,| < & and |d,| < 3, is

Ezy + Eyz + Uuway = X(l)Y(l) (5'34)

To explore these questions, some interesting facts about the complementary
expressions can be brought to light. First, from (5.18) and (5.24) it is evident that

szf// vy (£, 8)dU (s)dW (¢ // Eyy(s, t)dW (£)dU (s).

Swapping the variables, the arguments are all completely symmetric so it is also
immediate that

HW_/ / Ayo (s, )dW (£)AU (s / / Eyo(t, $)dU (s)dW (1),

Adding these terms together gives
By +EByz = / / Agy(t,s) + Eyz(t,s))dU(s)dW (t)
/ / Ayo(5,8) + Euy (s, 0)AW(1)AU(s).  (5.35)
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Examine (5.12) and also the version of (5.16) that is obtained by swapping z and
y and also ¢t and s. The integral terms are equal and oppositely signed and so
cancel in the sum, and after some rearrangement it is found that

Agy(t,s) + Eyz(t, s)
= (1= = Lgcoy (—0)™) (1 = 8)™ — 1pecop(—5)™). (5.36)

Given the symmetry of the two cases, it is just as easily seen that

Ay (s,t)+Eqy(s,t)
= (1= 9)% = Lggcop (=)™ ) (A = )% = Lpcop(—=)™)  (5.37)

so that expressions (5.36) and (5.37) are actually identical.

These identities provide a key step in the proof of the next theorem confirming
the equality in (5.34). This is not an asymptotic result, U and W being assumed
to be regular Brownian motions and the integrals otherwise depending solely on
the d, and d, parameters and ... Notice that o, is the symbol appearing in
the limit in Theorem 4.4, because there the limit is derived under Assumption
4.1 in which the finite-sample shocks are serially independent. If these are in fact
autocorrelated, which is the case to be developed in Chapter 8 under Assumption
8.1, then o, should be replaced by w,., standing for the long-run covariance. In
the present context, nothing depends on these assumptions since the constant is
merely an attribute of the joint distribution of (U, W) and the switch is a formality.

5.6 Theorem If |d,| < % and |d,| < 3 then (5.34) holds.

Proof Assume initially that d, > 0 and d, > 0, these being the cases to which
formulae (5.36), (5.37) and (5.35) are relevant.

It will be helpful to introduce a compact notation. For a function Fy :
(—00,1] — R and fractional process X (as defined in (2.1), with parameter d,)
define [FydX by the formula

[Fyé6X = /_ By () (1 = 7)% — 1oy (—7)%)dU (7). (5.38)

In particular, note on putting Fy =1 that [§X = X (1) from (2.1). Similarly, for
a function F’x and fractional process Y with parameter d, define

SR = [ Fe@( - 0% - e (-0M)aW (0. (539)

— 00

such that [dY = Y'(1). Let the roles of Fy and Fx be played initially by the

respective processes Y : (—oo, 1] — R and X: (=00, 1] — R, where

T

Y(r) = / (1= — Loy (—t)™)dW(2)

— 00
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and
t

X = [ (@=0" = 1pe (-r)*)aU()
Thus, note that 17(7') =Y(r) for 7 >0 and X(t) = X(t) for t > 0, the difference
being that these processes are defined over the entire domain indicated. It can
be verified that [Y6X and [XdY are Ito integrals with respective integrator
processes U and W, with the important implication that they have zero means.
Further, substituting the matching formulae from (5.36) and (5.37) into (5.35)
yields the representation

Bey + Bye = [XOY + [VIX. (5.40)
Next, define functions
. _ 1
Xt)=X(1)-X(t) = /t (1 =7)% — 1oy (—7)%)dU (1) (5.41)
and
N _ 1
Y(r)=Y(1)-Y(r) = / (1=t — Loy (—t)™)dW (2). (5.42)

Setting Fy = X , for example, consider the following alternative representations
of the iterated integral:

R 1 1
[XoY = /_ /_ Lo (1= 1)% = 1oy (_T)di)
x (1= — Loy (=1)™)dU (1)dW (t)
= [Y6X +E([X0oY). (5.43)

The order of iteration is being swapped here, the indicator function in the second
member setting the domain of integration to be the upper triangle of the plane
(—00,1] x (—00,1]. Since E([X§Y) = 0, the additional term in the third member
of (5.43) equates the means of each side and can be viewed as representing the
diagonal contribution to the double integral. Direct calculation using

Ouwdt, t=T

E(dU(T)dW<t)) = { 0 otherwise
E([X0Y) = UuW/ (=" = Lpcoy (=0)™) (1 =D = Lpcop (—0)™)dt

(1—t)% T qe 4 /m((l 0% ) (1) - tdy)dt>

= uwTay (5.44)
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where the second equality is by (4.19). Given the first equality in (5.41) and the
fact that E([X6Y) = 0, it can also be verified that E(f)?JY) =E(X(1)Y (1)) so
that (5.44) can be paired with the result already given in (4.20).

The final step in the argument is to add f)~(5Y to each side of (5.43). Applying
(5.40), (5.44), and the fact that [XdY + [X6Y = X(1)Y(1) yields (5.34). By
symmetry, to match (5.43) it is equally the case that

[Y6X = [XOY + 0 Tay (5.45)

which gives the same result by addition of [ Y§X to both sides.

This completes the proof for the case d, > 0 and d, > 0. The argument is
extended to allow antipersistence in either or both of the variables by using the
formulae developed in §5.4. Similarly to what was done previously let A;_ (s,t)
and Ey (t,s) be the cases complementary to Ay, (t,s) and Ej, (s,t) from (5.29)
and (5.32), with d, and d, and also s and ¢ interchanged. It can then be verified
by direct inspection of (5.36) that

ALt s) + By (t,s) = Agy(t, ) + Eya(t, s) (5.46)

and also
Azi(s, t) + E;y(s, t) = Aya(s,t) + Epy(s,t). (5.47)

The integral terms cancel as before and all four of these sums match the identity
in (5.36). If d, < O then let A} (t,s)+ Ej,(t,s) replace Auy(t,s) + Eyz(t,s) in
(5.35). If d, <0, let Ay, (s,t) + E},(s,t) replace Ayu(s,t) + Ery(s,t). It is only
the sum of these terms that appear in the preceding argument and it follows from
(5.46) and (5.47) that the proof does not depend in the signs of d, and d,. I



Chapter 6

Weak Convergence of
Integrals

The objective of this chapter is to explore the conditions under which
(X, Y, G = E(Gr)) = (X,Y,E) (6.1)

denoting joint weak convergence in D2071 X R where D2071 denotes the space of
cadlag pairs on the unit interval equipped with the Skorokhod topology, as ex-
plained on page 53. In (6.1), X, and Y,, are the normalized partial sums of
fractional processes {z;} and {y;} defined for the exemplar case by (2.27) with
respective shock variances o2 and o2, and covariance o, while X and Y are
fractional Brownian motions as in (2.1). It is understood that G,, and Z are the
objects that were written in §5.5 as G.Y and Z,,, with the additional decorations
now being omitted to minimize clutter. As discussed in §5.5, there is also the
understanding here that = = fol XdY — oywAay-

The joint convergence of the triple specified in (6.1) is a requisite for arguments
depending on application of the continuous mapping theorem to functionals of
the components, such those to be explored in Chapter 7. It follows from 3.19
that arbitrary linear combinations of (X,,Y,, G, — E(G,,)) must converge to
the corresponding combinations of the limit processes. The marginal weak limits
for the first two members of (6.1) follow in effect from Theorem 3.20 under the
conditions specified. The scalar G,, — E(G,,) = G1,, + G3, can be embedded in
Dyo,1) by the simple expedient of defining a process on [0,1] to equal it at every
point. If it can be shown that G1, —q Z1 and G3,, —4 E3 where the limit random
variables =; and Z3 can be identified with the stochastic integrals in (5.18) and
(5.24), and = = E; 4 Z3, the continuous mapping theorem would then yield the
weak limit for the third element of (6.1).
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6.1 More Fractional Asymptotics

In Chapters 4 and 5, formulae have been derived that intuitively correspond with
the limiting form of the fractional covariance, respectively the mean process and
the mean deviations, as the sample size n increases. It now has to be shown
that these components do converge weakly to the identified limit distributions. To
address the fact that the partial sums in question have an infinite number of terms,
the approach as in Chapter 3 is to split each sum into a block of order n(N + 1)
and a remainder, where the remainder is of small order in Lo-norm as N — oc;
not as n — 00, note, because N in fact characterizes the limit distribution.

Because of the form of the sums, there are in practice two remainder terms to
consider. For the chosen N € N, first define

ln = Z qnmmerl (62)

m——nN
where
G = Z GrmpUp- (6.3)
p_—nN
Then (5.3) may be rearranged as
1 —nN-—-1
Gln = G{\;, Z qnm qnm)wm+1 + — Z GnmWm+1- (64)
\/ﬁ m=—nN \/_ m=—o0

Similarly, define

GN — Z h) (6.5)

p——nN
and
1 =
th = npm Wm 6.6
np \/EK(n)m;Nep v (6)
and so for G, in (5.6) write
—nN-—1
Gan = GY + Z Ny + f > Bnpty. (6.7)
p——nN p=—00

It has to be shown that the limits of the last two terms on the right-hand sides
of (6.4) and (6.7) as n — oo can each be made as small as desired in Ly-norm by
taking IV large enough. The following pair of lemmas provide bounds for the limit
formulae.

6.1 Lemma K (1) *|aypms)| < A(t, s) + o(1) as n — oo, where

A(t S) = { 1 — t dy 1{t<0} || — 1{S<0}(—S)dm (6.8)

with g =t if d, <0 and s > 0, and g = 1 otherwise.
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Proof Putting [nt] for m and [ns] in place of p for —oco < s < ¢ < 1 in formula
(5.5),

n—1—[nt] l+[nt]—[ns]

2 }}Cl( 2 1}bj)‘

l=max{0,1—[nt j=max{0,1—[ns

|anpgms| 1
K(n) K(n)

1 n—1—[nt] l+[ntz]f[ns]
< — o) max b;
K(n) l=max{0,1—[nt]} max{0,1-[nt]}<lsn—1-[nt] j=max{0,1—[ns]}

= |(1 = )% = Lp<op (=)

— )% —1 s)% 6.9
x max{r&g);ggll(g 5)% — 1gecoy(—8)™ | + of (6.9)
where g is defined by [ng] = [ + [nt]. When d, > 0, (g — s)% is monotone
nondecreasing in g, and is maximized over [0,1] at g = 1. When d, < 0, (g — 5)%
is monotone decreasing in g, and if s > 0 so that ¢ > 0, the maximum in (6.9) is
achieved at g = ¢. On the other hand, if d, < 0 and s < 0 then |(g — 5)% — (—s)d=

is maximized at g =1. |}

Since A(t,s) bounds both A(t,s) in (5.12) and A*(t,s) in (5.29), results that
depend on bounding A(t, s) hold both for |d,| < 3 and for |d,| < 3

6.2 Lemma K (n) *eumnsmy| < E(s,t) 4+ o(1) where

E(s,t) = (1= 8)% = 1scop (=)™ || (1 = )% — 1o ()%
Proof From (5.8), for s > t,

(6.10)

n—[nt]

n—1—[ns]
> ol )
1} ]

j=max{0,1—[ns l=j+[ns]+1—[nt

lenfnsiing| 1

n—1—[ns] n—[nt]
1
< S| > o«
K(n) jmmax (01— [ns]} max{0,1—[ns]}<j<n—1—[ns] I=j+[ns] 11— [n]

(1= 5)% — 1gecop(—s)%

1—t) — (g —t)% 1
Xmax{ﬁ?;f’“}’;ggl‘( )% — (g —t)%| +o(1)

where [ng] = j + [ns]. First, suppose s > 0. Whether d, > 0 or d, < 0,
|(1 — )% — (g — t)%| is maximized over [s,1] at ¢ = s. In the case s < 0 the
same considerations apply, but the extremum over [0, 1] is at ¢ = 0 in each case.
The proof is completed by noting that for any s € [t, 1] and d, of either sign,

(1 =)™ — (max{0, 5} = )| < [(1L =) = Tpcop (=)™ |-
In the same way as for A(t,s), results that work by bounding F(s,t) hold for
|do| < 5 and |dy| < 3

The next pair of theorems bound the remainders Gy, — G
defined respectively in (6.4) and (6.7).

N N
in and Gs, — G5,

n
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6.3 Theorem Under Assumption 4.1,

. . _ n— 2 _
(1) limp, o0 72 IE(Zmzlan(qnm - qum)wm+1) = O(Nde 1)
.o . _ —nN— 2 _
(i) limp—oo n "B L guntng1)” = O(N2datdy=1)),
Proof For part (i),

n—1 —nN-1

n—1 2
%E( Z (qnm_QiVm)merl) _TLQK ( Z Z anmPquM+1)

m=—nN m=—nN p=—oc0

n—1 —nN-1

%u TL2K Z Z anmp

mfan p=—00

—N
< oo / / A?(t, s)dsdt + o(1) (6.11)

2
=0,0

as n — 00. Applying Lemma 6.1, with g = 1 since s < 0,

1 -N N+1 5 o )
/ / AQ(t,s)dsdt :/ ((t—l— 1)dy _ td”) dt/ ((1 + s)d” _ sdm) ds
—N J— 0

N
= O(N?d==1), (6.12)
For part (ii), similarly,
—nN-1 —nN—-1 m
(m_z;oo Qnmwm+1> = Uiaw n2K m_z_:oo p_z;oo a,

<%0 / / A%(t, s)dsdt + o(1)

where

/_N/ A2(t, s)dsdt = / (1 4t)% —th) /OO((l—I—s)d’—sdf)zdsdt
t
/ ((1+ )% — ) 2241 qy
= O(Ndytd==1)y g (6.13)
6.4 Theorem Under Assumption 4.1,
(i) i e n B(E2 " x (B — B Jup)* = O(N2H~1)

(ii) limpoo n BN huptuy)? = O(N2(tdy=1)),

p=—00
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Proof For part (i), following the pattern of (6.11) and applying Lemma 6.2,

n—1 _N
1
EE( > (hnp—hifp)u> <ono / / E?(s,t)dtds + o(1)

p=—nN
= O(N?&1), (6.14)
For part (ii), as in (6.13),
—nN-—-1
< Z hnpup> / / E?(s,t)dtds + o(1)
p=—00
= O(N?datdy=1)y g (6.15)

For the subsequent analysis the normalized sums apmp/K(n) and eppm/K(n)
must be shown to satisfy a collection of asymptotic boundedness and continuity
conditions. The following two theorems follow essentially the same lines so that
the proofs can be read in conjunction, but there are some minor differences be-
tween the formulae. Since (6.10) is not dependent on a parameter like (6.8), some
complications are avoided in that case.

6.5 Theorem Defining aym, as in (5.5),
t
(i) lim:up n1K(n)=? ZZ:?OO ai[m}p < oo for each fixed t € (—o0,1).

nt
. — O((— )2 243 as f — o0,

ii) limsupn 1K (n)=2
(i) lim sup )72y

p=—00 n[nt]p
ese . [n(t46)] in
(111) Sub lim supn K Zp [nt]+1 n[n t+9)|p 0(6 {2 +1})

te(—o0,1-6] n

. . _ -~ [nt]
(iv) sup  limsupn 1K (n)2 Z oo(a"["(t+5)]p — ppigp)? = O(5%%=+1y,

te(—o0,1-8] n p=—
Proof To prove (i), break the indicated sum into components Zz[fﬂ) ai[m]p and
me:ili{;ol’[nt]} az g, where the first sum is 0 in the case ¢ < 0. With p = [ns],

applying Lemma 6.1 to the first component noting the definition of ¢ in (6.8) gives

[nt]

hmsup ) Zan ntlp < / A2%(t, s)ds
t
112 [
0
(L=t [ 1= (1=t dy >0
2d, + 1 2dat1 d; <0

— 5)2d=(ds
1
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< . (6.16)

For the second component,
min{—1,[nt]} min{0,t}
2 < / A%(t, s)ds

2 Anfntlp =
nK(n) = _

lim sup
n
(oo}

< ((1—t)b — 1{t<0}(—t)dy)2/ ((1+5)% — s%)°ds
max{0,—t}

< 00. (6.17)
To prove (ii) it is sufficient to note that with ¢ < 0 the majorant of (6.17) is of
_)2d,+2d,—3
O((=t)* )-
To show (iii), write

[n(t+0)] t+6 ~
D G < /t A(t+0,5)ds

p=[nt]+1
2
= ((1 —t—8)% — Lisgs<oy (=t — 5)dy)

t+6 . 2
></ ((g —5)% = liscoy(—5) I) ds.
t

I
1mnsup )

Ift >0 and d, <0, Lemma 6.1 sets g =t + ¢ and
62dm+1

t+6 .
— 2dg —
/t (t+ 0 — s)**=ds 5 T 1

which vanishes with ¢ since d, > —%. Otherwise, g = 1. If ¢ > 0 then according

to the mean value theorem,
2otl _ (] —f — §)2et]

t+48 2, B (1 _ t)
/t (1—s)dds_ 1
= 0(6).

(6.18)

If ¢ < 0 then with § sufficiently small, ¢ + ¢ < 0. Similarly to (6.18),

t+6 ) t+6 t+6
/ (A =s)" = (=s)%)7ds < 2(/ (1- s)2dwds+/ (—s)%wds>
t t t
= 0(9).
These bounds are independent of ¢ and hold uniformly with respect to ¢ € (—oo, 1).

Finally, to prove (iv), consider the formula in (5.5) for the case where m is
replaced by m + g where 0 < ¢ < n —m. The formula can be decomposed as
l+m—p l+m+q—p

max{l1—m,0}—1 n—m—q—1
Z+Z)a(2+z>bj

On,m+q,p = (
l=max{1—m,0} j=max{1—p,0} j=l+m—p+1

l=max{1—m—gq,0}
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whereas
n—m—q—1 n—m-—1 l+m—p
Gnmp = ( E + )cl g bj.
l=max{1—m,0} I=n—m—q j=max{1—p,0}

After cancelling equal and opposite-signed terms,

an7m+q7p - anmp = Dln(Qa map) + DQTL(Qa mvp) - D3’ﬂ(q7 m?p) (619>

where

max{l—m,0}—1 l+m—p
Dln(Qamvp) = Z C § bj
l=max{l1-m—gq,0} j=max{1—p,0}
n—m—q—1 l+m+q—p
DZTL(Qam7p) = Z Cl Z b]
l=max{l-m—gq,0} j=l+m—p+1
n—m—1 l+m—p

D3n(qam7p) = Z a Z bj'

l=n—m—q j=max{1—p,0}

D;,, vanishes unless m < 0. Using arguments analogous to (6.9), writing ¢ = [nd]
for 0 < § < 1 —t the inequalities

|Djn([nd], [nt], [ns])| _ ~
K(n) < Dj(d,t,s) + o(1)

hold for j = 1,2 and 3, where

D1(68,8,t) = Loy | (=) — Lisppcop (=6 — )™
(g1 +t—8)% — Ls<op(—5)%| (6.20)

max
max{—t—§,0}<g; <max{—t,0}

Dy(0,t,5) = [(1 = = 6) = Lypcoy (— — 6) ™
e (o e

Xmax{tfén}ag;(zglftfaug2+6 5)% — (92— 5)%| (6.21)

Dy(8,t,8) = [(L = )" — (1=t = &)™

< max gt s)t = (st (622)

1-t—6<gs<l—t

In view of (6.19),

[nt]

3 t
2 N2
hgisolipn Fr 2 E an[n t+48)]p an[nt]p) <3 g /_OO D] (67 L, S)dS

The squares of the second factors of D; in (6.20) and D3 in (6.22), are integrable
with respect to s. Considering the squared first factors, applying the mean value
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theorem shows that fioo D3(6,t,s)ds = O(6%) for j = 1 and j = 3. In the case
of D1, 1g145<0p = 0 at the same time as 1y;<op = 1 only if =6 < ¢ < 0, so this
does not happen whenever ¢ is small enough. In the case of (6.21), the integral
of the squared second factor of Dy needs to be bounded. To do this put g for
the maximizing value of go and then make the change of variable x = (g3 — )/

in the integral, and so verify that ffoo D2(8,t,5)ds = O(6%%*1). These orders of
magnitude are all independent of ¢, and (iv) follows. 1

6.6 Theorem Defining e,,,, as in (5.8),

i) limnsup n1K(n)~? Z:iim € insm < 00 for each fixed s € (—o0, 1].

n[ns)

(ii) limsupn=1K(n)=2 Z[ns_t e 1 =0((—s)*vt2d==3) as s — —c0.

n(s+94)]
(iii)  sup limsupn 'K Z[ ) = 0(6).

s€(—o00,1-4] n m=[ns]+1 ”[”5]7”

. . _ _ [ns
(IV) ( Supl ] limsupn 1K(TL) 2 Zmiioo(en[n(s—&-é)]m - en[ns]m)2
se(—o0,l— n -

=05t
Proof To show (i) and (ii), similarly to (6.16),

[ns]

hmsup e Z €nins)m _/ ?(s,t)dt < oo

and similarly to (6.17),

min{—1,[ns]}

min{0,s} B
Z ei[ns]m S / EQ(S, t)dt = O((—s)2d1+2dy_3).

m=—0o0

) 1
lim sup

n  nK(n)?
The proof of (iii) is simpler than in Theorem 6.5(iii) in view of (6.10). The result

[n(s49)]

s5+0 B
limnsup K(n)2 ei[n(s-&-&)]m < / EQ(S +0,t)dt = O(0)
m=[ns]+1 8

holds similarly to (6.18).
For part (iv), the decomposition analogous to (6.19) for 0 < ¢ <n —p is

max{0,1—p}—1 n—1l—p—gq

En,p+qm = < Z + Z )bj Z C|

j=max{0,1—p—q} j=max{0,1—p} l=j+p+q+1-m



96 WEAK CONVERGENCE OF INTEGRALS

n—1—-p—q n—1—p J+p+q—m n—m
j=max{0,1—p} n—p—q l=j+p—m I=j+p+q+l-m

It can be verified that in this case

€n,p+q,m — Cnpm = Dln(Qva m) - D2n(Qap7 m) - D3n(Qap7 m)

where
max{0,1—p}—1 n—m
Dln(Qapv m) = Z bj Z G
j=max{0,1-p—q} I=j+p+q+l-m
n—1-—p n—m

DQn(qap)m): Z bj Z Cl
—p—

n q l=j+ptgt+l-m
n—1—p Jjt+pt+qg—m

Ds,(q,p,m) = Z b Z a.

j=max{0,1—p} I=j+p—m

Dy, vanishes unless p < 0. For 0 < § < 1 — s the inequalities

|Djn([nd], [ns], [nt])] _ =
) < D;(5,5,t) +o(1)

hold for 7 = 1,2 and 3, where
Dy(8,8,t) = Lseop (=)™ = Lisys<o1(—s — 6)%|
O SR (1 —t)% — (g1 +s+—1t)%| (6.23)
Dy(8,5,t) = |(1 —8)% — (1 —s—0)%|
X, max (1—t)% — (go+s+6—t)%| (6.24)
Dy(6,5,t) = |(1 = )™ = Lgsc0y(—5)%|

X a +t4+0—s) — t—s)d|.
1—s§gs?m§x{0fs}|( 3 ti+0=s) (921 =3)

(6.25)

and

[nt]

3 t
hrILrLSolian B) Z Enln(s+6)m — en[ns]m)2 <3 Zl [m D]2(67 S, t)dt

The analysis is now very similar to the proof of 6.5(iv). The squared second factors
of Dy in (6.23) and D5 in (6.24), are integrable with respect to t. The mean value
theorem applied to the first factors therefore gives fjoo Djz-(é, s,t)ds = O(6?) for
j=1and j = 2 where in the case of Dy, I{s4s<0y = 0 and 1y;<0y =1 only if 6 >
—s. In the case of (6.25), put g3 for the maximizing value of g3, make the change
of variable z = (g5 +t — s)/J and so verify that ffoo D3(3,s,t)ds = O(6* ). g
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6.2 The Main Result

According to (6.4) and (6.7), the finite sums GY, and G%, differ from Gy, and
('3, by tail components that are shown, respectively by Theorems 6.3 and 6.4,
to be negligible in Lo-norm when N is large enough. The sequences {w,,} and
{up} as specified in Assurnption 4.1 are mapped to cadlag processes on the real
line segment by writing w) (£) = wi,y, t € [-N, 1] and u) (s) = u[ns], s € [-N,1).
In the same way, the dlscrete arrays {¢.} from (6.3) and {h},} from (6.6), are
mapped to Dj_y, 1) by the assignments

@ (1) = Gupuy, t € =N, 1] (6.26)
and

hy (s) = Bhng, s € [=N,1]. (6.27)
The counterpart truncations for the putative limit processes (5.18) and (5.24)
are =V f QN (t)dW (t), where QN (t) f A(t,s)dU(s); and also = =
fiN HN(s)dU(s) where HN(s) = [°, E(s,t)dW(t). By analogy with (2.18),

Theorems 6.3 and 6.4 prov1de the bounds required to show the orders of magni-
tude of the respective remainders, which are as follows.

6.7 Corollary Under Assumption 4.1,

B(Z, —2N)? = O(Nmax{Qdyfl ,2(dy +d1rl)})

Proof Lemma 6.1, gives A%(t,s) < A%(t,s) and A*2(t,s) < A%(t,s) and hence

-N

awawo+ [ @o-e¥waro)

-N —-N
< 20202 (/ / A%(t, s)dsdt +/ / A?(t,s dsdt)

The result follows by (6.12) and (6.13). 1

6.8 Corollary Under Assumption 4.1,

E(E; — Eé\r)z _ O(Nrnax{2dy71,2(dx+dy71)}).

Proof Similarly, by Lemma 6.2,

2

—N s 1 -N
< 20202 </ / E?(s,t)dtds —|—/ / E2(s,t)dtds>.
—oo J—o0 —N J—oco

The result follows by (6.14) and (6.15). &

Bz - =5 = 5(  H(au(s) + / 1N<H<s> - ()0
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The weak convergence results of this chapter are given for the finite-domain
processes that are indicated with superscript V. Corollaries 6.7 and 6.8 provide
the means to link these results with limit processes =Z; and =3, on the basis that
by taking IV sufficiently large the remainders can be made as small as desired in
Lo norm. The assertions that G1, —q Z1 and G3, —q =3 and hence in particular
the convergence to the third of the triplet of limits in (6.1) are to be understood
in this light.

In addition to Assumption 4.1, which has sufficed for the results up to date, a
further assumption is needed for the weak convergence of ¢} and hY.

6.9 Assumption d,+d, > —% and
(a) {u;}3°_ is L,-bounded for r > max{2, 1/(3 +d,), 1/(3 +d, +d,)}
(b) {w;}2_ is L,-bounded for r > max{2, 1/(3 +d,), 1/(3 +d, + dy)}. O

This assumption incorporates Assumption 3.1 for u; and the counterpart condition
for w;, so that Theorem 3.2 applies for both variables, but there are also new
conditions to handle the additional weak convergences arising in this chapter.
These can be seen to reflect the same concerns that motivated Assumption 3.1
and are needed for the results appearing in §6.4.

The convergence of the third element of (6.1) is a consequence of the following
joint weak convergence in the space D? N1 X R?, where D} ~.1 is endowed with
the Skorokhod topology. Pages 20 and 53 prov1de some related details here, noting
that the same considerations arise when the domain of the functions is generalized
beyond [0, 1].

6.10 Theorem Under Assumptions 4.1 and 6.9,

(wl, g, ul, N, GN, GY) S (WN,QY, UN, HY, =), =Y) (6.28)
where (WY, QN UM, HY) are Gaussian, almost surely continuous, and adapted
to a common filtration {F(t),t € [-N, 1]} with respect to which W¥ and U¥ are
martingales. [

Of the six instances of weak convergence indicated in (6.28), the cases of wl
and uY are standard results. The conditions of Theorem 3.2 are satisfied by
these directly, with d = 0. W and UY are Brownian motions on [~N, 1] with
WHN(0) = UN(0) = 0 and variances E(W¥ (1)2) = 02, and E(UM(1)2) = 2. These
processes contribute to the covariances only in increment form, so their location
is arbitrary and can be assumed as such without loss of generality.

Requiring special attention by contrast are the weak limits of ¢} in (6.26)
and hY in (6.27). Although these processes have independent increments by As-
sumption 4.1, the arrays of moving average coefficients a,;, and ey, are messy
functions of their arguments. Unlike Brownian motions, ¢& and hY evolve by
re-weighting existing increments as well as by appending new ones. Considering
as the exemplar case (5.4) and its limit process (5.19), the coefficients of u, in the
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partial sum g,,, as m proceeds depend on both m and p. This is not an eventual-
ity allowed for even in FCLTs for processes with heteroscedastic increments. The
one familiar case is d, = 0, where g reduces to a truncated fractional Brownian
motion according to (5.22) and Theorem 3.2 provides the requisite result.

Otherwise, the argument proceeds in two stages. The first stage makes use of
the fact that for each ¢, ¢V (t) and hY (t) and the corresponding limit processes
can be viewed similarly as the terminal points of partial sums defined on [—N, ¢],
having heteroscedastic but independent increments. Taking the limit process Q™
as the exemplar case, consider

OVt 7) = / " A s)AUN (s), T € (=N, 1]
N

This is a variance-transformed (heteroscedastic) Brownian motion, depending on
a constant ¢, having increment weights that otherwise depend only the time s.
Taking the terminal point 7 = ¢ in particular, Q™ (¢,t) = Q™ (¢) is then known, by
a conventional FCLT allowing heteroscedasticity, to have a Gaussian distribution
with known variance. The process Q™ (¢), t € (—N, 1] constructed from these limit
points for each ¢ and driven by the Brownian U" has independent increments by
construction.

What this argument does not show is the continuity of the limit processes, and
the second stage of the proof, given in §6.4, is to establish stochastic equicontinuity.
This can be done by some relatively minor variations of previously established
arguments.

6.3 The Integrand Processes

The proofs for the cases of ¢ and h!Y are closely parallel and only that for ¢7 is
given in full. The required result is the following.

6.11 Theorem Under Assumptions 4.1 and 6.9(a), ¢© —4 Q% where the limit
is an almost surely continuous Gaussian process on the interval [-N,1]. O

The proof of 6.11 is obtained by the combination of a pair of lemmas establishing,
respectively, the Gaussianity and the almost surely continuity. Here is the first.

6.12 Lemma Under Assumption 4.1, QN (¢) for —N < t < 1 is a Gaussian
process having independent increments.

Proof The argument follows the lines of Theorem 3.2 except that the form of the
moving average weights is different. Similarly to the decomposition of (3.2), it is
convenient to split the sums into two components. Recalling the representations
in (6.26) and (6.3), set

gy (1) = qun(t) + @, () (6.29)

where ¢1,(t) has the increments labelled p = 1,...,[nt] in the cases with ¢ > 0
and q1,(t) = 0 when ¢t < 0, while ¢¥,(#) has the increments labelled p = 1 —
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nN,...,min{0, [nt]}. Let the postulated limits of ¢1,(t) and ¢, (t) be denoted
Q1(t) and QY (¢), summing to Q™ (t). The cases d, > 0 and d,, < 0 are treated
separately, the logic being virtually the same but the formulae different.

Case 1: d, > 0.
Decompose the function A(t,s) in (5.12) as

A(t,s) = 1{S>0}A1 (t,s) + 1{530}142@, s) (6.30)

where A; is the first term of (5.12). According to Lemma 5.2, since ¢ > s the
moving average weights in g1, () have the form K (n) ™ a,nsns) = A1(t, s) +o(1),
where, using the representation in (5.15) for s < ¢,

Aq(t,s) = (1 —t)% (t — s)¥ Z{ (¢, 5). (6.31)

For fixed t € (0,1) set p [ns] and so write the array of moving average coefficients
from (6.3) as {cnp} 1 where according to (6.31) for s < ¢,

|an [nt],[nt]— +1| d, 7 A ([nﬂ — p)dz
Cnp = W ~ (1 — t) yZl (t, S)W (632)

The slowly varying components cancel in the limit. It is legitimate to write (1 —
t)/(t —s) ~ (n—[nt])/([nt] — p) in (5.10) and hence to treat Zi' as a function of p
and n, but Z{* = O(1) as n — oo for all s < t. The point s = ¢ must be excluded
from the equivalence in (6.32), noting that Z;* diverges at that point if d, > 0 and
equals zero if d, < 0.

To verify limiting Gaussianity, apply the Lindeberg condition test of Lemma
3.4 directly with ¢, defined in (6.32) replacing a2;/r(n)? in (3.8). Similarly to
(3.9),

< [nt]
2 2 ,
E 1 C u < E 1 u c - 6.33
pz:;Cnp (Up {lenp p\>6}) 1<rggj[’;t] (U {lup|>e/ ,,p})pzzjlc » ( )
where Z}[)nt1 cnp = O(1) according to (6.32). In the case d, > 0 the maximum

in question is at p = 1 and ¢,; = O(n~/?). If d, < 0 on the other hand, the
maximum in (6.33) is at p = [nt]. The representation (6.32) is not useful here but
it is convenient to refer directly to (5.5) which shows that

Anfndint = cobo +c1(bo +b1) + -+ 1 fug(bo + - + by1 )
= O(n® Ly (n)Ly(n))

SO Cpnt] = O(nidmil/Q)

o (3.10),

. Theorem A.4 of Appendix A therefore gives, similarly

max E(u 1{|up|>€/cnp}) (634)

1<p<[nt]

o(nt="/2), dy >0
o(n(d=+1/2)2=r) " g <.
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These conditions match those of (3.10) and (3.11), and confirm that the Lindeberg
condition holds in both cases. Also note the limiting variance function,

E(qin(t)?) — o2, /0 A2(t, 5)ds. (6.35)

Now consider ¢3),(t), where s < 0 and according to Lemma 5.2 the moving
average weights have the form K(n) ' a, (s = A2(t, s) + o(1) where by (5.12)
and (5.15), for ¢t > s,

As(t,s) = (1=t)W((t = s)=Z{ (¢, 5) — (—5)™)
- 1{t<0}(_t)dy ((t —5)" Z3\(t,5) — (_S)dm)- (6.36)

As s ranges over [—N, min{0,t}] with ¢ fixed, a salient feature of the function Z{*
is that

1 1— dy
Zi(ts) — 1= dy/ vl (( L 1) - 1)dr =0((-s)"Y)  (6.37)
0 t—s
and Z3\(t,s) = 1+ O((—s)™!) similarly.

In the case ¢t > 0, (6.36) gives

[Az(t, 8)] = [(L =) ((t = 5)" — (=s) + (¢ =) (Z{'(t,5) = 1)) (6.38)

and as s — —o0,

(t —8)% — (—8)% ~ td,(—s)%=~1. (6.39)

In view of (6.37), this implies |As (¢, s)| = O((—s)%~1). Setting p = [ns] as before,

but this time in the range —nN < p < 0, in view of (6.39) the constant array has
the form

P ‘an,[nt],[nt}—p| - |p‘dz_1

W VAR

where the notation ‘=’ is here to be interpreted specifically to mean that the

approximating expression contains a factor that is not written explicitly but can

be treated as O(1) as n — oco. The parallel is with (6.32) but the more complicated

form of the extra factor is left implicit here, to be extracted from (6.38) if desired.

If t < 0 then the second term of (6.36) must also be included. However, this

has the form

(=) % ((t = 8)* Za(t, 5) — (=5)%)
= (=)W (((t = 8)" = (=s)%) + (t = 5)*(Z3'(t,5) — 1))
=O0((=s)"*™) (6.41)

(6.40)

where the indicated order of magnitude follows by the foregoing arguments. Hence,
|Aa(t,s)| = O((—s)%=~1) holds for all finite ¢ and (6.40) is validated for all ¢,
likewise.
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The trick introduced on page 35 can be adopted here. Condition (3.12) was
verified by dividing the negative domain of the process into N blocks of length n
observations, labelled k = 0,..., N — 1 so that 1 — n(k+1) < p < —nk in the k*}
block. Applying the same arrangement, consider first the case ¢ > 0. If £ = 0,
then

0 0
2 2 2 2
D B ey >a) S | max Bl e/e,)) D Gy
=1— - —=1—

p n p n

and the maximum of ¢, is at p = 0, whether d; > 0 or d, < 0. According to
formula (5.5), ¢ = O(n~'/?) when d, > 0, but ¢,0 = O(n~%~1/2) when d, < 0.
Therefore, similarly to (6.34),

- E(u21 - 0(77,1—7‘/2)7 dy >0
L maX o\ Up Hlupl>e/enp}) = o(n(d=+1/2)2=1) g < 0.

When £ > 1, the maximum of ¢, in each of these blocks is found at p = —nk and
according to (6.40),

2 - | — nk|?—2

co_ 0
n,—nk n2dz+1

= O(n~?k*%2).

Theorem A.4 gives after simplification (compare (3.15))

—nk
2 2 2 2
> Bl sa) Sn max B, e o))
p=1—n(k+1) -

_ 0(n1—3r/2k,(dm—1)r).

These bounds are of small order in n and also summable over k for d, < % Since
the N blocks are independent by assumption, their sum ¢, (¢) converges to a
Gaussian limit Q2 (¢).

The last case to be considered is ¢ < 0. This requires As(¢,s) in (6.36) to
include the second term, but in view of (6.41), the same arguments operate in just
the same way in this case, apart from the sum of terms being initialized at the
point p = [nt] instead of p = 0.

The limiting variance is

min{¢,0}

E(qé\;(t)Q) — o2 [N AZ(t,s)ds (6.42)

which, since the integrand is O((—s)?%=~2)

Case 2: d, < 0.
This is dealt with a similar manner to Case 1, but in place of A; and As the
decomposition is applied to A*(¢,s) from (5.29). Using the substitutions in (5.30),

, is finite in the limit as N — oo.

A*(t,8) = 10y AT (L, 8) + Lis<oy A5(2, 5) (6.43)
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where for s < t,

da

* _ _ £\dy _ \dz
Aift.s) = (1= (1= oy -

(1 —t) Wt —s)=178(t,5)  (6.44)

with Z{**(t,s) from (5.27) and also, with Z3" (¢, s) from (5.28),

Ajft,5) = (1= (1= )% = (=) = (0= )"
< (=201, 5) = ey (D28 (15)). (6.45)

It may be verified in the same manner as before that Z{*(¢,s) = 14+ O((—s)™")
and Z3*(t,s) = 1+ O((—s)™1).

Considering the case g1, (t), with 0 < s < ¢, the same sequence of arguments
can be followed up to (6.32). However, now rewrite (6.44) in the form

A’{(t,s):(l—t)d?’(t—s)dx<(1:j)dw—dydili__sz*(t,s)) (6.46)

As before, set p = [ns] with ¢ fixed and so similarly to the case in (6.32) write

_ (] —p)*
Cnp = = 4 F1/2

where the symbol ‘2’ denotes limiting proportionality with the bracketed term in
(6.46). While depending on s, this is O(1) as s — 0. The Lindeberg condition is
verified as in (6.33).

For the case s < 0, observe that (6.45) can be rearranged according to the
mean value theorem as

A5ty 5) = (t — 5)da1 <(1 - t)dydx<

dy
dy+1

/\—s>dr1

t—s

(1= = 1oy (=% ) + (1= )% (20 (t,5) — 1)

— Lppcop (=)W (Z5 (¢, ) — 1))) (6.47)

with A € [0, 1] depending on s, but nonetheless the expression in large parentheses
is O(1) as s — —oo with ¢ fixed, with the last two terms being of O((—s)™!). In
this range, therefore,

|p| %=1

Cnp = ndz+1/2
as in the matching result in (6.40). With (6.47) in place of (6.45), the Lindeberg
condition can be checked in the same way as for d, > 0.
This completes the demonstration for the case d, < 0 and hence the proof. 1

Combining the asymptotic variances appearing in (6.35) and (6.42), assuming N
is taken large enough that the tail component is negligible, the variance process of
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Q(t) is given in (5.20) for the case d,, > 0, but for full generality should be written
as
o2 [ A2(t,s)ds, dy >0
E(Q(t)*) = L : (6.48)
oy [T A2 (t,s)ds, dy <0

6.4 Almost Sure Continuity

Lemma 6.12 has shown that the finite-dimensional distributions of the partial
sum processes Q™ (t) for each t are Gaussian. The process Q" is composed of the
terminal points of these processes, and hence is Gaussian with variance (6.48) at
each point t. It remains to show that @ is almost surely continuous. Stochastic
equicontinuity can be shown by adapting the type of argument used in 3.2, al-
though the two cases differ in important ways. Lemmas 3.6 and 3.8 were applied
to establish the asymptotic continuity of the fractional process X,, on the interval
[0, 1], while ¢ is a process with independent increments on the interval [N, 1].
Nonetheless, thanks to the linear structure there are features that the two cases
conveniently have in common.
Consider the decomposition

gN(t+6) —gN(t) = Yip(t +6,t) + Yo, (t +6,1)

where
[ns]
1
Yin )= —=7= n[ns 4
1n(s,t) NGO p%ﬂa [ns]pUp (6.49a)
1 [nt]
Yaon(s,t) = Tk p:;:nN(an[ns}p = Gnjnt]p)Up- (6.49b)

Also define v2(t,8) = v3,,(t,0) + v3,(¢,0) where

2 [n(t+6)]
2 _ u 2
Vin(t,0) = nkK(n)2 %ﬂ nn(t+8)lp (6.50a)
p=[n
9 [nt]
g,
V%n(t7 5) = F(l;z)g p:;nN(an[n(tJré)]p - an[nt]p)Q. (650b)

Since Y1, and Y5, are non-overlapping sums,
E(qy (t+6) — ¢, (1)* = v7.(t,0)

under Assumption 4.1. There are parallels here with Theorem 3.5, as the following
result shows.
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6.13 Theorem Under Assumption 4.1, sup,<,<;, s |Y1n(s,t)| is bounded in prob-
ability if and only if 6.9(a) holds.

Proof According to (5.5),

Yin(s,t) = cobo + ¢1(bo + b1) + c2(bo + b1 + b2) + -+ Jupny)

1
+ ((co(bo + b1) + c1(bo + by + ba)
- Ca(bo + by + b+ bg) o gy 1 o ). (6.51)

When d, +d, < 0 the coefficient of uf,s in (6.51) is O(n~(1/2FdaHds)) as n — oo,
since prior to normalization the terms are summable. The argument is identical
to that of Theorem 3.5 except that x(n) in (3.20) is replaced with /nK(n).
Condition 6.9(a) is sufficient for (y/nK(n))~" =O(n=1). &

Similarly to Theorem 3.5 and (3.24) in the remark following, Theorem 6.13
shows that Assumption 6.9(a) is necessary for uniform integrability of the ¢y
increments. Subject to this requirement, the main argument leading to stochas-
tic equicontinuity is shown, just as in the univariate case, by a combination of
Theorem A.5 of Appendix A and a modified version of Lemma 3.6. The mov-
ing average coeflicients are constructed differently here from the univariate case,
but the basic idea of finding a uniformly integrable dominating sequence for the
supremum is the same.

Adopting the shorthand notation introduced for (3.18) on page 36, let

T2(t,6) =  sup (qév(S)Q— q, ())? (6.52)
{t<s<t+6} v (t,0)
and similarly define
Vi (t,0) = sup —‘Yln(s’t)‘ Ys (t,0) = sup —‘YZ"(S’t”
’ {t<s<t+s} Vin(t,0)’ ’ {t<s<t+s} Van(t,0)

taking care to note the matching denominators.

6.14 Lemma Under Assumptions 4.1 and 6.9, the collection {T2(t,8),n € N} is
uniformly integrable for any ¢ in (—=N,1) and 0 < § < 1 — ¢, with

E(T2(0) 1 (72(0.5)5my) = 00"
Proof Begin by noting that
T2(t,6) < (Yin(t,6) + Yau(,6)) . (6.53)

The approach is to show that each term in the majorant of (6.53) satisfies the
conditions of Theorem A.5 and then to invoke Theorems A.7 and A.6.
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Starting with Yi,, consider a modified version of formula (5.5). For fixed
integer b € {[nt],...,[n(t + 0)]} and likewise any p € {[nt],..., [n(t + J)]}, define

n—1-—b +b—p
S q( ) bj). (6.54)
l=max{0,1—b,p—b} j=max{0,1—p}

The main difference from (5.5) is that p is allowed to exceed b. Defining r by
b = [nr], the analysis paralleling Lemma 5.2 gives the result

a 1—r
QAnnr][ns] 4 i
K(n) _’dy/ v Y471 = )% = Lzcop(—s)™)dv.  (6.55)
max{0,—r,s—r}
Defining
9 [n(+9)]
9 B © 9
03, (t,0) = RO > ak, (6.56)
p=[nt]+1

note the implication of (6.55) that v ,(¢,d)/v3,(t,d) = O(1) as n — oo.
In the partial sum sequence

[ns]

Vi(s.0) = 2=z > ity (6.57)

p=[nt]+1

the moving average weights do not depend on s, and this is also true of the squared
weights a,, /v7,(t,d) whose sum over p is noted to be O(1). Similarly to (6.52)
let

=2 Y2, (s,t
Ylnb (t? 6) sup M

6.58
{t<s<t+s} Vin(t,0) (6.58)

taking care to note that the denominator is v%, (¢, ), not v%,,(¢,d). According to

~2

Theorem A.5 and the assumptions the sequence {Y,,;,(¢,8),n € N } is uniformly
integrable and satisfies the relation

~2

\ _ . 2—7r

E(Ylnb(ta 5)1{Y1nb(t75)>n}) - 0(77 )

This is true for any choice of b in the indicated range. Now set b = [ns*] where s*
is the solution to sup ;< <; sy Yin(s,t)/v1,(t,0), so that

2 2 Y2 (s*t Y2 (st
sup Yln(s t) — 1”[;15 ]( ) < sup 1"&"5 ]( )
{t<s<t+6} Z Vi, (t,6) {t<s<t+6} vin(t,96)

(6.59)

The collection of the majorants of (6.59) for each n € N is uniformly integrable,
since each member is drawn from one of the uniformly integrable collections defined
for (6.58). The result that the collection {Y2 (t,6),n € N} is uniformly integrable,
with the property E(Yln(t, 0)1 {Yln(t,6)>n}) = o(n?>~") for each n € N, follows by
Theorem A.6.
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The second term of (6.53) is not a partial sum and depends on s only through
the definition of the moving average weights. For this sum, argue as follows. First,
for each fixed s € [t,t + J], consider the square of the sum in (6.49b). After
normalization by v3,(¢,s —t) for the chosen s, all these sequences, including the
supremum over the closed interval [¢, ¢ + §], satisfy the conditions of Theorem A.5
directly. To be precise, this conclusion follows by Theorem A.6 in view of the
fact that the squared terminal sum, having the full set of [nt] + nN — 1 terms,
cannot exceed the supremum of the squared partial sums which Theorem A.5 says
is uniformly integrable. Similarly to before, let

~ Y32 (st
V(o) = swp a0
{t<s<t+6} Vi (t,0)

Since v3,,(t,s —t) < v3,(t,6) when s <t + § and n is large enough, by a minor
extension of Theorem 6.5(iv), the uniformly integrability of {YZ (t,0),n € N}
follows, with E(?Qam(tv‘;)l{%n(t,épn}) = o(n?7") for each n € N. The theorem
now follows by application of Theorems A.7 and A.6 to (6.53). 1

At this point, it is possible to set out the formal proof of the weak convergence
result from §6.3 for the process ¢7 = {¢) (t),t € [N, 1]}.

Proof of Theorem 6.11 Given Lemmas 6.12 and 6.14, the proof for ¢7 aligns
closely with that of Theorem 3.2. To show stochastic equicontinuity, apply The-
orems 3.7 and 3.8 with Y}, equated to ¢¥. In this application of the theorems,
L=—-N and U =1 and also d = d,, with the sum of (6.50a) and (6.50b) playing
the role of ¥2(t,§) in (3.17). Condition (a) of Theorem 3.7 is not problematic,
given the composition of ¢V as a linear process with independent L,-bounded in-
crements. Condition (b) of Theorem 3.7 is shown by confirming the conditions of
Theorem 3.8. Since r > 1/(3 + min{0,d,,d, + d,}) by Assumption 6.9(a), the
exponent of ¢ in condition (3.42) with the substitution d = d, is nonnegative at
worst, confirming that Theorem 3.8 holds in this case subject to confirmation of
the stated conditions. Of these, condition 3.8(b) is shown in Lemma 6.14 while
condition 3.8(a) holds by parts (iii) and (iv) of Lemma 6.5. I

The limit process QY is a variance-transformed Brownian motion whose variance
function as N — oo is the function defined in (6.48).

The parallel result for hlY follows closely similar lines and is stated formally as
follows.

6.15 Theorem Under Assumptions 4.1 and 6.9(b), hY —4 H™ where the limit
is an almost surely continuous Gaussian process on the interval [-N,1]. O

The proof differs from that of Theorem 6.11 only because the functional forms of
enpm and hence of E(s,t) and E*(s,t) replace those of anmp, A(t,s) and A*(¢, s).
Making such substitutions as

([ns] —m)®

|en,[ns],[ns]—m+1‘ dy 7E
Cnm = —— =7~ ~ (1 - S) Zl (S7t) ndy+1/2

VnK(n)
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to replace (6.32), for example, the convergence criteria are derived in a wholly
similar manner. The stochastic equicontinuity also follows by the argument par-
alleling Lemma 6.14. Letting k2 replace ¢ in (6.52) the same notation and text
can be recycled, with the only significant variations being the replacement of @,

in (6.54) by
n—1-b n—m
fm= 3 p( 3 )
l

j=max{0,1—b,m—b} =j+b+1—m

and the citation of Lemma 6.6 place of Lemma 6.5. The variance function, in
parallel with (6.48), has the form under Assumption 4.1 of

o [° _E%(s,t)dt  dy >0

6.60
o [° E**(s,t)dt dy <O. (6.60)

E(H(s)?) = {

6.5 Stochastic Integral Convergence

The next and final phase of the analysis is to show the convergence of the last two
elements of (6.28). The following argument applies almost identically to GV, and

GY., with G, being taken as usual as the exemplar case.

6.16 Theorem Under Assumptions 4.1 and 6.9, G, —4 =V,
Proof From (6.2) and (6.3),

1 n—1 m

Z Z QpnpUp Wi 41 - (6.61)

m=—nN p=—nN

N _
Gln_

Choose an integer subsequence k,,, with k,, — oo but k,,/n — 0 as n — oo. Then,
for j =0,...,ky let nj = [n(N +1)j/k,] —nN so that ng = —nN, ng, =n, and
n; —n;j_1 — oo for every j > 1. Finally, define t; = n;/n so that {to,..., ¢, } is
a partition of [—N, 1] with the property

@gn(tj —tj—1) = O(1/ky) (6.62)

as m — 00.
With this notation, define a partially aggregated version of the covariance
function,

Ghr =Y ay (1) (wh (t) —w) (t;-1))
j=1

kn ,Mj—1 n;
— —n_K'l(n) Z < Z Clnnj,lpup Z wm> . (663)

Jj=1 “p=no m=n;_1+1

Consider the normalized increments in (6.63), which in the case of ¢\ are for each
j the partial sums of the elements g, _, v, ..., 4y, , as defined in (6.3). On the
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assumptions, both the inner sums in (6.63) converge to a.s. continuous Gaussian
limits, respectively @~ by Theorem 6.11 and W by Theorem 3.2 for the case
d = 0. Replacing ¢ and w2 in (6.63) by these limit processes, define

Py= QY (tj—) (WY (t;) = W () ZQN j-1) /tj AW (1) (6.64)

1

The tasks of the proof are to show the connections between G, and GI*,
P, and Z¥, and finally between GIV* and P,. The sequences of the differences
between these pairs of objects are shown in each case to converge to zero in mean
square as n — 00.

The first of these remainders has the form

’n.7‘—1
N N *
Gln - Gln Anmptp
J I1m=n;_1+1 “p=n;_1+1
Nnj—1
+ g (anmpamj_lp)up>wm+1. (6.65)
pb=no

Since the shocks are Lo-bounded and serially independent and nowhere overlap,

2 kn 'ﬂjfl m
0L0%
E(GY, - GY)? = = TK(n)? > ( S ad,

j=1lm=n;_1+1 p=nj_1+1
nj—1
2
+ > (Gnmp — Gy 1p) ) (6.66)
p=no

Consider the two sums of squares in (6.66). By Theorem 6.5(iii),

n m
S D DD D
—_—_ Q.
ngK(n)Q . nmp
j=lm=nj_1+1p=n;_1+1

n;j—1

<13 ¥ (e

] 1m= nj— 1+1

1 = min{2,2+2d, }
< pmin{2,2+2d, ) Z(nj —nj-1)
i=1

— O(k’; min{1,1+2dz}).

) min{1,1+2d,}

For the second block similarly, by Theorem 6.5(iv),

nj— nj_1

n2K 22 Z Z Gnmp = nn,_yp)°

j=2m=n;_1+1p=no
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1 &n m— ;1\ 2
< = e
= O(k, ' 72%).
In other words,
E(GT, — G))? = O(max{k, ' k, ' ~>%}) (6.67)

which with d, > —3 implies |GY, — GY*| =1, 0 in all cases.
Next, compare P, in (6.64) with 2V = f QN (t)dWN(t). The fact that

E(QN(t+6) — QN(t))2 = 0(6**=) can be deduced from the formula in (5.21)
combined with Lemma 6.1 and the calculations in parts (iii) and (iv) of Theorem
6.5. Using this bound and the fact that W is a Brownian motion gives

E(P, —2N) = E<Z/ - QN(t ))dWN(t)>2
< Zn/t (t —tj_q)%%=Fdt

kn
<Yty =t ) = Ok 2 (6.68)
j=1

where the final order of magnitude is by (6.62). In other words, |P, —ZV| —p, 0.

The remaining step is to connect GV* with P, in (6.64), and this is done
by applying the Skorokhod representation theorem (see [64]), according to which
the joint weak convergence of ¢ and w to QN and W implies the existence
of processes that are distributed like ¢l¥ and w) and converge almost surely to
limits distributed like Q" and W/ .! These so-called Skorokhod processes will be
denoted g and @Y

If GIV* is the counterpart of GN* evaluated with g and @Y in place of ¢
and w) then Gm and GY* have the same distribution. To complete the proof it
therefore suffices to show that \Gln — P,| —1, 0. The first step in this demon-
stration is by way of the easily verifiable identity

é{\;* - Pn

=D @) (@Y (1) — @ (t5-1)) = > QN (b)) (WN () = WN(t;-1))
Jj=1 j=1
Fn

IThe Skorokhod theorem is proved as SLT Theorem 29.6.
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kn
= QN (tj—0)) (@) (t;) = W (¢)))

j= 1
+QN(1)(@y (1) =W (1)) = QY (=N) (@) (-N) = WN(=N)).  (6.69)

It is sufficient to show that each of the four right-hand side terms of (6.69) converges
to zero in mean square. Starting with the first one, the Cauchy-Schwarz inequality
for sums gives

j=1
kn 2 kn )
< (@ (tj1) — wp (tj-1))
j=1 ]=1
2 k" 2
~N
< oy (@ () - @ (4-1))" (6.70)

The object is to bound the expected value of the majorant of (6.70).

The process g in (6.70) is cadlag, a step function with discontinuities (see
page 20 for details), although its almost sure limit Q*V is almost surely continuous
according to Theorem 6.11. A gentle digression into probability theory is nec-
essary at this point. Let (2, F, P) be the probability space where these random
processes reside and let w € Q denote an outcome. By Egorov’s theorem,? almost
sure convergence implies uniform convergence on a set of outcomes A. € F, where
P(A.) > 1—¢ and € > 0 is arbitrary. For cadlag functions, which inhabit a space
of processes endowed with the Skorokhod topology, what this amounts to is that
if ¢ (w) — Q" (w) almost surely then, for A. so defined,

sup ds (4, (w), Q" (w)) — 0
weEA,.

where dg is the Skorokhod distance discussed on page 20. Since Q¥ is almost
surely continuous, there also exists Eg € F with P(Eg) = 1 such that each
w € Eg has the following property: for any 1 > 0, there exists a constant § > 0
such that if
sup [ (w,1) — Q¥ (w, ()| <
te[—N,1]

where A : [-N,1] — [=N,1] represents the homeomorphism defining the Sko-
rokhod distance, then

sup [gy (w, 1) — QN (w, 1)]
te[—N,1]

< suwp (@) (w,t) = QV(w, A®))| + sup QN (w, A1) — QY (w, 1))
te[—N,1] te[—N,1]

2Proved as SLT Theorem 19.4.



112 WEAK CONVERGENCE OF INTEGRALS

<d+n.

In other words, this says that when a cadlag function is close to a continuous
function the Skorokhod distance must be correspondingly close to the uniform
distance. Letting A% = A, N Eg so that P(A¥) = P(A.), it follows that 6% — 0
as n — 0o where

521 = sup sup ‘@]X(wvt) - QN(wvt)|'
w€A? te[—N,1]

Noting that the distributions of w?Y and @)’ are the same, (6.70) implies that

(1 (@ -0~ Q¥ (6-0) (@) 6) 0 (-0

Jj=1

kn
< ka622 Y E(wl () — wd (t5-1))
j=1

kn
= kn05> Y (t; —t;-1)* = O(64%)
j=1

where the final equality is by (6.62). Letting ¢ — 0 and hence P(A%) — 1, it
follows that the first term of (6.69) converges to zero in mean square.

The same type of argument may be applied to the second term of (6.69). @w. is
also a cadlag process converging with probability 1 to an almost surely continuous
limit, and there exists a set A* with P(A%) > 1 — ¢ such if

0, = sup  sup |@f¥(w,t) — WN(w,t)|
wEAZ te[—N,1]

then d,, — 0 as n — oo. It follows in this case that

kn 2
E(lA; Z(QN(tj) — QN (tj—1)) (@) (t;) — WN(tj))>

2

kn

< kb Y B(QY () — QV (1))
j=1

= O(k;**67%)

where the order of magnitude is by reasoning similar to (6.68). When d, < 0 it is
necessary that k,, diverge slowly enough that k;, 2% 552 — 0, which since d, > —%
is possible under the assumptions. The expected squares of the third and fourth
terms of (6.69) are of O(5"?) and so vanish under the same assumptions. I

Under Assumption 4.1, it appears reasonable to conjecture that §% = O(n~1/?).
If that were the case, any k,, = o(n) would satisfy the indicated convergence.

The counterpart result for G¥', is stated for completeness, variations in the
argument of Theorem 6.16 being left for interested readers to supply.
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6.17 Theorem Under Assumptions 4.1 and 6.9, GY, —4 Z%. O

It remains to gather together the various results of this chapter to address the
proposition initially posed.

Proof of Theorem 6.10 The different elements of (6.28) are accounted for, in
the first instance, by Theorem 3.2 applied with d = 0 to give regular Brownian
motion limits to both wY and uY. Theorems 6.11, 6.15, 6.16, and 6.17 yield
the remaining elementwise limits. The six elements are all adapted to the same
filtration and by defining functions equated everywhere to the fixed values G¥',
and G¥, they can be embedded in DF* NAJ converging to a limit lying in C’[‘i N
almost surely. Theorem 3.19 gives the required joint convergence. I



Chapter 7

Fractional Cointegration

7.1 Stationary Regression

This chapter reviews some implications of the analysis of the preceding chapters
for the interpretation of linear regressions. Consider first the stationary regression

pi = a+ Bx; +y; (7.1)

where z; and y; are stationary zero-mean processes, « and 3 are parameters, and
p; is defined by the equation. The assumption to be maintained is that either or
both of z; and y; are fractional processes, and that Assumption 4.1 applies. The
leading case on which to fix ideas is where y is weakly dependent, with d, = 0,
although a long memory or antipersistent residual is permitted under suitable
conditions. In this chapter it is convenient to omit the slowly varying components
in (1.2) since these would complicate the notation while adding no useful insights.
To incorporate them would basically involve modifying the normalization factors
so that they disappear from limit expressions.

The OLS error-of-estimate for the slope coefficient 8 in (7.1), after the conven-
tional normalization by /n, has the well-known formula

. -1/2 o 1 —3/2 , ,
VI I R e ML R Relsb PLID D) (7.2)
nty e — (nt D )

Consider what can be said about each of the terms in (7.2). If o4, = 0 and
dg+dy < %, the first term of the numerator is asymptotically Gaussian by Theorem
4.3, with variance V4, < oo from (4.8). In the second term of the numerator, the
two sums are respectively O(n'/2*4) and O(n'/?*4v) by Corollary 2.7, so under
the same assumption, 1 +d, +d, < % and this term is of small order relative to
the first. In the denominator, a case of Theorem 4.2 gives n™! >, 22 —p, 02 with
the formula in (1.5), whereas n™' Y, z; = 0,(1) by Corollary 2.7, so here too the
second term is of relatively small order. The conclusion is therefore that

V(- 5) 4 N(0,22). (7.3)

x
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In the case with d, = 0 so that y; = w; with variance 02, the remark following
the proof of 4.3 on page 61 shows that V,, = 0202 and hence the variance of
V(B — B) has the usual limit of 62 /o2. If the regressor in (7.1) has a nonzero
mean, with the form x; + u where z; has the specification of (1.1)4(1.2), since
the regression formula expresses the data in the form of sample mean deviations
it is a simple exercise to show that (7.3) continues to hold. The terms that would
contain 4 in (7.2) all cancel identically in the formula.

If 0yw # 0 on the other hand, the estimator is well-known to be biased and
inconsistent with

2 Ly Ogy
-8 = —. 7.4
p-sl (74)
Also consider the intercept, where several different scenarios are possible since
in this case the presence of a regressor mean p does make a difference. If y is
weakly dependent with d,, = 0, the normalized error-of-estimate formula is

-1 2 —1/2 . —m—1 Cpm—1/2 s
\/ﬁ(& _ Oé) — n Zz in Zz Yi n Zz xinz Z’L xlyl. (75)
=LY el — (nmt Y )

If x; is replaced by z; + p in (7.5), a simple calculation gives
J A
V(& —a) ~ ﬁ;yz — /(B - B)

which, whether 4 = 0 or otherwise, has the same normalization as in the weakly
dependent regressor case. However, if y is a long memory fractional process with
dy > 0 the required normalizing factor becomes n'/2=dy The term containing i,
if present, is now of small order and

o 1 " d
n1/2 dy(a—a)NmZyi_)N(o’ai”rd’y)' (7.6)
i=1

Matters become more complicated if y is antipersistent with d,, < 0, although if
w = 0 the equivalence in (7.6) continues to hold. The further ramifications of this
case are left for the interested reader to explore.

7.2 Cointegrating Regression

The leading applications of regression to fractional processes involve cointegrating
relations between processes featuring stochastic trends. Long memory and non-
stationarity are closely connected in time series analysis and while nonstationarity
is conventionally due to a unit root, this becomes a special case in the present
analysis. The important questions to be investigated are sufficiently answered by
consideration of the bivariate model

P=a+ S, +v (7.7)
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where now the regressor is the partial sum process S; = 29:1 x;, and x and y are
stationary fractional processes with fractional parameters d, and d,. P; is defined
by (7.7), so that the model embodies cointegration of nonstationary processes P
and S with cointegrating parameter 3. Unlike the stationary case, it must be
assumed for present purposes that p = 0 so that there is no drift in the stochastic
trend. The relaxation of this restriction is treated in §7.4.

Write the OLS error-of-estimate formula for (7.7), similarly to (7.2) but this
time in unadorned form, as

_ > Siyi — n1 >8> yi.
D S7 —n~1 (Zz Si)2

The data moments involved in this calculation, together with the weak limit of
each under suitable normalization, are as follows. Define fBM processes X and
Y, having the form of (2.1). Then, under Assumption 4.1, Theorem 3.2 and the
continuous mapping theorem give

B-pB

(7.8)

1 n 1
i=1
IR !
e S5z / X2(£)de¢ (7.9b)
i=1 0
1 n

i=1

Similarly, by the various steps leading to (6.1) in Chapter 6 as well as Theorems
4.7 and 4.8 (see pages 62, 68, and 84 for the various symbol definitions)

1 - d — .
ety 11 > Sii = Bay + OuwAay i dy +dy >0 (7.10a)
i=1
1 n
i=1
1 = Lo )
Z Siyi = Vay ifdy +dy=0and oy, #0 (7.10c)
nlogn P
1 n
=S A Yy + 0y if do +dy <0 and oy, #0. (7.10d)
i=1

The restriction dg +d, > 0 in (7.10a) is imposed by the conditions of Theorem
4.4 while the restriction d, + d, > —3 in (7.10b) is due to Assumption 6.9.
Since E(G,,) = E(G2,) where G,, = (nK(n))™* Y."_,(Siyi — 2;9;), Theorem 4.7
provides the rationale for (7.10c) and (7.10d). In (7.10c), according to 4.7(i) the
expectation of the sum dominates the mean deviation by the factor logn and

the contemporaneous covariance is also of smaller order and so doesn’t appear.
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The difference with case (7.10d) is that o, appears in view of Theorem 4.2. By
Theorem 4.7(ii) the correct normalization is now 1/n for both parts of the sum.
The second term in the numerator of (7.8) after normalization has the limit

I R
WZ&Z%H/O Xdey (1)
=1 =1

The mean of this random variable is also of interest and might be written as
Ouwhkey. To calculate rgy, let the companion function for y corresponding to
ani(s,t) in (2.25) for x be defined as
[ns]—j
gnj(s,t) = Z .
l=max{0,[nt]+1—3}

Then, under Assumption 4.1,

ndetdy+2 +dy+2 <ZS Zy])
d+d+2 (Z Z ank(1/m, 0)uy, Z gnj(1,0)w )

i=1 k=—o00 j=—00

Uuw
= pdetd, 2 Z Z ank(i/n,0)gnk(1,0). (7.11)

i=1 k=—o0

By similar reasoning to Theorem 4.4, (7.11) converges to ¢y kKzy Where

- =/01(/0t<t—f>dw<1—f>dvds

0
[ (-0t - com) (- 9% - Coacar

Putting these limits together allows the error-of-estimate distributions in the
four cases of (7.10) to be calculated. In cases (7.10a) and (7.10b), writing fol Xdy
= Ezy + OuwAgy, the limiting distribution has the form

4 Jy XAV - J} Xagy (1)
Jy X2 — (Jy xd¢)®

The estimator is consistent provided d, < 1 + d, and this restriction holds for all
cases under Assumption 4.1. The phenomenon of cointegration requires only that
y is stationary.

If the regressor is endogenous with o,,, # 0 there is asymptotic bias, which
in the unit root case is well known (see e.g. [3]) to play a decisive role in finite
samples. In case (7.10a) the mean of the numerator in (7.12) is gy (Asy — Kay)-

n!teh (5 —5) 5 (7.12)



118 FRACTIONAL COINTEGRATION

Notwithstanding that the shocks are assumed serially independent under Assump-
tion 4.1, this asymptotic bias is not attributable to the regressor and regressand
being dated contemporaneously. Writing S; = x; + 5;_1, the contribution of z; to
the form of A;, is negligible, as pointed out on page 64.

In case (7.10b) there is no bias, by construction. However, in cases (7.10c) and
(7.10d), the mean of the numerator of (7.8) dominates the mean deviation and is
of order nlogn and n, respectively. The second numerator term is O(nd=+dv+1)
by (7.9a) and (7.9¢) and so also of small order, under these normalizations. In
case (7.10c) the limit distribution has the form

n1+2dm (B B ﬁ) g . r)/zy - . (713>
logn Jo X2d& = (Jy Xde)
In case (7.10d) it is
(R S (7.14)

Jy X2dé = (J; Xde)*

Since these limits do not depend on =g, (the stochastic part of fol XdY) the weak
convergence of this component does not contribute and (7.13) and (7.14) hold
even under the baseline condition of Assumption 4.1(a), without the restriction
on d, + d, appearing in (7.10b).

Similarly to (7.5) the error of estimate for the intercept, unadorned in this case,

is
&— = > SEY iy — 30 Si Y Sii
ny, S — (Zisi)2

In cases (7.10a) and (7.10b), according to (7.9) the terms of the numerator of
(7.15) are both O(n?%+dv+5/2) and

(7.15)

o Jo X2AEY(1) — [y Xdé i XY
Jox2de - (f) xde)®

The intercept is consistently estimated in these cases. In cases (7.10c) and (7.10d),
where dy < —d,, the first term in the numerator is O(n?d=+dy+5/2) hut the second
term in the numerator is either O(n%+5/2) in case (7.10d) or O(n%*5/2logn) in
case (7.10c), which dominate the first term. However, the error of estimate is at
worst O(n~%~1/2logn), which is of small order with d, > —3. The intercept is
therefore consistently estimated in all cases.

n1/2—dy (@ _ Oé)

7.3 Implications for Modelling

It is a commonplace in econometrics that in a stationary world an endogenous
regressor results in inconsistent regression, whereas in a cointegrating world, en-
dogeneity may result in bias but the regression is still consistent. The interesting
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question is what the transition between these two worlds looks like, a question
that may be answered precisely by considering fractionally integrated series.

Referring to the discussion on page 10, consider an overdifferenced fractional
process z with d, < —3. If « is defined by (1.1)+(1.2) then

Si = ij = Z b;u]
j=1

j=—c0

where b = 7,77 Inax{O 1) i, Just as in (2.25). If b ~ dyk%~" (omitting the
slowly varymg component) then eventually b% ~ j%~1, as in (2.29), where dg =
1+d, < 2, so S; is a stationary long memory process and the limits in (7.9a) and
(7.9b) no longer apply. As explained in §7.1 they must be replaced by, respectively,

n Y S =, Oand nt Y S? — ), 0% where 0% = o2 ZJ o 5% < 00, as in
( 1.5). If oy # 0 then instead of (7. 14) the regression error-of-estimate converges

in mean square to the limit asy/as, where 05y = Ouw ZJ —objc; < oo asin

(4.3), matching (7.4) except with S replacing x. Thus, A is inconsistent and the
solution for the asymptotic bias matches that for the model (7.1). Thinking of
the ‘model space’ as the set of the possible values of d, that might generate the
data, —% is the point in model space representing the boundary between regions of
stationarity and nonstationarity of the process S. The transition from a consistent
albeit biased regression to inconsistency due to an endogenous regressor occurs,
as may be expected, at the boundary of the stationarity region.

In the case of a strictly exogenous regressor in (7.7), with o, = 0 so that
limit (7.10b) applies, the restriction d, + d,, > —% imposed by Assumption 6.9 is
necessary for convergence to an a.s. continuous limit process, as shown in Theorem
6.13. A natural question to ask is, what actually happens if d; + d, < —%? This
has a ready answer from Theorem 4.3, with S replacing «, noting that d,+d, < f%
is equivalent to dg +d, < % since dg = 1+ d,. In (7.10b) the normalizing divisor
has exponent smaller than % and the sum consequently diverges, albeit having
mean of zero. Changing the normalization of the numerator to n~'/? gives the
limit for (7.8) as

V(g -8 S N(o, VSy) (7.16)
03
having the same form as (7.3), except with S replacing z. It is a curious fact that
the complementary conditions set by Assumption 6.9 in Theorem 6.13 on the one
hand and Theorem 4.3 on the other appear to be motivated in quite different ways
in the logic of the respective proofs, when in reality they are two sides of the same
coin.

A further question the curious reader might pose is, what happens in the
state of the world where these inequalities are changed to the matching equality?
Setting d, + d, = —% (equivalently, ds + d, = ), the sum in (7.10b) is actually
being normalized by n~'/2 in this case. However, the distribution of the estimator
still does not match (7.16) since, according to (4.8) (with d, standing in for dg),
Vsy = co. Neither of the two indicated limits applies in this case, but a logarithmic
normalization to give a finite Gaussian limit might evidently be constructed.



120 FRACTIONAL COINTEGRATION

Another important way in which the fractional cointegration scenario differs
from the unit-root case concerns the possibility of mixed-normal inference. Phillips
and Hansen ([56]) and Saikkonen ([62]) among other authors have proposed mod-
ified least squares estimators for unit root cointegration in which, by devices such
as the addition of certain stationary variables to the equation, the residual term y
is rendered orthogonal to x. The latter can then be treated as conditionally fixed,
giving rise to asymptotically normal ¢ ratios. This strategy cannot work in the
case of a fractional residual. Unless d, = 0, the distribution of fol XdY depends
on components =; and Z3 and while both are conditionally Gaussian, the condi-
tioning processes are different. Another possible pitfall is the use of prewhitening
in the construction of test statistics, noting that an autoregressive filter cannot
reduce a fractional process to white noise.

7.4 Cointegration with Drift

The development in §7.2 specified that the regressor be free of drift, as the partial
sum of a zero mean process. If this assumption is relaxed, a different limit distri-
bution is obtained with the trend dominating. In conventional unit root analysis,
the standard procedure is to partial out any drift by inclusion of a trend dummy
in the regression. This still results in a different limit distribution, but one not
dependent on the drift parameter and which might be tabulated.

The same approach can be followed in fractional cointegration. If the regressor
increment process has the form z; + p where x; is given as usual by (1.1)+(1.2),
the partial sum has the form S; 4+ pi for ¢ = 1,...,n. Removing dependence
on p is conveniently performed by demeaning and detrending the variable and
running a second stage regression on the resulting residual, which is equivalent to
the multiple regression according to the well known Frisch-Waugh theorem. If S}
denotes the first-stage residual, the second stage error-of-estimate is just

e o)

The preliminary regression of S; + i onto intercept and trend can be simplified
by the approximation
-1
[ an~t  —6n? ]

n in(n+1)
%n( —6n"2 12n73

n+1) in(n+1)(2n+1)

An asymptotically equivalent form of the first-stage residual is then

. . /4 6
S~ Si+ pi— (g Z(Sk + pk) — sz:k(sk +MI€)>

k

- (:L_i > k(Sk + pk) — % (S + uk))i
k

k
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which, it can be verified, does not depend on p in the limit as n — oo. Further
elementary calculations show that

Y-S -1(55) R (E0-8)5)

so that Theorem 3.2 and the continuous mapping theorem give

e ZS*%/ X2dg - (/ Xd£>212</01(g%>ng)2. (7.18)

Also, subject to the conditions of either (7.10a) or (7.10b),
1 . 1 1 1
ltd.+d, Z SiYi~ pltd.1d, Z Siyi — 324z Z Si nl/2+d, Zyi
12 .on 1 .n
T p5/2tds Z(Z - §>Si n3/2+d, Z(Z - 5)%

&/OIXdY/OIngy(n12/01(§§)Xd§</01gdy ;Y(1)). (7.19)

So if either dy + dy > 0, or 04, = 0 and dy + dy, > —3, n!Td=—dv (B—B) in (7.17)
converges in distribution to the ratio of the limits in (7.19) and (7.18).

Given the existence of the fBM X, this development is identical to the usual
unit root analysis, as treated in [13] among many other such references, in all
respects except one. The exception is in the final term of (7.19), since the limit
of the random sequence n~3/2-dv >, ty; has not yet been examined. For the limit
distribution in (7.19) to be well defined, this must be shown to have finite variance
in the limit.

This development can conveniently follow the approach of §2.3 and §2.4. By
analogy with (2.23), define an array {gn;} by

> iy = Z Z cw; = Z niwi (7.20)
i=1 =1 = i=—00
where if ¢; ~ d, 1! (ignoring any scale factors) it can be verified that

n—u n—it

gi= Y. (+da~d, D (@ath),

l=max{0,1—¢} l=max{0,1—¢}

To calculate the mean square of (7.20), split the sum into the positive and non-
positive indices. For 0 < z <1,

n—[nz| n—[nz|
Inina] ~ dy/o rhdr + [n$]dy/0 =1
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iy +1 dy +x

LT (1—x)% (7.21)

whereas for —oo < z <0,

n—[nz) n—[na]
Gnna] ~ dy/ rvdr + [nm}dy/ rh=1dr

—[na] —[na]

d
ndy—i-l <d i - ((1 _ m)dy+1 _ (_x)dy+1)
Y

— (—x)((l — ac)dy — (—x)dy)>. (7.22)

Essentially, the requirement is now to show that the functions of z in (7.21) and
(7.22) are both square-integrable. First, a straightforward calculation gives

1 2
dy + z\? 2 2d; +d, + 1
- 1— vdr = . 7.23
| (G77) e = e e T

By contrast, integrating the square of (7.22) over (—o0, 0] in closed form is not a
trivial exercise. However, substituting the large-z approximation

(142)" — 2% =az""' +0(27?%)
for each of the terms shows that as x — —oo,

Inlrel s dy () — (~a)dy ()5 + O((~) )
= O((—z)™). (7.24)

When n is large enough, the normalized {g,;} sequence is thus shown to be square-
summable and similarly to Corollary 2.7,

. Lo\
Jim B o) = i > <o

i=1 i=—00

Under Assumption 4.1, the distribution of fol &dY could be shown to be Gaussian
by application of the methods of Chapters 2 and 3 to the sequence defined by
(7.20), although this detail will not be pursued here.



Chapter 8

Autocorrelated Shocks

The asymptotic analysis developed in Chapters 4 through 7 has been based on
Assumption 4.1, specifying serial independence of the shock variables u; and w;.
Because of minimal restrictions on the form of the linear coefficients at low orders
of lag, local dependence that can be removed by linear filtering is accounted for
(see Theorem 1.4), so that the assumption of zero autocorrelations for the shock
process is not unreasonably restrictive. Nonetheless, Assumption 4.1 remains a
special case and the introductory discussion in §3.5 (see page 44) suggests one
reason at least why it might be desirable to relax it.

All but one of the limit results appearing in Chapters 4—6 under Assumption
4.1 also hold under Assumption 8.1 below. (Theorem 6.16 is the exception.)
The only change arising otherwise is the redefinition of the variance parameter,
with the long-run variance w? replacing o2. Indeed, there exists the possibility of
nonlinear local dependence such as conditional heteroscedasticity, permitted under
Assumption 8.1, where there is no autocorrelation and w? = 2.

That said, it must be born in mind that rates of convergence to the limit are
generally slower than when the shocks are independent. Examination of the proofs
of results such as Theorem 2.10 and Theorem 3.10 in SLT gives an idea of how
nominal and effective sample sizes may differ. Another major difference, following
the precedent set by Theorem 2.10, is that to reach these results, tedious algebraic
manipulation is sometimes unavoidable.

8.1 Correlation Analysis

Extending Assumption 1.2 into the multivariate context must begin by defining
some new symbols. Thus,
and

Mo (G5 K1) = E(uowpujwr) with oy, =322 1 i, (4, K, 1)
Under stationarity these moments are invariant to the time index and in particular,
Yuw(0) = Tuw and pt (0,0,0) = pt, . where the latter symbols are defined in
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Assumption 4.1(b).

8.1 Assumption

(a) Assumption 4.1(a) holds and Assumption 1.2 holds for w; and also for w;
with v,, and w? defined as for 7, and w? in Assumption 1.2(a) and (1.4).

(b) Vuw () = Ol 717°) for 6 > 0, and |wyu| < 0.
(c) for § >0,
() (s k.0 = Ok 2171 0)
(i) 0 (35 K1) = Yoo (B) 7 (1) = O(l31717)
(i) 4 (7, ks K +1) = 74 (57 (G + 1) = O(k[71)
and |w? | < oco. O

In the context of this assumption and throughout this chapter, 0~'~? represents
1 in calculations and similarly for zero raised to any negative power, where the
counting index refers to a lag coefficient or order of autocovariance.

Case (i) of Assumption 8.1(c) can be best appreciated by observing that under
stationarity the expectations E(uowyu;w;4;) are assumed to converge at the indi-
cated rate to E(uoujw;jii)E(w) as [k| — oo and to E(ugu;wi)E(wp) as |I] — oo,
the limits being zero in each case. According to (ii), the limit of E(uowyujwji;)
as |j| — oo has the form E(uqwy)E(uow;) where the latter factors converge with k
and [ according to Assumption 8.1(b). In case (iii), the limit of E(uowgu,;w;4x+1)
as |k| — oo is E(uou;)E(wow;4;). It is assumed implicitly in (i) that the diver-
gences of the indices are not coordinated, by setting k& = [ for example. This case
is covered by (iii) with a given value of [.

The divergence rates in Assumption 8.1 are generally required to hold for
any § > 0, in which case they are cited without comment. If § must exceed
some positive bound, to be specified, it is possible for § to differ for u; and w;
in Assumption 1.2. In this case note that if either v, (j) = 0 or 7,,(j) = 0 for
j # 0 then v,,,(4) = 0 for j # 0 also, with a similar consideration for the fourth
moments.

Under these assumptions the first modification called for is to (4.3), which now
becomes

7=0 k=0
To show this sum finite is no longer a trivial exercise, but summability of the
autocovariances is sufficient. The following pair of mechanical lemmas supply the
result, and have further applications. The proof uses the same basic technique
that was applied in Theorem 1.4. When applying the first of these lemmas, keep
in mind the useful identity

j—1

Z(]fkd 1k15 Zm ]7 7175

k=1
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where m = j — k. Hence, it doesn’t matter which exponent plays which role in the
sum.

8.2 Lemma If d < 1 and § > 0 then
j—1

Z(] _ k)d—lk—l—é ﬁjd_l.

k=1
Proof Choose 1 from the interval (1/(1+ §),1) and so write

-1

AN

. 1,1 a1 (J ="\, .
DG =R = (B ) AG) + BO)) (8:2)
k=1
where (j — j")/j — 1 as 7 — oo and

1

AG) (z

=1

-1 -1
k[n])(‘j_‘jn) kla'

Since (j — k)/(j — ") > 1in A(j) and d — 1 < 0 and also k~'~% is summable,
A(o0) < 00 . Setting m = j — k gives

J=["

m o \d—1
BG) =Y (=) G-m)*
(’) mZ:j ]_ﬂ) (j—m)
Jj— [J’I] —1-6
=(j—4" TN m ( )
m=1
3=[3"
< (j_jn)l—dj—n(l-i-é) Z md—l
< (_7 _jn)jfn(1+5) < j1*77(1+5) =0 (83)

as j — oo. The first inequality in (8.3) holds since j —m > j" so that the second
factor in the sum over m is smaller than 1, while the sum itself is of O((j — j7)%)
by integral approximation. The final bound is of small order by choice of 7. i

8.3 Lemma If |d,| < %, |d,| < 3 and § > 0 then

ZZ]‘“ Kt — k[0 < oo (8.4)

Jj=1k=1

Proof Write the expression in (8.4) as A+ B where A contains those terms where
k < 7 and B the terms where k > j. Both A and B are shown to be finite. First,
by Lemma 8.2 with d = d,,

o j—1 )
A:Zjdm—lzkdy—l(j_ Z d,,—2
j=1 k=1 j=1
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Second, put m = k — j to obtain

— ij‘hﬂ ikd’fl(k : Z]d wtdy—2 Z (] er) m—1-9

j=1 k=j m=0

< Zjd”dy*2 < 00

where the inequality holds since (j +m)/j > 1 and d, — 1 < 0, while m~!7? is

summable. |

8.4 Theorem Under Assumption 8.1, 04y < 0.

Proof Direct from Lemma 8.3 given (8.1) and Assumption 8.1, since the sum-
mability criteria are invariant to slowly varying components of b; and c. I

These preliminaries lead to the next task which is to prove the generalized
version of Theorem 4.2.

8.5 Theorem With z; and y; defined by (4.1) where Assumption 8.1 holds,

n
1 Lo
n <

i=1

Proof The expression that must be shown to vanish is (4.4). For brevity define
Vo, = E(n‘1 Z?Zl TiY; — Umy)2. Under stationarity of u; and w;,

n n
E E E(ui—jwi—juk—mWi—p) E E(uowj—iug—mwi—p)

=1 k=1 =

and (4.4) can be written as

oo oo
1 Z Z
n = —2 mCle

7=0 p=0

M8
NE

3

0

I
=)

3
Il

M:

(Ko (k =m0, 5 = L = D) = Yoo (5 — DYoo (m — D))

-
I

1

Therefore, ignoring slowly varying components and applying Assumption 8.1(c),

oo oo [o elNe o]
1

EZ Z ZZ 1mdm—1ldy—1pdy—l

§=0 m=0 1=0 p=0

3

X Yk —m| 70— 1T - p (8.5)
k=1
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Since Y7322 j% % j — 1|71 7% < oo by Lemma 8.3, these terms do
not affect the order of magnitude and a statement equivalent to (8.5) is

V< szd Uk —m| 71 5Zpd m-p T (86)
k 1 m=0

Consider the sum over p in (8.6). Decompose this sum into the terms with p < m
and p > m and in the second case set ¢ = p — m and rearrange, to get

m—1

o0

- 1 _ _ qg+m\® =+t 4
e N B G- M
p=0 p=0

< mbL (8.7)

This bound holds because the first term in (8.7) is bounded by Lemma 8.2 with
d = d,, while the sum in the second term is finite by summability of g~ 179 since
the other factor never exceeds 1. Substitute the bound in (8.7) back into (8.6) and
again split the sum, this time into the terms with m < k and with m > k. Apply
Lemma 8.2 to the first of these components and since k%1% ~2 is summable, the

result is

Vo < = i(Zdezk m)~'"

4 fdatdy—2 Z( )d atdy = 2(m_ k)15>
< %ikdﬁdr? =0(n™). 1

There is an instructive comparison here with the proof of Theorem 4.2, which
explicitly counted the nonzero terms of the sum V,,. The present argument works
by showing that the non-negligible terms of the sum are sparse enough under
Assumption 8.1 to permit summability, without having to itemize them.

The next result to be generalized is Theorem 4.3. The conditions here do not
impose mutual independence of the shocks u and w, only that they be uncorrelated
with each other at all orders of lag.

8.6 Theorem With z; and y; defined by (4.1), under Assumption 8.1 and if
Yuw(d) = 0 for all j and d, +d, < 1,

72 yi 5 N(0, Vi)

where V,, < oo.
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Proof As in Theorem 4.3, the object is to show that V,, = E(¢?) < oo where
¢ = >hto 2 jeobrciZ(k,j) and Z(k,j) is defined in (4.7). The proof is modi-
fied as follows. Since by assumption u;_rw;_; has mean zero for all k£ and j, the
random variables Z(k, j) are Gaussian under Assumption 8.1 by a CLT for depen-
dent data such as Theorem 3.10. Thus, it can be verified that under Assumption
8.1(c), Assumption 1.2 holds for random sequences of the form {u;_pw;_;}5°
Whereas under Assumption 4.1 these random variables have the property

i=—00"

E(Z(k,5)Z(k+p,j+p)) = 040,
for p € N and are independent otherwise, under Assumption 8.1
E(Z(k,5)Z(k+p+t.5+p+s) =7u(t)7u(s)

for p,t,s € N, noting that 02 = v,(0) and 02, = v,,(0). In place of (4.8), define
for each t and s,

o0 (o] o0 o0 o0
Veult:3) = 900(6) (0 3 st 250 (0 tbrse Sy ) )
k=0 §=0 p=1 “k=0 §=0
Similarly to the proof of Theorem 4.3, each of these sums is finite by assumption.

Also

by Assumption 8.1( ) and hence V,,, = E( 3 = Zt < Vay(t,s) < oo. I

8.2 The Covariance Decomposition

The next step requiring modification is the decomposition of G,, in (4.12)—(4.14).
Under Assumption 8.1 it is no longer the case that E(G1,) = 0 and E(Gs,) = 0.
Instead, let a sequence {L,} be chosen such that L, — oo but L,/n — 0 as
n — oo. Then in place of (4.12)—(4.14) substitute the definitions

1 n—1 ¢ oo i+j—k—L,

Gln = b-uk_- ClWi41—1 (88)
1 n—1 1 [e%s) L,
Gon = WK ) Z Z bjug—; Z Citj—k+1+vWhk—j+tv (8.9)
i=1 k=1 j=0 v=—Ln,
1 n—1 ¢ oo 00
Gsp = e ijuk—j Z CLWjg1—1- (8.10)
nK(n) i=1 k=1;=0 l=itj—k+2+L,

G, = G1, + Ga, + G3, as before, but 2L,, terms have been moved from Gy, and
G3y, into Ga,. (An empty sum equals zero, note.) In view of Assumption 8.1(c),
under these definitions E(G1,,) = O(L;%) and E(G3,) = O(L;?). With L, ~ n®
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% shows how the best choice of L,, might

for @ < 1, the convergence rate of n™
relate to the degree of dependence.

Expression (4.16) now has to be replaced by

n—1 oo
1
E n) = n,i— ) ) Fn 1 A1
(G20) = ey 2 D tnae/mO)enss Falb) +ol) (811
where
Ly, Chi1tl L, I\dy—1

F, = — Yyl 2 1+ — ww ()

(%) lg;n () l_;n( )7 D)

For finite values of I, (1+1/k)%~1 =1+ O(k™'). Assumption 8.1(b) implies that
only finite values of [ contribute significantly to F,, (k) and hence that F, (k) — wyw
as k — oo and n — oo. The counterpart expression to (4.17) (the terms of (8.11)
with k < 4) therefore takes the form

1 n—1i—1 . n—1 1 do+dy—1
nK(n)§Zan7i,k(z/n,0)ck+1F ZZ( ) F, (k)
=1 k=0 =1 k=1
— Wy, / / ¢detdv=lqcdr
Wuwd (8.12)

(dm +dy)(1+ dm +dy)

as n — 00. The convergence of F;, can be asserted here, since the contribution of
finite values of k to the limiting sum is of small order in n. This matches the limit
in (4.17) except that wy,, replaces o,,. Exactly the same modification applies to
(4.18).

These considerations suffice to verify the following generalization of Theorem
4.4.

8.7 Theorem Under Assumption 8.1 and with Gg, defined by (8.9), E(G2,) —
WuwAzy 88 N — 00 where Ay is defined in (4.15). O

The next result, explicitly invoking the autocorrelation structure of Assumption
8.1(c), is the generalized form of Theorem 4.8.

8.8 Theorem Under Assumption 8.1 and with Gy, defined by (8.9), Ga, —
E(ng) Lo O

Proof The argument in Theorem 4.8 is modified as follows. The term (4.41)
needs to be replaced by

0o Ly,

Pu=> b > civrkrjro(tnWe o — Yuu(v)):

j=0 w=—L,
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The inequality (4.43) whose minorant appears in inequality (4.42) is therefore
replaced by

E(PaPimip) €33

=0 =0

Ln Ln
b;by E E Cit1—ktjtvCimmt1—ktptito’

v=—L, v'=—L,

<

X (Bt j Wk j o Uk—p1Wk—p—110') = Voo (V) Vo (V) |- (8.13)

In place of (4.44), the expression in question becomes

o0
[E(PitPimk—p)|l <D bibsipCit1—krjCiomi1—kri Hu(d i, kym,p)|  (8.14)
§=0
where
P Ln Ln i i i ,
Hn(j,i,k,m,p): Z Yj—p+q Z Z i+1—k+j+q+v Ci—m+1—k+j+q+v
o Yimr T LIS Citlk Cimmt1—k+j
X (/“Liw(quwvl) - ’Yuw(v)qluw(v/))' (815)

In (8.15), observe that ¢ = p+1 — j so that the double sum over j and [ in (8.13)
is constructed by diagonals.

The approach of Theorem 4.8 carries through unchanged provided the function
H,(j,i,k,m,p) is bounded in the limit for all values of the arguments, noting that
these are liable to diverge as n — oo. According to Assumptions 8.1(b) and (c),

[e’e] L, L,
Z Z Z (Miw(q,v,v') ~ Yuw (U)7uw(v/)) - wiw - wiw < 0

q=—ococv=—Ly, v'=—L,

as n — o0o. This summability implies that only finite values of v, v/, and q appear
in non-negligible terms of the sum in (8.15). Attention therefore focuses on the
various ratios of coefficients. For finite values of ¢, note that

bj—ptq g \%-! ; -1
Gt (1 4 —140((—p) ™).
by ( ; _p) ((G—-»7)

Similarly, for arbitrary argument r and finite values of v and g,

dy—1
Cr+q+v “- (1 n v +q> — 14 O(?"_l).
cr r

In all but a finite number of the terms of the majorant of (4.42), the indices
r=i+1—k+jin (8.15) are diverging as n — oo, and since the sum is divergent,
either r = O(n) or r relates to a collection of terms that are of small order in the
normalized sum. The same is true of ¥’ =4 —m + 1 — k + j. These facts establish
that H,(j,i,k, m,p) = O(1) as each of its arguments diverges. If the expression
in (8.14) is decomposed into either By; and By as in (4.46) or into By and Bag
as in (4.48), with H,(j,4,k, m,p) replacing ut,  — o2, in each case, the bounds
established in (4.51), (4.53), (4.55), and (4.57) all continue to apply. I
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8.3 Stochastic Integrals

Having redefined Go, in (8.9), it is next necessary to consider the effects of the
corresponding changes in GG1,, and G, following the analysis of Chapter 5. In the
first case, considering the change from (4.12) to (8.8), refer to the reorganization
of the sum detailed in pages 74-75. Since k has been replaced by k + L,, in (8.8),
it can be verified that the upper limit on p in the second member of (5.3) has to
change from m to m — L,,. Hence, ¢ in (5.4) becomes gy m—r, and so Grmp
becomes ay, m—r, - The lag on u, in moving average (5.3) is increased from 1 to
L, + 1 so that any correlation between the variables is rendered asymptotically
negligible, according to Assumption 8.1(b).

Consider how this effects the result of Lemma 5.2. Since ¢ is defined by m = [nt]
in (5.13) and ([nt]+L,,)/n = t+o(1), applying Theorem 5.1 shows that the result
of Lemma 5.2 is unchanged. The manipulations involving A(t, s), and also its
absolute bound A(t, s) in Lemma 6.1, all go through unchanged by the redefinition
of G1,,- The one notable effect of the change is to resolve the dilemma raised in the
remark on page 79, of the singularity in the integral A(¢, s) at the point s = ¢. Now,
this point has been moved from Gy,, to Ga,, and the integral can be unambiguously
defined subject to the strict inequality s < .

Exactly the same considerations apply to the redefined Gg,. In (5.6), hyy
becomes hy, ,,— 1., , and hence ey, becomes e, ,_1, m so that the lag on w, relative
to u,p in the moving average is increased from 1 to 14-L,,. The asymptotic formulae
E(s,t) and E(s,t) nonetheless remain similarly unchanged, apart from imposition
of the strict inequality t < s.

8.4 Weak Convergence

In Chapter 6, there are changes to be made to Theorem 6.3 and 6.4, but here the
amendments are straightforward. Thus,

8.9 Theorem Under Assumption 8.1,

. . _ n— 2 _
(l) limy, o m IE(Zm:l—nN<qn’m*Ln - qzxm—Ln)wm+1) = O(dew 1)
(i) limy, oo nilE(Z;g\i;} qn,m—anm-l-l)Q — O(N2(datdy=1))

The changes to the proof of 6.3 do not need to be set out in great detail. In (6.11),
it is a matter of changing g, — ¢, to qnm—r, — qfx m—1, and accordingly, in the
second member the upper bound of the sum over p is changed to —nN — L,, — 1.
In the third member, 0202 changes to w?w? with the addition of a residual term
O(L;;?%), with the corresponding change to the final asymptotic bound. The
modifications to part (ii) of the proof are similar. In the same way, Theorem 6.4

is replaced by

8.10 Theorem Under Assumption 8.1,
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. . _ _ n— 2 _
(i) limpoon™'K(n) 2E(ZzzinN(hn,p—Ln - hﬁp—Ln)up) = O(N?>%~1)

(if) limy oo n 'K () 2E(2, "N hnper,up) = O(N2tdi=D). O

Next, consider the weak convergence results. Under Assumption 1.2, the func-
tional central limit theorem of Chapter 3 was proved with the approach of Theorem
3.11 replacing that of Theorem 3.2. To reproduce the results of Chapter 6 under
Assumption 8.1 a parallel approach is adopted. The essential change is to apply
the method of Lemma 3.14 to establish the Gaussianity, in place of Lemma 3.4.

8.11 Lemma The conclusion of Lemma 6.12 holds under Assumptions 8.1 and
3.9.

Proof Similarly to Theorem 3.14, Gaussianity is to be shown for the components
qin(t) and ¢’ (¢) in (6.29) by testing the conditions of Theorem 3.10. In this case,
the role of the scale constants ¢y, is played by the constants ¢y, defined in (6.32)
for the case of g1, and in (6.40) for the case of ¢lY,. The main task is to verify the
conditions of Assumption 3.9. The same considerations arise as in the discussion
of page 48, except that the dependence of the conditions on the sign of d in the
univariate analysis now relate to d,,. Overlooking the non-trending factors attached
to (6.32) and (6.40), the arguments in the two cases align closely. Thus, if d, > 0,
since max; <p<(n¢] Cnp = o(n=1/2) in (6.32) it is easily verified that conditions (3.44)
and (3.45) are satisfied for any o > 0. If d, < 0, max; <<y Cnp = o(n~1/27%)
in (6.32), but setting o > —2d, in Assumption 3.9 meets the requirement. The
form of (6.40) is only an order-of-magnitude approximation to that of (3.53), but
with MY, defined similarly to (3.54) but with c,, in (6.40) replacing c,; in that

J
formula,

(U = 1By + k)%
ni/2+d, '

With this understanding, in the cases k& > 0,

ko
M =

k. _ k. _ —3/2 _ —-1/2
12’}357(4” M’I’Lj MnO O(’I’L ) O(Bn )

where the last equality holds for any B,, = o(n). Also, in view of the square-
summability which holds for any d, < %,

O~ ko B2 1
Z(Mn]) < nde-i-l O(Bn )
j=1
For the case k = 0, maxi<j<,, M); = O(n~%~1/2) with d, < 0, so here too

setting a > —2d,, is required. With these considerations, Gaussianity is established
as before for qi,(t) and the N components of ¢’ (t). To extend this result to
g (t) requires a proof of independent increments, but this goes through by the
argument of Theorem 3.13, without any change except the substitution of z,; =
anmiti/(VnK(n)) for z,; = ani(s,t)u;/k(n). With these changes the order of
magnitude in (3.48) continues to apply. I
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8.12 Lemma The conclusion of Lemma 6.14 also holds under Assumptions 8.1,
6.9(a), and 3.15.

Proof The only changes needing to be made to the proof of Lemma 6.14 are the
replacement of Theorem A.5 by Theorem 3.17 to show uniform integrability of
maximal partial sums and the implicit adjustment to the proof of Theorem 6.13
via the citation of Assumption 3.15. i

8.13 Theorem The conclusions of Theorems 6.11 and 6.15 hold under Assump-
tions 8.1 and 6.9.

Proof The proofs of Theorem 6.11 and the parallel Theorem 6.15 can be reiter-
ated with the changes that Lemmas 8.11 and 8.12 are invoked in place of Lemmas
6.12 and 6.14.

The final consideration is Theorems 6.16 and 6.17, establishing convergence
to stochastic integrals. Only one step in the proof of this result depended directly
on the independence of the shocks. This was the Ly-approximation of G, by GIV*
n (6.66), for which the sequence k,, was required only to diverge more slowly than
n. Now k, might require further restriction, with Assumption 8.1 needing to be
supplemented by a restriction on § beyond positivity.

8.14 Theorem Under Assumptions 6.9 and 8.1, GV —4 ZV if in addition,
setting L, ~ n® and k, ~ n#, there exist © < 1 and o < 1 such that

(8.16)

)

1—p(dy + 3 1—2u(d, + 3
max{ & +2)—1 i +2)}<5
o 1—p
where ¢ is defined by Assumption 8.1(b) and (c).

Proof Under functional form (8.8) the generic form of the covariance segments,
replacing (6.61), is

n—1 m—L
1 n
G{\; = nK (n) E E AnmpUpWm-+1- (817)

m=1—-nN+L, p=1-nN

The decomposition in (6.63), after modification to ensure that the increments are
independent in the limit, takes the form

min{n,n;+L,}

kn nj—1
Nx
Gy = E ( E Ann;_ypUp E wm>.

] 1 “p=no m=n;_1+1+L,
The modified form of (6.65) is then

k, min{n,n;+L,}—1 m—Ly,

E ApmpUp

] 1 m=nj_1+Ln+1 “p=nj_i1+1

Gln
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MNj—1
+ Z (@nmp — a,mjlp)up> W41 (8.18)

p=no

For convenience of notation, let it be assumed that if n;, = n, the length of
sample available is actually n + L,,. Also note that m may be written m; without
ambiguity.

In this setup, (6.66) may be replaced by E(GY — GN*)2 < 2(A,, + B,,) where

kn kn nj—14+Ln mj—Ln
) I VD SNED
n — a .
TLQK(n)Q . y TL’ln]p]
j=1j'=1mj=nj_1+1+Ln pj=nj—1+1
1’7,_7-/71+Ln mj/an
X E E anmj,pj,E(upjwijupj,wmj,ﬂ). (8.19)
M =mn ;1 lJrlJan Pjr=n _y
and
nj—1+Ly, nj_1
By = n2K 2 Z Z 2: 2 : Onm;p; — a”"jflpj)

Jj=1j'=1mj=n; 1+1+L, pj=no
7'Lj/71+Ln Ngr_q

§ (anmj/pj/ - annjlflpj/)E<upjwmj+1upj/ wmj/+1)~
mj/=nj/,1+1+Ln P =no

X

(]

(8.20)
According to Assumption 8.1(c),
E(upjwmj+1up_,-/wm_,-/+1) < in(|pj —pjlym; —pj,my —py)
= Yuw(Mj = Pi)Vuw (Mjr — pjr) + ((uiw(lpj —pjrl,mj — pjsmyr — pjr)
= V(M = 23V (57 = 1))
< L2 4 ppy — 710 (8.21)
The number of instances of expectation (8.21) appearing in (8.19) is of order

(n/kn)*. Since anm,p, /K(n) = O(1) and |p; — py/| < (n/ky)|j — 4’|, it is possible
to bound A,, as

K2/ nyd 1 /30 &
A, <<_(_) L;2(1+5)+_(_) SIS
w2\ pel g ;jz:lb 7'l

In the second of these terms, writing m for |j — j'|, in view of the summability of
m~179 it is found that

kn kn kn ,j3—1 kn—j
Sli-d 0= Z(Z m 0y m—1—5> < k. (8.22)
Jj=1j4'=1 j=1 “m=1 m=1
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Hence, after simplification, the bound on A,, has the form

pl—?
n max
A, < k2L 20140) L 1 = = O(nmax{C1,Cz}) (8.23)
where C1 =2(1 —p—a(l1+0)) and Co =1 —§ — p(2 —9).
For B, consider the double sum in (8.20) which for each pair (j,j’) contains
the product of two terms. Taking the j*® term, applying the ¢, inequality' with
r = 2 and then Lemma 6.5(iv) gives, since L, = o(n),

n; —14L,

>

mj=nj_1+1+Ly
nj71+L,,L

; nj—1 1/2
< % (axpp X o))

mj=n;_1+1+Ly pj=no

Mnj—1

Z (anmjpj - annj_lpj)

pj=no

1
nK(n)

n;—1+Ly,
j mj—mnj_1 de+1/2
< TS (e
n
mj=n;_1+1+Ly
)dat3/2 n

(nj —nj1
< et/
n

< ndet+1/2

The same bound holds for j’, so for each pair (j,j') the products are bounded by
a scale factor of order n?/k24=+3. Applying (8.22), in a similar way to (8.23) the
bound on B,, takes the form

5 n2 2(1+6) 2 n —1-6 kn kn ‘ s
Bn<<k’nk2d+3 n +/€2d+3(k> ZZ|.7_.7|
" j=1j'=1
= O(nmaxtDrDal) (8.24)

where Dy = 2(1 — pu(dy + ) — (14 0)) and Dy =1 — 6 — p(2d, + 1 —6).

It is evident that the bound in (8.24) dominates that in (8.23) for every d, < 1,
so the proof is concluded by noting that (8.16) is the bound on ¢ as a function of
w and « that ensures both D; < 0 and D; < 0. 1

In the usual way, the counterpart result for G¥', is stated for the record.

8.15 Theorem G5/, —4 =& under Assumptions 6.9 and 8.1 if, similarly to The-
orem 8.14, there exist u < 1 and « < 1 such that

— p(dy, + 1 1—2u(d, + 2
max{ u(y+2)_1, p(dy + 3)
« 1—p

} <5 O (8.25)

1Proved as SLT Theorem 2.21.
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As with Theorem 6.16, the argument is identical following substitution of the
complementary formulae, noting only that Lemma 6.6 has to be cited in place of
Lemma 6.5.

Theorems 8.14 and 8.15 are the only results to be encountered in this chapter
that may impose a positive lower bound on §. However, conditions (8.16) and
(8.25) should be viewed as no more than sufficient bounds on the amount of de-
pendence permitted and are very likely to be stronger than necessary. First, note
how the ¢, inequality was needed to bound B, in (8.20) to deal with the fact
that the squared sums include O(n?) terms, when all but O(n) of these terms are
constrained to zero in Theorems 6.16 and 6.17. Another consideration is that
the various values of ¢ specified by Assumption 8.1 (six in total) need not be
identical, whereas conditions (8.16) and (8.25) necessarily cite the largest of these,
should they differ. In spite of these qualifications, if the processes are long memory
with positive fractional parameter the conditions can be met for any é > 0, by
setting o and g close enough to 1. The necessity to constrain ¢ arises only in the
antipersistent cases where d, or d, are negative.

Taken together, all the foregoing considerations make it possible to state the
generalization of Theorem 6.10, which is most simply given as follows.

8.16 Theorem Theorem 6.10 continues to hold without Assumption 4.1 if As-
sumption 8.1 holds for ¢ such that conditions (8.16) and (8.25) are satisfied. O

8.5 Variance Formulae

The one task remaining is to generalize variance formulae (6.48) and (6.60), by a
fairly straightforward application of the type of argument leading to (8.11).

8.17 Theorem If Assumption 8.1 holds, then (6.48) is replaced by

w2 fjoo A%(t,s)ds, dy >0
E(Q(t)*) = ; (8.26)
w2 [T A*(t,s)ds, dy, <0.

Proof With ¢y, defined in (5.4), Assumption 8.1(a) implies

1 2
E(Qim) = nK(n ( Z a'nmpup>

p=—00

_ 1 Anm(p—r) — Anmp

= nK(n 2 Z Anmp <CT +QZ( -~ )’yu(r)

_ ! Z w2 +2 Z Gnm(p—r) — Gnmp .y (8.27)
RO " G

The proof is therefore completed by showing that the second term in the paren-
theses in (8.27) is of small order. Given the summability of the autocovariances,
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it suffices to show that the terms of this sum are of sufficiently small order as
n — oo, for each finite r.

Consider the case d, > 0. Define ¢ and s by the substitutions [n¢] for m and
[ns] for p. When 7 is finite a straightforward modification of the arguments leading
to Lemma 5.2, also noting an[nms) = O(K(n)), gives

an[nt]([ns]—r) — an[nﬂ [ns]
Annt][ns]
1 n—1—[nt]
K > (= s) )t = (= s)*)
(n) l:max{l—[ntLO}
- 1{s§0} ((1 —ns+ r)dw —(1— ns)dw))
n—1—[nt]

—_

@G (0 ) )
e () (025" )

=0(n™) (8.28)

noting that for fixed r, the contents of the large parentheses in the penultimate
member of (8.28) are O(1/n), for each [ of the sum.

Hence, from (8.27) and 8.1(a), noting ¢,(t) = gy,[ny and that the ~,(r) are
summable,

2 t t
w? _
E(‘]n(t)Z) = nk(n)? z : ai[nt][ns] +0(n 1) wi /700 A(t,S)QdS

— 00

as n — oo. If d, < 0 then the alternative representation of (5.5) using (5.26)
must be adopted, but a similar argument based on Lemma 5.3 yields the same
conclusion. |

The companion result for (G5, is stated as follows for completeness, the proof
being left for the reader to supply.
8.18 Theorem If Assumption 8.1 holds, then (6.60) is replaced by

{ w2 [° E*(s,t)dt, dy >0

R(H() =] T
wy [C . E*(s,t)dt, d, <0. O



Chapter 9

Frequency Domain Analysis

This chapter sets out the basics of an alternative approach to long memory analy-
sis. The frequency domain is the favoured setting for nonparametric investigations
of long memory since the parameter d can be estimated from the periodogram
without any further assumptions about functional form. These techniques are
well covered in the literature and will not be discussed here since the focus, as
before, is on modelling long memory and the convergence of partial sums to frac-
tional Brownian motion. Although the techniques of analysis are very different,
the findings match those already obtained in the time domain, highlighting the
fact that these are two complementary ways to study the same models. The mod-
elling framework is somewhat limited in scope compared to the time domain, but
some asymptotic results can be derived more easily and elegantly in the frequency
context.

The chapter draws material from [17], joint work with Nigar Hashimzade and
inspired by [11] among other sources. Other useful references include [10], [9], [73],
[61], [23], [57], and [51]. A minor issue of notation arises in this chapter, because
the frequent appearance of complex-valued terms threatens confusion with the use
of the symbol ¢ as the observation index in discrete time. The symbols ¢ and s
are therefore used in this context, with the symbol r representing a location in the
time continuum.

9.1 Harmonizable Representation

The so-called harmonizable representation (equivalently, spectral representation)
of a stationary stochastic process in the time domain assigns a distribution to
random variations at different frequencies, instead of at different points in time.
The source of the variations is taken to be a continuous, complex-valued process U :
[~7, 7] = C , where U()) for A\ € [~7, 7] denotes a process coordinate and U () is
its complex conjugate. The key feature of U is that it has orthogonal increments.
Letting d\ denote an increment of the line and dU(\) the variation of the process



9.1. HARMONIZABLE REPRESENTATION 139

over this increment, the following properties are assumed, for 0 < 02 < co:

dU(N\) = dU(—N) (9.1a)
E(dUN\) =0 (9.1b)

— o2d\, A=p
BAUMAU (W) = 0 otherwise. (6.1c)

The process is symmetric about zero apart from the switch to the complex conju-
gate according to (9.1a). The two-sided domain [—, 7] is in truth a mathematical
convenience rather than a necessity, since one or the other half of it contains all
the information about the process. Property (9.1c) implies, for the case Ay > Ay,

BWa) - U0 = 5( [ " ar(y / " W)

1 1
A2

:Uz/ d)\:Ui(AQ_)\]_). (92)
A1
A case fulfilling the conditions of (9.1) has the form U()\) = o, (A(\) +1B(\))/v2
and U(—=)) = 0,(A(\) —iB()\))/v2 for 0 < A < 7, where A and B are segments
of standard Brownian motions with A(0) = B(0) = 0. There is no explicit require-
ment in spectral theory that U be Gaussian, but a process with finite variance
that is both continuous and has independent increments must also be Gaussian.!

The role played by U in defining the distribution of a time-domain process is as
the integrator function in a stochastic Stieltjes integral. The leading example is the
harmonizable representation of a white noise time domain sequence {uq,...,uy},
with mean zero and variance o2. This is connected to U via a Fourier transform,

according to
s

1
N V2 ) n

At given time ¢, the oscillating function e selects for each A variously large and
small contributions from U, to be added to u;. In this way the function in (9.3)
contributes random variations to u; at different frequencies. The identity

/ ' AU (N) = / i e AT (N)

—T —T

AU (N), t=1,...,n. (9.3)

Ut

itA

means that under the assumptions of (9.1), u; in (9.3) and its moments are real-
valued.

The domain of X is bounded by +7 since 7 corresponds to the highest frequency
over which variations can be observed in a sample of length n. The function "
oscillates /2 times as t ranges from 1 to n, and to see higher frequencies requires
a longer sample. Similarly the lowest observable frequency, with a half-cycle over
the sample period, is A = 1/n.

1See SLT Theorem 28.21.
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The fact that {u;} in (9.3) forms an uncorrelated sequence is verified by

E(upus) = %E( /_ 7; AU (N) /_ 7; e_is“dU(u))

2 e
— & ei(t—s))\d)\
2 J_
B ol t=s (9.4)
N 0, otherwise ’

(see (B.17)). The uncorrelatedness property maps directly via the Fourier trans-
form from the uniform distribution of U over frequencies, as demonstrated by
(9.2), giving rise to form of the expectation in (9.4).

Given (9.3) as a starting point, an autocorrelated process is constructed by
inserting a (in general) complex-valued function h(\), known as a transfer function
or frequency response function, into the integral. The transfer function defines
in effect a stochastic process h(A\)U(A) for A € [—m, ], having heteroscedastic
increments and so assigning greater or lesser variations, on average, to different
frequencies. These map into different modes of autocorrelation under the Fourier
transform.

To construct the harmonizable representation of a general moving average
process z; = @(B)u; where ¢(B) is a lag polynomial of infinite order, define
the transfer function

h(\) = (e ) = Zapje*ij)‘. (9.5)
=0

Substitute from (9.3) so as to write

[eS) 1 [eS) T ‘
= - i(t—7)A
Ty = E pjur—j = —= E gaj/ e dU(N)
= V2T = _r

it
h(AN)dU (X 9.6
—= | P nav ey (96)
fort =1,...,n. Thus, in the linear framework h has the functional form of the lag
polynomial with e~* taking the place of the lag operator B. The transfer function
of a stationary ARMA (p, q) process ¢(B)x: = 0(B)u; takes the form

f(e=N)
ple™r)

More generally, any continuous function on [0, 7] can serve as a transfer function
and a popular procedure (e.g. [24]) is to specify it semiparametrically.

To quantify the mapping on the real line, the squared modulus of h with
suitable scaling factors defines the spectral density of the process,

h(\) = (9.7)

FO) = ZE RO, (95)
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Adapting the manipulation of (9.4), application of identity (B.2) of Appendix B
gives the autocovariances as

T

Ui i
S A L

—T

= 2/7r FA) cos(kA)dA, £=0,1,2,... (9.9)
0

The better-known spectral density formula
foy=Jo 1 i’y - cos jA (9.10)
2r  w = J
can be deduced by substituting it into (9.9) and using solution (B.18) to produce
T ~ 1 o0
0 .
2/0 (%—i-; j;% cos(j)\)> cos(kA)dA

Yo " 2 N .
=— cos(kA)dA + -~ Zvj /0 cos(jA) cos(kA)dA

0 =1
= Vk-

For the linear moving average case in particular, (9.5) and (B.2) produce the
expansion

oo (o) oo
OV = ol ol = 3 4237 (S gy ooskh 1)
3=0 k=1 \j=0
Formulae (9.8) and (9.10) then give
T =0 Z PiPitk
=0

providing an alternative derivation of (1.6).

9.2 The Fractional Model

The simplest case of long memory in this framework is the fractionally integrated
moving average, having transfer function

= bjeV =(1—e) (9.12)
7=0

where b; = I'(d + j)/(T'(d)T'(j + 1)) as in (1.12) and the second equality is ob-
tained by applying the generalized binomial expansion in (1.8). For this example
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the spectral density has the alternative forms (with the benefit of trigonometric
identities (B.2) and (B.9))

2

on —ix|—2d on - oy
fN) = %H —e T = 2d+17r(1 —cos\) "% = = Jadris (sin\/2)72%  (9.13)

In view of the fact that (2sin A\/2)2 = |A\|2 + O(|A\|*), |h(N\)]? is approximated by
|A|72¢ at low frequencies with || close to zero. If d > 0, f diverges at the origin,
a phenomenon characterizing all long memory processes having the properties
described in Chapter 1. When d < 0 on the other hand, f(0) = 0, which is the
spectral property characterizing antipersistence. By contrast, weakly dependent
processes have spectral densities that are bounded at the origin and also, except
in the antipersistent case, bounded away from zero at the origin.

The estimation of the spectral density is a central topic in time series analysis,
but it is important not to lose sight of the fact that it measures only one aspect of
a dynamic process. The model in (9.6) is said to be causal, because z; reflects the
arrow of time in being driven by present and past shocks while it is independent of
future shocks. Contrast (9.12) with a non-causal, forward-looking moving average
in which b; =T'(d+75)/(I'(d)'(1+7)) is the coefficient of u;; for each j > 0, while
the coefficient of u;_; is zero. The transfer function for this model is (1 — el*)~¢
and the spectral density is also (9.13).

More dramatically, consider a symmetric two-sided moving average model (also

non-causal)
o0
E b,tut,k

k=—o00

where b} =b*, = Zjoio bjbi4;. Calling the transfer function of this model ~*(X),
it can be verified (compare (9.11)) that

Z b* kX _ 71/\)b(ei>‘) _ ‘h(/\) 2.

k=—o0

In particular, in the fractionally integrated case with parameter d/2 so that b; =
I(d/2435)/(D(d/2)T(5 4+ 1)), (9.12) gives

h*(A) _ (1 _ e—i)\)—d/Q(l _ ei)\)—d/Q _ |1 - e_i)\|_d

The spectral density of this model is also identical with (9.13). In this case the
transfer function is real, not complex, which is always the case with time-symmetric
models, but this information is lost in taking the modulus.

The implication of these examples is that spectral densities contain no infor-
mation about time ordering and directions of causation. However, one very useful
feature of f(A) is the connection via (9.9) to the autocovariance sequence, which
is likewise invariant to the direction of causality. Here, for the case of (9.12), is
the harmonic counterpart of the time domain derivation of +y,, in Theorem 1.3.
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9.1 Theorem If b; =I'(d + j)/(T'(d)['(j 4+ 1)) in (9.6) with |d| < 3
5 T'(1—2d)T(d + k) sin 7rd

kTP —d+ k) 7 (9.14)
Proof Inserting (9.13) into formula (9.9) gives
o [T
Ve = 22:7r/0 (sin A/2) 72 cos(kN)dA. (9.15)

The integral solution in (B.19) with x = A/2, v = 1 —2d, and a = 2k, using (B.14)
and also noting cos(k7w) = (—1)* for integer k by (B.4), produces

- (2 — 2d)(—1)*

/O (sin A/2) 2% cos(kA)dA = 272d(1 —2d)T(1 —d+ K)T(1 —d—k)
T —2d)T(d+k) .
T2 —dt k)

nd. (9.16)

Here, the second equality uses (B.13), (B.15), and then (B.5). The proof is com-
pleted by substituting (9.16) into (9.15). B

9.3 The Partial Sum Process

The normalized partial sum of the fractional process defined by (9.12) has harmo-
nizable representation as follows, after substituting from (9.6) and resolving the
sum of the terms e** as a geometric series.

[nr]
Xn(r) nd+1/2 Zwt

7 [nr]

nd+1\/2ﬂ'/n /T{'t 7

i([nr]+1)X _ ei)\

nd+1\/m /77r (1

The question of interest is, how should this formulation behave as the sample size
increases, to complement the time domain device of mapping integer dates into a
continuum? The trick is to make a change of variable in the integral from A to
A/n. The function ¥/ oscillates just half a cycle as t ranges from 1 to n, and
changing the range of the integral from [—m, 7] to [—nm, n7] extends the domain of
U to accommodate the higher frequencies observable as n increases. Letting X (r)
denote the limiting case of X,,(r), this is found heuristically as follows, making
the change of variable in (9.17), rearranging, and letting n — oc.

1t)\ 7i)\)7ddU()\).

—e M 7AqU (). (9.17)

i([nr]+1)X/n _ i)\/n (1 _ efi)\/n)fd

V2 /—nﬂ el)\/n - ) nd

X, (r) AU ()
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[es} ei)xr _
LX) = \/12_77 /_ = Lin-dau(n). (9.18)

This argument does not amount to a proof of weak convergence, but the limit
formula shows the harmonizable representation of fractional Brownian motion. If
U is Gaussian, such proofs do not involve a central limit theorem as such and
are a matter of showing uniform tightness of the sequence of measures and Lo-
convergence of the increments.

The spectral density of this continuous-time process is 02| \|~2¢/27. Just as the
generalized binomial form (1.12) is not the only model that converges to (2.1), so
the limit in (9.18) features a transfer function that is common to all long memory
models in the neighbourhood of zero, not only (9.12). However, to show convinc-
ingly that (9.18) is indeed the harmonizable representation of (2.1), it needs at
least to be shown that the increment variances match as functions of d, apart from
possible scale factors. This is done as follows.

9.2 Theorem If X is the limit process having the harmonizable representation
in (9.18) with |d| < 3,

oYy
E(X(r+0) — X(r)* = mﬁd“ (9.19)
where Y4 is defined in (2.6).

Proof Using (9.18), (9.4), (B.2), and (B.9),

oo eiAd
E(X(r+6) - X(r))* = iE(/ e 5 1(iA)‘ddU(>\)

27 oo
> —i re_iué -1, —d
x| e ————(=ip)""dU(n)

— oo —1/
‘73 Y 20y |—2d—2
:-/ 6 _ 1272424
™ Jo
40.2 e}
= sin?(A6/2)A 7247 2d. (9.20)
0

Setting 4 = —2d — 1 and a = §/2 in (B.21), also noting that cos(—wd — 7/2) =
—sin(wd) by (B.6), yields the result

—2d — 1) sin(wd)§24H1
2

7_(_52d+1

~ 4T(2d + 2) cos(wd) (9:21)

/ sin?(A6/2)A 724724\ = I(
0

where the second equality applies successively (B.15) with z = —2d—1, then (B.8),
(B.6), and (B.7). Substituting into (9.20) gives

0_352(1-‘,-1

I'(2d + 2) cos(wd)

E(X(r+40)—X(r)?*= ] (9.22)
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Applying (2.13) to (9.22) shows that this expression matches (9.19) when Y is
given by (2.6). Alternatively, a direct match is found using formula (2.15). Re-
markably, the time domain formula in (2.4) appears at no stage in this derivation.

Comparing (9.19) with Theorem 2.2, the formulae differ by the factor 1/I'(d+
1)2 whose role is to cancel the numerator of (2.15). The customary division by
I'(d + 1) of the formula in (2.1) can be understood as done to have the moments
of the time-domain and harmonizable representations of the model agree, but
as remarked on page 23, its inclusion is at root a matter of how to define the
moving average coefficients. The factor appears in the denominator of (1.12) which
matches the model whose transfer function appears in (9.12). If 1/I'(d) were to
be replaced by d in the latter formula, the denominator in (9.19) would disappear.
It is difficult to pinpoint a reason to prefer one or other normalization. There is
economy of notation on the one hand, but on the other hand there is the aesthetic
appeal of the classic fractional model (1.12), based on the generalized binomial
expansion.

A more significant difference between the representations is to be found in
the comparison of Corollary 2.8 and Theorem 2.10. The harmonic framework
cannot accommodate a nonparametric dependence setup of the type captured by
Assumption 1.2(b). Short-run dynamics can enter only via the transfer function.
For example, the process defined in (1.25) has h()\) = (1 — e *)~99(e~'*). Par-
alleling the development in (9.17) and (9.18), since f(e™*/") — 0(1) as n — oo
when the lag coefficients are summable, when z; = (1 — B)~%0(B)u; with u; from
(9.3) the limiting case of the partial sum process as n — oo is found as

[nr]

1 1)\7‘ _ 4
Xn(r) = nd+1/2 th — X(r m/ ; (AU (A).

Similarly to what was shown in Theorem 1.4, the only effect of the weakly depen-
dent shocks on the limit distribution is the possible change of scale.

9.4 Covariance Analysis

The next step is to study the relationships between different fractional processes.
Consider a pair of frequency-domain processes U and W satisfying (9.1), with
respective variances 02 and o2 and the additional condition

_ Cuwd), A=p
E(dU\)dW (n)) = { (9.23)

0, otherwise

where 0, is the covariance linking these variables. (Needless to say, there is
no connection between this usage of the symbols U and W with that in §5.3.)
Further suppose that X and Y are fractional Brownian motions with harmonic

representations
1)\7' _
X(r) , )%= dU (A 9.24
-—= | St (929




146 FREQUENCY DOMAIN ANALYSIS

and

1 o0 glpr 1
V()= o= / )W (9.25)

for r € [0,1], as in (9.18).

The covariance of contemporaneous increments is found by a variation of The-
orem 9.2 with an additional trick based on two useful identities. Since e™/2 = i
and e '™/2 = i it follows that

(i)\)id _ ‘)\|7defi7rdsgn()\)/2 (926)

and )
(*i)\)id _ |)\‘7demdsgn()\)/2 (927)

where sgn()\) denotes the sign of A either +1 or —1.

9.3 Theorem If |d,| < 3 and |d,| < 3,

o CoS\T\dy — Yy Aoty
E(X(r+8)~X(r)Y ((r+6)-Y(r))) = F(ZZ + d(y id2) coi(zr/(il)j+ dy)/2)’

(9.28)
Proof Using (9.4) and then (B.2) and (B.9) in the final equality,
EX(r+48)—X(r)Y((r+40)—Y(r)))

1 oo iA(S_l
:—E( / A (i) AU ()

27 oo i
e | —
X / e_wﬁ(—iu)‘d”dW(uo
— 0o
_ U;;u / |ei,\5 _ 1|2|>\|fdrdy*%*iwsgn(/\)(dz*dy)/?d)\
_ a;w (e7im(de=dy)/2 | gim(du—dy)/2) /OOO 60— 1)2A~de 2 )
40y

— cos(m(dy, — dy)/2) /O h sin?(A6/2)A "% "2\, (9.29)

The integral in (9.29) is identical with that of the univariate case in (9.21), except
for the replacement of 2d by d, + d,,. 1
It will not escape notice that formula (9.28) can also be written as

Uuszy5d$+dy+1
F(d;p + 1)F(dy + 1)

where T, is defined in (4.34) and also in (2.53), and so matches the formula in
(2.52) apart from the choice of normalization discussed in the previous section.
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9.5 Stochastic Integral

The next result, for comparison with the time domain calculation leading to (4.22),
is the expected value of the stochastic integral of X with respect to Y. The
differential increment of Y is found from the harmonic representation (9.25) as

1 o 8 elhr — 1
\/27r i
e (ip) AW (p)dr

v (r) = (ipg) =AW (p)dr

Teaming this formula with (9.24) and forming the integral with respect to time

gives
1 1 1 00 el)\r_
XdY = — da
/0 d 2W/O (/_m ()T ()

< / h e_i‘”(—iu)_dydW(u)>dr.

—00

Substituting from (9.26) and (9.27) and applying (9.23), the expected value of this
random variable has the form

E< / XdY) T / / Lo \)\| de=dy (imsan(Ndy =d=)/2)q \dr.,

(9.31)

9.4 Theorem If |d,| < 1, |d,| < %, and d, + d, > 0,

! (1 —d, —dy,)sinmd
E( [ XdY) = ouw z Ty v_. 9.32
</0 > T T+ de + dy)(dy + ) (6.32)

Proof To evaluate the double integral in (9.31), first make a change of variable
v =MAr. Since 0 < r < 1, sgn(A) = sgn(v) and (9.31) factorizes into two integrals,
where the second one can be split into positive and negative regions over which
sgn(v) is constant. Thus,

1 1 00 —iv
E(/ XdY) :Uﬂ/ wa+dydr/ i‘v‘ do—dyy o~ imsgn(v) (da—dy) /2
0 2 Jo U U7}

—_ Ouww  ( —in(de—dy)/2 im(de—dy)/2 ]
O el (e V2] 4o v J) (9.33)

—iv

=1—cosv +isinv from (B.1),

[e’e] 1— —iv
J:/ —_— ] =%~ dy
0 1

where, since 1 —e

v

Y l—cosvd n > sinw d
= —1 ——av v.
,  vltdetdy ,  vlTdetdy
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To resolve the first term of J, first apply (B.9) and then (B.21) with p = —d, —d,
and a = £, followed by (B.15) and (B.8), to get successively

%1 —cosv > sin?(v/2)
/o ol Tdotd, dv = 2/0 oltdatd, dv
= —TI'(—d; — dy) cos(m(d, + dy)/2)
T

- 2I'(1 + d, + dy) sin(w(dy + dy)/2) (9.34)

For the second term of J, (B.20) with p = —d, — d, and a = 1, then (B.15) and
(B.8), give

/Oo Si&dv =TI'(=dy — dy) sin(n(—dy — dy)/2)
0

pltdetdy

= W+ s+ dy) cos(m(dy +dy)/2) (9:35)

Gathering the terms (9.34) and (9.35) under a common denominator and applying
(B.1) and (B.8) yields
ieim(detdy) /2

J = .
I'(1+dy + dy) sin(m(d, +dy))

Then, with the further assistance of (B.3), (B.15), and (B.13),

—i(el™y — e7imdy) 1
I'(1+d, +dy)sin(n(dy + dy))
_ 27 sin(nd,,)
- (1 +d, +d,)sin(r(d, +d,))
(1 —d, — d)T(d, + d,) sinwd,
B r(l+d,+dy)
2I'(1 — dy — dy) sinwd,

- oy . (9.36)

e—iTr(dT,—dy)/QJ + eiﬂ'(d,,—dy)/Zj —

Finally, on substituting (9.36) into (9.33) the result is (9.32). 1

As expected, the formula in (9.32) matches A,y in (4.22) apart from scale factors
I'(dy + 1) and T'(dy + 1) whose role has been discussed. Theorems 9.1, 9.2, 9.3,
and 9.4 all reproduce the corresponding formulae obtained for the time-domain
representation of the fractional process, showing that (2.1) and (9.4) really are
alternative representations of the same model. Nonetheless, a comparison of the
proofs of Theorems 9.4 and 4.5 is an intriguing exercise, to say the least.



Chapter 10

Autoregressive Roots near
Unity

Thinking of the fractional process in its partial-sum manifestation as providing
a way of embedding the unit root within a more general class of nonstation-
ary processes, it merits comparison with another model class that gives rise to
Ornstein-Uhlenbeck processes in the limit instead of fractional Brownian motions.
What is different about the near-unit root approach is that an array framework is
essential. The concept of ‘close to unity’ is linked to sample size, the limit results
being obtained by considering an autoregressive coefficient whose proximity to
unity depends on n. Unlike the fractional case, there exist no stationary processes
whose normalized partial sums can give rise to the asymptotic limits obtained
in this theory. The theory does not so much point to an alternative modelling
methodology as to attempt to throw light on the transition between the unit root
case and the stable root or mildly explosive root cases of autoregressive models.
This chapter is inspired mainly by a seminal paper of Peter Phillips [53]. Related
references include among many others [54], [12], [58], and most recently [55].

10.1 Generalizing Unit Roots

Let /3 be a fixed parameter, define b,,; = e~#7/™ and let the shock sequence {u;}?* ,
satisfy Assumption 1.1. For each n € N consider the triangular moving average
array

i—1
Tnj :anjui—j, 1= 13""”' (101)
7=0

With x,9 = 0 the process has the autoregressive representation
T Ze_ﬁ/n"lin,i_l +u,t=1,...,n (102)

where e #/" = 1 — B/n 4+ O(n=?), so that when n is large this is the unit root
model with a small-order adjustment.
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In the case with 8 = 0, which is exactly the unit root process, n’l/z:rn[m] —dq
ouB(t) for t € [0,1], where B is regular Brownian motion. The case § # 0
models a situation in which the autoregressive root, while not unity, is close enough
that the process still diverges like n'/2. After normalization the limit process,
unlike Brownian motion, has dependent increments. With § > 0, as n — oo
the distribution is eventually stationary and independent of initial conditions.
By contrast, the ‘local to unity’ fractional process (partial sum of a stationary
fractional with parameter d < %) diverges like n!/2+?. After normalization the
corresponding limit process (2.1) also has dependent increments but, like Brownian
motion, is nonstationary. The three classes of model therefore offer a notable
contrast of limit properties.

10.2 The Covariance Function

It will be useful in the sequel to generalize the sequences in (10.1) to the form
{Zni,i=1,...,[nt]} for any ¢t > 0. The case ¢t > 1 is important since it allows the
asymptotic analysis to extend to continuous-time processes defined on the positive
half-line. Letting j = [nt] — ¢, the substitution e'Bj/"u[m],j = ePntl=)/ny, ig
convenient for defining the normalized continuous time cadlag process

—/3[nt]/n [nt]

_ m”[”t] eﬁz/n )
X, (t) o 7 Z (10.3)

10.1 Theorem Under Assumption 1.1,

—Blt=s| _ q=Blt+s)
lim E(X, () Xn(s)) = 022 ¢ .

lim 2 % (10.4)

Proof First consider the variance, setting s = ¢. By Assumption 1.1, X,,(¢) is a
sum of [nt] independent increments and the variance is

[nt]

2
E(X,(t)?) = Tt 20lmil/n N g26i/n, (10.5)

n :
i=1

Expressing e2#/™ in power series form as Yy (23i/n)*/k! and substituting the
integral approximation formula

[nt] k+1

S (/) = 1 +0/)

=1

for each k > 0, (10.5) can be written as

[nt]

o? ad i/n)k
B(Xn(1)?) = e 2/ Z(Z Eh )

k=0



10.3. WEAK CONVERGENCE 151

—QBt o 2Bt k:—‘,—l

~%uTop Z Gror T oa/m

51— e_zﬁt
~ o3y + Ol1/n). (10.6)

In the same way, under Assumption 1.1,

[nt] [ns]

B0 (5) = L0130/ 3§ 0
i=1 j=1
o2 [nmin{t,s}]
:_ue—,B([nt]-i-[ns])/n Z eQBi/n

n
i=1

o e U X (28 minft, s})F !
=0

“TRE & (k+Dt oit/n)
—B(t+s) )
_ Jze Qﬂ (62,8 min{t,s} 1) + O(]./TL)

The limit (10.4) follows noting that

2min{t, s} —t —s=—|t —s|. | (10.7)

10.3 Weak Convergence

The limit in (10.4) specifies the covariance function of the Gaussian stochastic
process 0,Jg : [0,00) — R where

t
Ta(t) = / B1-94B(¢) (10.8)
0
and B is standard Brownian motion. Thus,
min{t,s} —B(t+s) ]
E(J3(t)Js(s)) = e A+ / e?de = GT(ewmm{tﬁs} ~1). (10.9)
0

If B> 0, it is easily seen in view of (10.7) that as min{¢, s} — oo,
o—Blt—s|
26

The limiting case of the variance is therefore simply 1/28. When ¢t and s are
sufficiently large the covariance function depends on |t — s| but not on ¢ or s and
the limit process is accordingly stationary.

E(J(t)Js(s)) —

(10.10)
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It is similarly not difficult to verify that e #1*=5/ /23 is the covariance function
of the stationary stochastic process

o—Bt
J5(t) = —=DB(e*). 10.11
30 = S B (10.11)
When 8 > 0, Jg(t) and J5(t) are equivalent Gaussian processes when ¢ is large
enough, although distinct when ¢ is small with covariance functions (10.9) and
(10.10) respectively. Jjs is the so-called Ornstein-Uhlenbeck process, formally de-
fined as the solution of the stochastic differential equation

dJs(t) = —BJs(t) + dB(2). (10.12)

The limit process is also well defined for the case § < 0 since none of these
results depend on the sign of 8 except for the asymptotic stationarity just noted.
The limit formulae in (10.6) and (10.4) as n — oo continue to apply, but instead
of the variance converging to the finite limit of 02 /23 as t — oo, it diverges. The
finite-n autoregression in (10.2) has a mildly explosive root in this case.

The next question to be resolved is the link between (10.8) and the empirical
process (10.2). Consider the stochastic process

¢?*B(s): [0,t] — R

where as before B denotes Brownian motion on the positive half-line. An increment
of this product has the form

d(e”*B(s)) = Be’*B(s)ds + e’*dB(s).

Integrating from 0 to ¢ given B(0) = 0 yields the integration-by-parts formulation

P B(t) = 6/t e?*B(s)ds + /t e?*dB(s).
0 0

Multiplying by e™#* and rearranging gives for Js in (10.8) the relation

Js(t) = B(t) — ﬁ/ot e #=9)B(s)ds. (10.13)

Thus, Jg with 3 > 0 can be viewed as the sum of a Brownian motion and a
negatively signed bias term based on an average of its recent past variations tending
to push the process in the direction of mean reversion, the characteristic that is
also evident from the form of (10.12).

To show that o, J3 is indeed the weak limit of X, in (10.3) consider the element
W, of the space of cadlag processes on [0, 00), where

[nt

]
W, (t) = % Z u;. (10.14)
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Under Assumption 1.1, Theorem 3.2 with d = 0 (for example) is an FCLT for a
unit root process that generalizes straightforwardly from the unit interval to the
case of [0,¢]. This gives

W, % o.B (10.15)

where B is Brownian motion on the positive half-line. Noting W;,(0) = 0 and
W, (i/n) — Wy ((i — 1)/n) = n~'/?u;, write the telescoping sum representation

[nt]
S (1) = 3 (7MW (ifn) — PGV W (- 1)/m))
i=1
1 [nt] [nt]

:—Zeﬁl/”u + ( ’8/”— Ze =D/nw, ((i —1)/n). (10.16)

The first right-hand side sum of (10.16) is e’"11/" X, (t) according to (10.3). Con-
sidering the second sum, ¢®/" — 1 = 8/n + O(1/n?). Since W, is a step function
with W,,(s) = W,,(i/n) when i/n < s < (i +1)/n,

1 [nt] [nt]—1 (i+1)/n
—z:efe(z D/rw, (G —1)/n) = Z P ( /n)/ ds
_ / P W (s)ds + O(1/n). (10.17)
0

Substituting (10.17) into (10.16) and rearranging yields the relation
¢
Xo(t) = Wo(t) — 8 / =BT ($)ds + O(1/n). (10.18)
0

This is the finite-sample counterpart of (10.13). These arguments strongly indi-
cate that the process X,,(¢) has a Gaussian weak limit. Since Jg in (10.13) is a
continuous functional of B, the following theorem is a consequence of (10.18) and
the continuous mapping theorem.!

10.2 Theorem If W,, —4 0, B then X,, —q4 0,Jg. O

However, it is also of interest to pursue direct arguments for the FCLT, of the
type of used in Theorem 3.2. There is the same kind of problem here as was found
with fractional processes, that X,, is not a simple cumulation of shocks since the
moving average coefficients depend on ¢ as well as the shock date :. However, for
any fixed ¢, X,,(¢) is a linear function of shocks with nonsummable coefficients, so
that a CLT can operate. The important steps in the following sketch proof have
been worked out in detail in Theorem 3.2 and it suffices here to reproduce them
briefly.

1See SLT Theorem 29.4.
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10.3 Theorem Under Assumption 1.1, X,, —q 0, J3.
Proof (Outline) Consider the conditions of Lemma 3.4. Setting
ni = n~ Y2 Aln=0/n — O(p=1/2) (10.19)

it is verified in the same way using Theorem A.4 that

n

D B ey 5e)) = o(n'TT/?)

i=1
for € > 0, so the Lindeberg condition is satisfied. Under the assumptions this
means in view of (10.6) that X, (t) —a N(0,02(1 — e=25*)/23) for each t > 0.
Subject to almost sure continuity, the process X,, /o, has a limit with character-
istics matching (10.8).

To show uniform tightness, the main requirement is that the collection

(Xn(8) — X, (t))?
{t<§glt)+§ v2(t,9) NOES N} (10.20)

is uniformly integrable for all 0 < § < 1 and ¢t € [0,1 — §], where v2(t,6) =
E(X,(t+6) — X,.(2))%. Write

[ns]

1

X?L(S) - Xn(t) = 1_/2 Z e—ﬁ([ns]—i)/nui
i=[nt]+1
| | |
+ 7z (e—ﬁ([ns]—z)/n _ e—ﬁ([nt]—l)/n)Ui
=1

= Yin(s,t) + Yo, (s, ).

The squares of these two sums may be considered separately, according to Theorem
A.7.

In the case of Yj,,, direct application of Theorem A.5 is not possible for the
reasons encountered in Lemma 3.6, that the moving average is not a simple partial
sum. In this case the solution is to consider the partial sum process

[ns]

1 .
leﬁjn,(sat) = — Z eﬁ([”(t+5)]—l)/nui'

ni/2
i=[nt]+1
The moving average coefficients e®("(t+)I=D/n for j = [nt] +1,..., [n(t 4 §)] can
be written (with order inverted) as the collection
{1,68/m,e28/m . ln(+o)=n]=1)/nY, (10.21)

This does not depend on s and all the elements appear in the terminal coordinate
of the process Y7*, (t 4 0,t). With

LG ‘
vfn(t,é):g D e 2ol n (10.22)
i=[nt]+1
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the collection {sup,« < 5 Y7, (s,t)?/v3,(t,6),n € N} satisfies the conditions of
Theorem A.5. This holds under any permutation p of the moving average weights
in (10.21). Let the version of Y7;, with weights so permuted be denoted Y7}, ,. For
any n there exists a permutation, say p};, for which

Y; )2 Y . (s, t)?
sup Yin(s, )" < sup 71"17”( Y

10.23
t<s<t+d U%n(t75) T i<s<t46 U%n(t’é) ( )

The majorants of (10.23) for n € N form a uniformly integrable collection by
Theorem A.5, and this property extends to the collection of the minorants of the
inequality, by Theorem A.6.

The term Y5, (s,t) is not a partial sum over s and can be dealt with similarly
to its counterpart in the proof of Lemma 3.6. With

1 [nt] ‘ ‘
2 _ = —B(n(t+8)]—i)/n _ o—B([nt]—i)/ny2
v (t,0) = — ;(e e ) (10.24)
notice that v3, (t,t—s) < v, (t,d) for every s. The collections {Ya,(s,t)%/v3,(t,9),
n € N} are uniformly integrable by Theorem A.5 and Theorem A.6 for each
s € [t,t 4 0] and hence in particular for the supremum with respect to s.
According to (10.22) v%, (t,8) = O(J), being the sum of [n(t+§)] — [nt] positive
terms, all below 1 and divided by n. Also, according to (10.24), v3, (¢,9) is a sum
of [nt] terms divided by n and the terms have the form

(e—ﬁ([wL(t+6)]—i)/n _ e—ﬁ([nt]—i)/n)Q _ 0(62)
Since v2(t,8) = v}, (t,8)+v3,(t,9), the uniform integrability of (10.20) now follows

by Theorem A.7 and the uniform tightness proof is completed by an application
of Lemma 3.8 with L=0,U =1and d=0. 1

10.4 Stochastic Integral

Applying a telescoping sum argument to the squares of the process leads to another
interesting asymptotic relation. Recalling that x,; = e #¥/» Sy ePk/muyy,, let
Zni = €P/"z, . and so note that

ZTQLi = Z?L,i—l + ewi/nU? + 2eﬁi/nzn,i—1ui- (10.25)
Substituting from (10.25) for z2; — 22 ; | produces
2 2 —26i/n 2 —26(i—1)/n 2
Tpi — Tpi—1 =€ ﬁl/nzni —¢ Bl )/nzn,i_

— e—2,8i/n(1 _ eQﬁ/n)Zii + e—2[3(i—1)/n(22' _ 2’2 )

ni n,i—1
_ ef2ﬁi/n(1 o eQB/n)Zr%i + 672B(i71)/n(e2ﬁi/nu? + QGﬁi/nzn,iflui)

= (1 —e?/m)z2, 4 e¥/my2 4 268 g, i .
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Given (10.3) and that z,9 = 0, the telescoping sum therefore has the form

Xﬂ(l)zz—:_z nzl

1 1 ¢
— 2,3/77, Z 2 26/“;;'”12—|—2eﬁ/n;;$n,i—lui' (1026)

Consider the terms of this equality. X,,(1)*> —q 02.J3(1)? by Theorem 10.3 and
the continuous mapping theorem. Applying a standard manipulation from unit
root theory,? Theorem 10.3 also gives

1 n
A ZX2 i/n) = Z/ X (i/n)dt S o2 / J3(t)dt.
i=1 (i—1)/n

Next, with W,, defined in (10.14), write AW, (i/n) = W, (i/n+1/n) —= W, (i/n) =

n~?u;, 1 so that
1 n n—1 1
= wniaui =Y Xu(i/n)AW,(i/n) 4 o / Js(t)dB(t)
nia i=0 0

where the indicated limit is an It6 integral with respect to Brownian motion, having
zero mean.® Finally, applying the law of large numbers to the sequence u? and
noting e#/™ — 1 and n(1l —e28/ ") — —28, after dividing by 02 and rearrangement,
as n — oo the almost sure limiting form of the relation in (10.26) is

/0 Ja(t)dB(t) = 3 (Js(1) +ﬁ/ Js(t) (10.27)

In one sense, this expression might be viewed as generalizing to 8 # 0 the
well-known property of Brownian motions, that fol BdB = %(B(l)2 — 1) with
probability 1. However, the true generalization has the form

1
/ JadJs = (J5(1)% — 1). (10.28)
0
To verify this claim consider the increment of (10.3),

o~ B(ntl+1)/n MH1 —Bnt)/n 1]

AX,(t) = —im Z &P/, — Zeﬁl/”

~Blnt)/n []
_ Ulnt]+1 —B/n 6 ,Bz/n
T Tz + (e - SV Ze

2Compare SLT Theorem 32.2.

3Section 32.2 of SLT gives technical details on this convergence.
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= AW, (t) — 5%Xn(t) +0(n7?). (10.29)
Multiply (10.29) by X,,(¢) to give
Xu(H)AX (1) = X)) AW, (£) — = X2(1) + O(n™?)

and then integrate with respect to ¢ over [0,1]. By arguments of the kind detailed
above, the normalized limiting relation as n — oo has the form

1 1 1
/ Js(t)dJs(t) = / Js(t)dB(t) — B / J5(t)dt (10.30)
0 0 0

where the right-hand side of the equation can be taken as defining the left-hand
side. This calculation shows that (10.30) is not an Ito integral and has a nonzero
mean whose sign depends on . That this is negative when 5 > 0 is a further
indication of the mean-reversion tendency of the Ornstein-Uhlenbeck process.

10.5 Autocorrelated Shocks

This chapter has so far invoked Assumption 1.1 on the usual grounds of clarity and
simplicity, but it would not be difficult to extend the weak convergence argument
to Assumption 1.2, using Lemma 3.14 as the model to modify Theorem 10.3.
The conditions of Assumption 3.9 are easily verified for the ¢,; in (10.19).

However, extending Theorem 10.1 to autocorrelated shock processes is com-
plicated in much the same way that going from Corollary 2.8 to Theorem 2.10
proved non-trivial. The next result extends Theorem 10.1 to weakly dependent
shocks, although for the case of the variance only. The counterpart of (10.4) with
the replacement of 02 by w? can be obtained in the same way, with some further
notational overhead that the reader can supply as desired.

10.4 Theorem If Assumption 1.2 holds for w; in (10.3) then

1— e 20t
lim B(X,(t)?) = w2 ————

t>0.
n—oo u 25 ’ -

Proof Choose a monotone integer sequence {B, € N} such that B, — oo but
B,/n — 0 as n — oo, and put r, = [nt/B,] for t € (0,1] whenever n is large
enough that r, > 1. Assume for convenience that ¢ takes a value such that
[nt] = r,, B,,. This is harmless since by taking n large enough, every ¢ can be made
arbitrarily close to a value obeying the restriction.

Then, (10.3) can be written as

1 JBn

/2
Bnt]/n Bi/n,, .
e Xn(t) = n1/2 1/2 E ( 1/2 E e uz). (10.31)

=(j—1)Bn+1
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Define a¥ = e #B»/" — 1 and

oBi/n _ oBiBn/n

e — B(i—jBn)/n _
(nji BiB/m e 1

The r,, bracketed terms in (10.31) can then be decomposed as

.jBn
73 Z Py, = efiBning 4 eﬁjB"/"a;iS;;j (10.32)
B im (G B
where
1 JBn
Sui=—im D, W
ni=(j—1)Bn+1
and "
o 1 iBn Gnji
nj = gl o

n o i=(j—1)B,+1 "

The signs of a,;; and a;, depend on that of 3, but always match since 7 < jB,, so
their ratio is positive in every case and 0 < a,j;/a;, < 1.

With these definitions, consider e??["1/"E(X?2(t)). Multiplying out the square
of (10.31) after substituting (10.32), there are three types of summand: those
involving squares and products of the S,; and those involving squares and products
of the Sy, in each case contributing r2 terms; and those involving products of S
with S,,; contributing 2r2 terms).

The sum of the first type has the form

[ ]1/2 Tn 8B, /n 2 B [’]’Lt]
E i’z r, Z Snj _T(T1n+2T2n) (10.33)
where
1 & 02B3Bn/n 2
Tl":E.Z jBn/ E(S2))
j=1
and
Tn J—1
Tn — BjBn/n (7—m B"/nE Sn S'n, .
= Ze P (SniSns-m)

Since E(S72;) — w? as n — oo for all j and r, B, /n — t,

—1
26t

Also, Ty, = O(n~?) in view of the fact that |E(S,,;Sn j—m)| = O(m~179B;°) for
all j under Assumption 1.2, according to the calculation in (2.60).

1
Tip — w2 / Py = Wi —— e (10.34)
0
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Considering the terms of the second type, E(S’:ﬁ) = O(1), since this is true of
E(Sflj). These are quadratic forms with respect to the same matrix of expected
products, with weights that are unity in the latter case and drawn from the interval
[0,1] in the former case. Since |a%| = [e™#/™ — 1| = O(r;; 1), it follows that

1S~ g,
- ZeQﬁJB"/”aZQE(S,*L?) =0(r;?).
n i

The contribution of the cross-product terms is also of small order by the same
reasoning as for the S,;. Finally, [E(S,;S;;;)| = O(1) by similar reasoning so the
contemporaneous products of the third type are bounded by

1 S * * —

with a similar conclusion for the cross-products. All the components involving the
S, therefore vanish asymptotically. The theorem follows by (10.33), (10.34) and
(10.31). n
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Appendix: Useful Results

This appendix proves some results that do not relate explicitly to the fractional
model but turn out to be useful, in particular for establishing various steps in the
proof of the fractional FCLT. First, here are two well-known identities relating to
a random variable X and constants @ > 0 and > 0.!

A.1 Theorem E(|X|*1{x|<z}) = a/ I P(IX| > €)de — 2°P(|X| > x). O
0

A.2 Corollary E(|X\a):a/ EIP(IX| > 6)de. O
0

The first follows easily, applying integration by parts after writing P(|X| > z) =
1—F(z) where F'is the c.d.f. of X. The second one shows the case x = co making
use of 2 =a [ e

A.3 Lemma For a random variable X, L,.-boundedness implies
P(IX]>n) = O(n"log(n)~'7") (A.1)
for > 0.

Proof Corollary A.2 with a = 1 gives the equality E(|X|) = [[* P(|X| > £)d¢.
Applied to the case | X|", this means that

oo
BXP) = [ POXT > ¢)de. (A2)
0
L.-boundedness implies integrability on the right hand side so that
P(IX]" > &) = 0(¢ og(§)~'7")

as £ — oo, from which (A.1) follows on setting n = S |

IThese are proved in SLT as Theorem 9.21 and Corollary 9.22, respectively.
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A.4 Theorem If a random variable X is L,-bounded for r > 2 then as n — oo,
E(X21{|X\>77}) = 0(772—7“)- O (A3)
Proof Begin by writing
B(X*1(xp>ny) = B(X?) = B(X*1{x)<p)

2 T eP(IX| > €)de + P P(X] > 1) (A.4)

where the second equality is got by applying Corollary A.2 and Theorem A.1
with a = 2.

For clarity the cases r > 2 and r = 2 are treated separately. In the first case,
Lemma A.3 implies that " P(|X| > n) = O(log(n)~*~#) as n — oo. Hence, when
7 is large enough, £ > n implies

§P(IX[>¢) <n"P(X|>n). (A.5)
Multiplying through (A.5) by & 17" and integrating both sides from 7 to co produces
the inequality
[ erx1>gac <wrpx| =) [ ¢
n n

= P P(X| > n). (4.6)

Substitute (A.6) into (A.4) and then apply (A.1) to get (A.3).
For the case r = 2, first set ¥ = /2 so that Lemma A.3 gives

1 log(n)' " P(|X] > n) = O(log(n) ™). (A7)
When 7 is large enough, £ > 7 therefore implies
£*10g(&)' T P(|X| > €) <1 log(n)' TV P(|X| > n).

Multiply both sides of this inequality by £ log(¢)~'~* and integrate from 7 to
oo to get

(oo} [ee]
/ EP(|X| > €)dE < log(n)' ™ P(|X] > 77)/ £ log(§) ™1 7vde. (A8)
7 7
To solve the right-hand-side integral, make the change of variable u = log(&) so

that du = ¢ 'd¢ and the integrand is w=1~%. The solution therefore has the form

(e’ 1

[ ot i = o) = g (A9

Substituting from (A.8) into (A.4) gives, according to (A.7),

2log(n
B o) < 7 (228 4 1) P > )
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= O(log(n)™") = o(1)
as 1 — oo which matches (A.3) for this case. 1

The following is a leading implication of A.4.

A.5 Theorem Let {u;, —00 < i < oo} be independently distributed and uni-
formly L,-bounded for r > 2, and let S, = Z?:l cnjuj where {cn;} is a tri-
Y_c; = O(1) as n — oo. The collection
{maxi<g<n S,%, n € N} is uniformly integrable with

angular array of constants and )

E(lgﬁ?gn S’%l{mamgkgn \Sk|>n}> =o(n*™") (A.10)

asn—oo. U

This result strengthens the simple demonstration of uniform integrability by speci-
fying the rate of convergence, which is important for certain applications. As often
as not it is applied in cases where the sum bounds 1,...,n are replaced by integer
functions of n, such as [nt] + 1,...,[ns| for any pair of real numbers s and ¢ with
s > t. It is easily confirmed that the argument is just as valid for such choices as
for the baseline case of t =0 and s = 1.

Proof of A.5 For finite constants K7 > 0, Ky > 0, and K5 > K> Z?Zl cflj where
K3 < oo exists by assumption,

n r/2
T T 2 2
E(lrgnlia,%{n‘SH ) < K1E|S,|" < K2E<§l 1jcnjuj>
iz

n
<Ky @Bl < Ky max Bl (A1)
j=1 T

In (A.11) the first inequality is the Doob inequality,” the second the Burkholder
inequality® and the third is by convexity. Noting that

e [5u1" = (max 15u])
and that the random variable maxj<g<y |Sk| is L,-bounded by (A.11) and the
assumption on {u;}, it follows by Theorem A.4 that (A.10) holds as n — oc.

Given the assumptions, this conclusion does not depend on n and so holds for
neN. 1

This result holds equally in the case where {u;} is a martingale difference, al-
though that extension is not used in the present applications. Both the Doob and

28ee SLT Theorem 16.21.
3See SLT Theorem 16.24.
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Burkholder inequalities are martingale results, therefore holding under indepen-
dence, although the somewhat simpler Marcinkiewicz-Zygmund inequality? can
substitute for Burkholder’s in that case.

Finally, some simple but useful facts are stated formally so that they may be
cited at different points in the development.

A.6 Theorem If U and V are Lo-bounded random variables and |[U] < |V]| a.s.,
then for a constant M > 0,

E(U1quismy) < EV1gvisay)-

Proof The assumption implies U21{|U‘>M} < V21{‘V|>M} a.s.. For any pair of
integrable random variables X and Y, X <Y a.s. implies that E(X) < E(Y).
|

A.7 Theorem If X and Y are Ly-bounded random variables,

E((X +Y)*Lyxty =) < 2B(X? 1 x5 072)) + 2BV 21y 5 0/2))
for M > 0.
Proof For nonnegative Lo-bounded random variables U and V,
E((U+V)*lwivsmy)
=E((U+ V) Lwyvsmnwsvy) +E(U + V) Lwivsaynu<vy)

<EQULivsmnnwsvy) + E@QV1uivsannw<vy)
< 2E(U21{U>M/2}) + 2E(V21{V>M/2}). (A.12)

Setting U = |X| and V = |Y|, |[X + Y| < |X| +|Y| by the triangle inequality and

E((X +Y)*1xevisa) < E(X]+ YD L xp4pv)5a0y)

by Theorem A.6, which in conjunction with (A.12) completes the proof. |

A.8 Theorem Let the function L : [0,00) — R be slowly varying.

(1) Ifp>-1,
v 1+pL
/ y? L(y)dy ~ v—(v) as v — 00
0 L+p
(i) If p < -1,
o VP L(v)
PL(y)dy ~ ——————= .
/U y” L(y)dy 1tp as v — 0

4For example, see [30] Theorem 8.1.

5Shown by, for example, SLT Lemma 4.11.
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Proof For (i), make the change of variable y = sv where 0 < s < 1 and write

/0“ y’L(y)dy = v /Ol(sv)”L(sv)ds =o' L(v) /01 5P LL((?’)) ds.

For (ii), make the change of variable y = sv where 1 < s < 0o and write

/UOO y"L(y)dy = U/loo(s’u)pL(S’U)dS — 0P L () /100 s o ds.

In each case, the theorem follows since L(sv)/L(v) — 1 as v — co. |

In part (ii), the case p = —1 can have a solution depending on the form of L.
Specifically, in equation (A.9), L(y) = log(y)~'1=® for a > 0. The integral has
exact solution 1/(alog(v)®).



B

Appendix: Identities
Integral Solutions

e =cosx +isinx

el:C + e—l.’l?
2

COST =

el _ g—ix

sinx = -
2i

cos(z £ ) = —cosx

sin(x £ ) = —sinz
71' .

cos(= —x) =sinz
2

(T

sin( 5 — @) =cosz

sin(2z) = 2coszsinx

1- 2
sin®z = 0(2)5( 2)

sinz +siny = 2cos(x;y) sin(x;y

cos(z —y) — cos(z + y) = 2sinzsiny

T'(z) = /000 t*te7tdt (z > 0)

Nx+1)=al(z) (x #£0,-1,-2,...)

and

(B.10)

(B.11)

(B.12)

(B.13)
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D)1 —)sin(rz) =7 (x ¢ Z)

(x>0, y>0)

Stirling’s approximation: log(n!) = nlogn —n + O(logn)

T 27 j=0
igA _ J
[We dA = { 0, j#0, integer

T . w2 j=k . .
/0 coskaccosga:d:c—{ 0 ik , J,k integers

T
/ sin” !z cos axdz =
0

T arm
v+a+1 yfa+1) COS(?)

gv—1 B(
v 2 ' 2

(v>0) [27], eqn. 3.631.8.

o r
/ 21 sin(ax)dr = (w) sin(ﬂ—w)
0
(a>0,0<|p| <1) [27], eqn. 3.761.4.
T T(p) p
/0 21 sin?(ax)dr = ~ntign 005(7)
(a>0, -2 < pu<0)[27], eqn. 3.823.

o D) STla+)rb+)
F(“’b’c’z)_r(a)r(b) c 1)

Jj=0

(lz] <1,¢ #0,—1,-2,...) [1], eqn. 15.1.1.

I'(c)T(c—a—0)

Fla.biel) = 50— oTe =)

(c—a—0b>0)[1], eqn. 15.1.20.

I'(c) 17_b71 _ el Ay
ey, T

(c>b>0,]z] <1)[1], eqn 15.3.1.

F(a,b;c;z) =

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)
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autoregressive root, 150

backshift operator, 7
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Beta function, 65
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Brownian motion, 13, 80
Burkholder inequality, 162

cadlag process, 20, 41, 97, 150, 152
causal model, 2, 142

central limit theorem, 3, 45, 60
closed form, 64

CLT, see central limit theorem
cointegrating regression, 61
cointegrating relation, 115
complex analysis, 15

complex conjugate, 138
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Cramér-Wold theorem, 53
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Doob inequality, 38, 162
drift, 120

Egorov’s theorem, 111
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gamma function, 7

GARCH, 6

Gauss hypergeometric series, 77
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Minkowski inequality, 5
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self-similarity, 13, 15
singularity, 79
Skorokhod
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spectral
density, 140, 142
representation, 138
stationarity, 4, 119
Stieltjes integral, 139
Stirling’s approximation, 68
stochastic equicontinuity, 41, 104
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Taylor’s expansion, 68
telescoping sum, 76, 153, 155
time domain, 138
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