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on whichp andy’ are finite measures agreeing#m B;. The preceding argument
showed that, forA O &, u(B;n A) = W'(B; n A) only if p andp’ are the same
measure.

Consider the following recursion. B$.3(ii) we have

M(AN (BiOBy)) = W(An By +u(An By -u(An Bin B). (3.32)
Letting C, = Tlej the same relation yields
HAN Cn) = WA N By + (AN Cra) - (AN Brn Creo). (3.32)

The terms involvingC,-; on the right-hand side can be solved backwards to yield
an expression fop(An Cp), as a sum of terms having the general form
HMANB;nB,nBj;n..)=pu{DnB) < (3.33)

for some j sayj = ji, in which caseD = An Bj,n Bj;n ... O &. Since we know
that u(D n Bj) = W'(D n B;) for all D O ¥ by the preceding argument, it follows
that in (3.32)

H(AN Cp) = (AN Cp. (3.34)
This holds for anyn. SinceC, — Q asn — o, we obtain in the limit
H(A) = W' (A), (3.35)

the two sides of the equality being either finite and equal, or both equabto +
This completes the proof, sindg is arbitrary.m

3.14 ExampleLet M denote the subsets Bfwhich are measurable according to
(3.14) whenpu* is the outer measure defined on the half-open intervals, whose
measuresgly are taken equal to their lengths. This defines Lebesgue measure
These sets form a semi-ring thyl8 a countable collection of them covétsand

the extension theorem shows that, giveris ao-finite measure# contains the
Borel field onR (seel.21), so R,B,m) is a measure space. It can be shown (we
won't) that all the Lebesgue-measurable setsin B are subsets dB-sets of
measure 0.0

The following is a basic property of Lebesgue measure. Notice the need to deal
with a countable intersection of intervals to determine so simple a thing as the
measure of a point.

3.15 TheoremAny countable set fronR has Lebesgue measure 0.

Proof The measure of a pointd is zero, since forx O R,

{x} = ﬁ(x—l/n, X OB (3.36)
n=1
and m({x}) = lim,_«Ll/n = 0. The result follows by3.6(ii). m



