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For finite n at least, a separate theory is not needed because results can be
obtained by recursion. If (Ψ,H) is a third measurable space, then trivially,

Ω?×?Ξ?×?Ψ = {(ω,ξ,ψ): ω ∈ Ω, ξ ∈ Ξ, ψ ∈ Ψ}

= {((ω,ξ),ψ): (ω,ξ) ∈ Ω?×?Ξ, ψ ∈ Ψ}

= (Ω?×?Ξ)?×?Ψ. (3.49)

Either or both of (Ω,F) and (Ξ,G) can be product spaces, and the last two theorems
extend to product spaces of any finite dimension.

3.5tMeasurabletTransformations
t

Consider measurable spaces (Ω,F)? and (Ξ,G)? in a different context,?as domain
and codomain of a mapping

T: Ω 9L Ξ.
:1T is said to beF/G-measurableif T? (B) ∈ F for all B ∈ G. The idea is that a

measureµ defined on (Ω,F) can be mapped into (Ξ,G), every setB ∈ G being
:1assigned a measureν(B) = µ(T? (B)). We have just encountered one example, the

projection mapping, whose inverse defined in (3.44) takes eachF-set A into a
measurable rectangle.

Corresponding to a measurable transformation there is always a transformed
measure, in the following sense.

t

3.21 TheoremLetµ be a measure on (Ω,F) andT: Ω 9LΞ a measurable transform-
:1ation. ThenµT? is a measure on (Ξ,G), where

:1 :1µT? (B) = µ(T? (B)), eachB ∈ G. (3.50)

t
:1Proof We check conditions3.1(a)-(c). ClearlyµT? (A) ≥ 0, all A ∈ B . SinceT

:1 :1 :1T? (Ξ) = Ω holds by definition,? T? (∅) = ∅ by 1.2(iii) and so? µT? (∅) =
:1µ(T? (∅)) = µ(∅) = 0. For countable additivity we must show

& *
:1 :1µT? vB = stµT? (B ) (3.51)j j7 8

j j

:1for a disjoint collectionB ,B ,... ∈ Ξ. Letting B′ = T? (B ), 1.2 shows both1 2 j j
:1that the B′ are disjoint and thatT? (uB ) = uB′. Equation (3.51) thereforej j j j j

becomes

& *µ vB′ = stµ(B′) (3.52)j j7 8
j j

for disjoint setsB′, which holds becauseµ is a measure.Pj
t

The main result on general transformations is the following.
t

:13.22? Theorem ?SupposeT? (B) ∈F for eachB ∈D,? whereD is an arbitrary class
of sets, andG = σ(D). Then the transformationT is F/G-measurable.
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