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For finite n at least, a separate theory is not needed because results can be
obtained by recursion. If¥,¥) is a third measurable space, then trivially,

Ax=xWY={(wW): w0 Q, 0= OV}

=H{(w&)W): (wg) O Qx=, ¢ 0O W}
= (@*3)x V. (3.49)

Either or both of Q,%) and E,%) can be product spaces, and the last two theorems
extend to product spaces of any finite dimension.

3.5 Measurablelransformations

Consider measurable spac€s¥) and E,9) in a different context,as domain
and codomain of a mapping
T Qb =

T is said to beF/§-measurablégf T™(B) O ¥ for all B 0 §. The idea is that a
measurgt defined on Q,%) can be mapped inte(5), every seB 0 § being
assigned a measwéB) = u(T "}(B)). We have just encountered one example, the
projection mapping, whose inverse defined in (3.44) takes &ashtA into a
measurable rectangle.

Corresponding to a measurable transformation there is always a transformed
measure, in the following sense.

3.21 TheoremLet be a measure 06X, ¥) andT: Q + = a measurable transform-
ation. ThenuT ! is a measure on¥(§), where

uT ~XB) = w(T }(B)), eachB O &. (3.50)

Proof We check condition8.1(a)-(c). ClearlyuT }(A) = 0, all A O Br. Since
TX=) = Q holds by definition, T™}(0) = O by 1.2ii) and so uT0) =
u(T~XO)) = p(d) = 0. For countable additivity we must show

uT‘l(UB,-) = D HT(B) (3.51)
J

J

for a disjoint collectionBy,B,,... 0 =. Letting Bj = T'l(a), 1.2 shows both
that the Bj are disjoint and thaf (U;g) = UB'. Equation (3.51) therefore
becomes

u(LjJB;) = >ue) (352)

for disjoint setsB;j, which holds becausp is a measurem
The main result on general transformations is the following.

3.22 Theorem Supposd ~}(B) 0 F for eachB 0 D, whereD is an arbitrary class
of sets, andg = o(D). Then the transformatioii is ¥/5-measurable.



