y
Probability Spaces

7.1 Probability Measures

A random experimeris an action or observation whose outcome is uncertain in
advance of its occurrence. Tosses of a coin, spins of a roulette wheel, and
observations of the price of a stock are familiar examplepra@bability space

the triple Q,#,P), is to be thought of as a mathematical model of a random
experiment.Q is the sample spacethe set of all the possible outcomes of the
experiment, called theandom elementsndividually denotedv. The collectiort?

of random eventss ao-field of subsets of2, the eveniA 0 ¥ being said to have
occurred if the outcome of the experiment is an elemerA.oh measureP is
assigned to the elements®fP(A) being theprobability of A. Formally, we have

the following.

7.1 Definition A probability measure (p.m.) on a measurable sp&g&) is a set
function P: ¥ > [0,1] satisfying theaxioms of probability

(@) P(A) 2 0, forall AO F.

(b) P(Q) = 1.

(c) Countable additivity: for a disjoint collection{ O &, j O N},

P(L]JA,-) = JZP(A,-). o (7.1)

Under the frequentist interpretation of probabiliB(A) is the limiting case of
the proportion of a long run of repeated experiments in which the outcom@is in
Alternatively, probability may be viewed as a subjective notion Wi¢h) said to
represent an observer's degree of belief hatill occur. For present purposes,
the interpretation given to the probabilities has no relevance. The theory stands
or falls by its mathematical consistency alone, although it is then up to us to
decide whether the results accord with our intuition and are useful in the ana-
lysis of real-world problems.

Additional properties of follow from the axioms.

7.2 Theoremlf A, B, and {A, j O N} are arbitrary #-sets, then
@) PA) < 1.
(i) P(AY) = 1-P(A).
@iy P(O) = 0.
(iv) AOB O P(A) < P(B) (monotonicity).
(v) P(AOB) = P(A) +P(B) - P(An B).
(vi) P(U;A) < 5jP(A) (countable subadditivity).
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