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10.20 TheoremLet a functionG(w,B) satisfy the conditions 09.31 Then
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(de oo, ) =70 om, (10.49)

Proof Take a countable sequends {v (0N} with h, — 0 asv — co. By linearity
of the conditional expectation,

(G(eo"'hv) - G(6o) ) E(G(Bo+hy)|5) - E(G(80)|5)
E gl = a.s

h o (10.50)

If C, 0§ is the set on which the equality in (10.50) holds, Wi{C,) = 1, the

two sequences agree in the limit on the (§g€,, andP(,C,) = 1 by 3.6. The
left-hand side of (10.50) converges a.s. to the left-hand side of (10.49) by
assumption,applying the conditional version of the dominated convergence
theorem. Since whenever it exists the a.s. limit of the right-hand side of (10.50)
is the right-hand side of (10.49) by definition, the theorem follows.

10.5RelationshipsetweenSubfields

g, 0% and%, 0 ¥ areindependensubfields if, for every pair of events; 0 5,
and G, O gg,

P(G1 n Gy = P(G)P(GY. (10.51)

Note that if Y is measurable or§; it is also measurable on any collection
containingy, and orf¥ in particular. Theorem$0.10and10.11cover cases where
Y as well asX is measurable on a subfield.

10.21 TheoremRandom variableX andY are independent ifi(X) anda(Y) are
independent.

Proof Under the inverse mapping in (10.133; O o(X) if and only if By = X(G1)
O B with a corresponding condition far(Y). It follows that (10.51) holds for
eachG; 0 a(X),G,00o(Y)iff P(XOB1, YOB) =P(XOB)P(YO B ) foreachB 1=
X(Gy), B2 = Y(Gy). The ‘only if of the theorem then follows directly from the
definition of o(X). The ‘if’ follows, given (8.38), from the fact that evei; O
B has an inverse image in any subfield on which a r.v. is measurable.

The ‘only if in the first line of this proof is essential. Independence of the
subfields always implies independenceXaindy, but the converse holds only for
the infimal casesg(X) and o(Y).

10.22 TheoremLet Y be integrable andneasurable o&;. ThenE(Y|%) = E(Y)
a.s. for allg independent of5;.

Proof Define the simple§;-measurable r.v.&(, = Yi-1vile, on a partition
Giy,...Gmn of Q whereGy O &3, eachi, with Y T Y as in3.28 Then



