178 Theory of Stochastic Processes

in this case comes from the idea of analysing samples of progressively increasing
size. The mathematical theory often does not distinguish between the types of
sequence under consideration, and some of our definitions and results apply
generally, but a clue to the usual application will be given by the choice of
index symbol,t or n as the case may be.

A leading case which does not fall under the definition of a sequence is Where
is partially ordered. When there are two dimensions to the observations, as in a
panel data set having both a time dimension and a dimension over agmatgbe
called arandom field Such cases are not treated explicitly here, although in
many applications one dimension is regarded as fixed and the sequence notion is
adequate for asymptotic analysis. However, cases vihisreither the product set
ZxN, or a subset thereof, are often met below in a different context. A
triangular stochastic arrayis a doubly-indexed collection of random variables,
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compactly written as {.m 'r‘rgj} n=1 Where {k.} 7=1is some increasing integer
sequence. Array notation is called for when the points of a sample are subjected
to scale transformations or the like, depending on the complete sample. A standard
example is {{X.} =3 h=1 where X, = Xi/s, and S = S =avar(X), or some
similar function of the sample moments from 1o

12.2 Convergencef StochasticSequences

Consider the functional expressioK.{w)} 7 for a random sequence on the space
(Q,7,P). When evaluated at a poind [0 Q this denotes aealization of the
sequence, the actual collection of real numbers generated when the ouddsme
drawn. It is natural to consider in the spirit of ordinary analysis whether this
sequence converges to a limit, S&f). If this is the case for everg O Q, we
would say thaX,, — X surely(or elementwise) where, X, is an¥/B-measurable
r.v. for eachn, then so isX, by 3.26

But, except by direct construction, it is usually difficult to establish in
terms of a given collection of distributional properties that a stochastic
sequence converges surely to a limit. A much more useful notion (because more
easily shown) iglmost sure convergenceet C 0 Q be the set of outcomes such



