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12.3 Theorema(€) = B”, the Borel field of sets iR with the Tychonoff topol-
ogy.o

Fig. 12.2

The condition of this result is something we can take for granted in the usual
applications. Recalling that the Borel field of a space is the smatietid
containing the open set&2.3is true by definition, sincds is a sub-base for
the product topology (see 86.5) and all the open setR“ofire generated by
unions and finite intersections @&-sets. To avoid explicit topological consider-
ations, the reader may like to think 2.3 as providing the definition ofB”.

One straightforward implication, since the coordinate projections are continuous
mappings and hence measurable, is that, given a distributioR QBY), finite
collections of sequence coordinates can always be treated as random vectors. But,
while this is obviously a condition that will need to be satisfied, the real
problem runs the other way. The omisacticalmethod we have of defining distrib-
utions for infinite sequences is to assign probabilities to finite collections of
coordinates, after the manner of 88.4. The serious question is whether this can be
done in a consistent manner, so that in particular, there exists a p.iR @i
that corresponds to a given set of the finite-dimensional distributions. The
affirmative answer to this question is the famous Kolmogorov consistency theorem.

12.4The Consistencyl'heorem

The goal is to construct a p.m. oR(B*), and, following the approach of §3.2,
the plausible first step in this direction is to assign probabilities to elements
of ©. Let py denote a p.m. on the spade*(B"), for k = 1,2,3,.... We will say
that this family of measures satisfies thensistency propertif

H(E) = Ur(EXR™Y) (12.7)



