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Proof Let §!,= 0(....Ye-1,Y), and &% +m = 0(Yeem Yermes,-..). SiNceY; is measur-
able on anyo-field on which each o0, X;1,... Xi; are measurabléz'., O F .,
and 7m0 Frmer. Let 0ym = supa(§Le,G%+m) and it follows thatyy, < amr
for m = 1. With T finite, omr = O(M™®) if am = O(M™®) and the conclusion
follows. The same argument follows word for word witty replacing ‘a’. =

14.2 Mixing Inequalities

Strong and uniform mixing are restrictions on the complete joint distribution of
the sequence, and to make practical use of the concepts we must know what they
imply about particular measures of dependence. This section establishes a set of
fundamental momentinequalities for mixing processes. The main results bound the
m-step-ahead prediction&(X..m| FL.). Mixing implies that, as we try to forecast

the future path of a sequence from knowledge of its history to date, looking
further and further forward, we will eventually be unable to improve on the
predictor based solely on the distribution of the sequence as a WEXgm).

The r.v. E(Xuml| Fle) - Eém) is tending to zero asn increases. We prove
convergence of thég-norm.

14.2 Theorem(lbragimov 1962) For = p = 1 and withay, defined in (14.1),
IEKesm| FLe) = EReem)llp < 22+ Dy [ X gl (14.7)
Proof To simplify notation, substitutX for Xum, & for Ft., ¥ for Fum anda
for ay,. Itwill be understood thaX is an#-measurable random variable whéreH
0 ¥. The proof is in two stages, first to establish the result| < My < o

a.s., and then to extend it to the case wheiie L,-bounded for finiter. Define
the -measurable r.v.

(1, E(XIS) 2 E(X),
n = sgn€(X|5) - E(X)) = 1 (14.8)

-1, otherwise.
Using 10.8 and 10.1Q
EIE(X|S)-EMX)| = E[n(E(X|F) - E(X))]
= E[(E(nX| %) -nEX)]
= Cov(n,X) = |Cov(n,X)]. (14.9)

Let Y be any §-measurable r.v., such as for example. Noting thag =
sgnE(Y|¥) - E(Y)) is #-measurable, similar arguments give

|Cov(X.Y)| = |E(X(E(YI#) - E(V)))
< E(IXI [ (ECY130) -EW)I)
< MxE| E(Y|H) - E(Y) |



