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then G, is s.e.o

Condition (21.61) is an interesting Cesaro-sum variation on uniform integrability,
and actual uniform integrability ofdj} is sufficient, although not necessary.
Condition (a) is a domination condition, while condition (b) is called by Andrews
termwise stochastic equicontinuity.

Proof Givene > 0, chooseéM such that limsup., o™ 1=1E(20 145 my) < €2 and
then d such that

n
limsup %Z P(W(Gu3) > 12) < IM%e2 (21.63)

n- oo t=1

The first thing to note is that
W((qx - E(qr)).0) < w(.0) +W(E(at).0)
< w(q,d) + E(w(q,d)), (21.64)

where the last inequality is an application 2£.3 Applying (21.64) and using
Markov's inequality,

P(W(Gnd) > €) < P(%an(qt— E(q).5) > s)
t=1

< p(%z(w<qt,6>+E<w<qt,6») > e)

t=1

< 2 3 E(w(a.5)

+ LeZicwi@d)=<m + wao>m)],  (21.65)

where the indicator functions in the last member add up to 1. Using the fact that
w(q;,0) < 2d;, and hencey(q;,0) > M} O {2d; > M}, and taking the limsup, we now
obtain

limsup P(W(G,8) > €) <2 & + Mlimsup}iP w(Q,0) > £
“’ “e|6 n b 6

n-oo n-oo t=1

. 18
+ IlmsupﬁZE(Zdtl{zdpM})]
t=1

nN-oo

<e, (21.66)

in view of the values chosen fdvl and . m
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Clearly, whether condition21.14a) is satisfied depends on both the
distribution of X; and functional form of(.). But something relatively general
can be said about termwise s.e. (condittdn12b)). Assume, following Pétscher
and Prucha (1989), that

p

a(x.8) = D" ru(X)su(x.6), (21.67)

k=1

wherer: X — R, andsi{.,0): X — R for fixed 6, areX/B-measurable functions.
The idea here is that we can be more liberal in the behaviour allowed to the
factors r as functions of X; than to the factorss discontinuities are
permitted, for example. To be exact, we shall be content to havgthgymptot-
ically Li-bounded in Cesaro mean:

n
Iimsup%ZEIrkt(Xt)l <B<o k=1,.p. (21.68)

n-oo t=1

As for the factorss(x,0), we need these to be asymptotically equicontinuous for
a sufficiently large set ok values. Assume there is a sequence of skfs{l X,
m = 1,2,...}, such that

n
Iimsup%z (K — 0 asm —> oo, (21.69)

n-o t=1
and that for eacim = 1 ande > 0, there exist® > 0 such that

limsup sup w(sk(x,.),0) < €, k= 1,...p. (21.70)
tooo  xOKp
Notice that (21.70) is aorstochastic equicontinuity condition, but under condi-
tion (21.69) it holds (as one might say) ‘almost surely, on average’ when the r.v.
X; is substituted into the formula.
These conditions suffice to give termwise s.e., and hence can be used to prove
s.e. of G, by application 0f21.12

21.13 Theoremlf g(X,0) is defined by (21.67), and (21.68), (21.69), and (21.70)
hold, then for everye > 0 there exist® > 0 such that

n
limsup> > P(W(qud) > &) < . 21.71)
n-o nt:l

Proof Fix € > 0, and first note that

p
P(W(Gd) > €) < P(z el W(sad) > e)
k=1

p
< P(U{ [Tl W(Sk,0) > €/p})

k=1
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p
<3 [P(nkdw(skt,é)lm > zip)

+P(|rkt|W(Skta5)lK,% > zip)] (21.72)

Consider any one of thegeterms. Choosen large enough that

. 18 c €
Iw:asotjpﬁ;pt(Km) < 7 (21.73)
For this m there exist, by (21.70) > 0 andty = 1 such that

2

SUPW(S(%,.).d) < fpﬁ (21.74)

XOKm
for t > to. Therefore, applying the Markov inequality and then (21.68),
Iimsup}ZnP | el W(Sks0) 1 > £
n kt kts Km 2p

n-oo t=1

< Iimsup1 to+ i P(lrktle—2 > i)
e n 4BFF 2p

- t=tg+1

< Iimsup1 zn Elrkt|%
n- oo nt:I0+l P
<t (21.75)
2p

whereas by (21.73),

. 13 € . 13

“Ti?pﬁgporkt|W(Skt’5)1K.% > Z_p) < I|rris°tjpﬁ§P(Xt 0 Km)
€

< 3% (21.76)

Substituting these bounds into (21.72) yields the reault.



