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In the proof of the CLT the construction of the Bernstein blocks was purely
conceptual, but we might consider the option of actually computing them. The sum

^2 rn *2 2of squares of the unweighted blocks,s = ∑ Z , is consistent fors in then1 i=1 n i n

sense that
t^2 rnsn1 2 pr---------- = stZ IIIIIIIIIO 1, (25.6)ni2sn i=1

t

according to24.17and24.18. An important rider to this proposal is that24.17
and24.18were proved using only (24.25) and (24.27), so that, as noted previ-
ously, anyα ∈ (0,1) will serve to construct the blocks. In the context of the
conditions of24.12 at least, the only constraint imposed by24.6(d) is repre-
sented by (24.39), which puts a possible lower bound onα in the case of decreas-
ing variances (γ > 0), but no upper bound strictly less than 1. It is sufficient
for consistency ifb goes to infinity at a positive rate, and we are not bound ton

use theα that satisfies the conditions of the CLT to construct the blocks in
(25.6).

^2But although consistent,s is not the obvious choice of estimator. It would ben1

morenatural tofollowauthorssuchasNeweyandWest(1987)andGallantandWhite
(1988),inter alia, who consider estimators based on all the cross-productsX Xt t:k

for t = k?+?1,...,n and k = 0,...,b . In terms of the array represention of Fig.n

24.1, these are the elements in the diagonalband of width 2b , rather than then

diagonal blocks only. (In this context,b is referred to as theband width.) Then

simplest such estimator is
n bn n

^2 2s = stX ?+?2st? stX X . (25.7)n2 t t t:k
t=1 k=1 t=k+1

t

t ^2 2 pr25.3 TheoremUnder the conditions of24.6, applied toX /s , s /s IIIIIIIIIO 1.t n n2 n

t 2Proof Let X = X /s in (24.53), so thats A denotes the same sum constructednt t n n n
^2 ^2 2from theX in place of theX . The difference betweenA and (s ?-?E(s ))/st nt n n2 n2 n

is the quantity

rn ibn bn:1# & *1 @ @*A = -------22st st st (X X ?-?σ )n t t:k t,t:k2 ; ;s 3 7 8n i=2 t=(i:1)bn+1?k=t:(i:1)bn,?t<ibn

n bn:1& *$@ @2 2+ st (X ?-?σ ) + 2st(X X ?-?σ ) 2 (25.8)t t t t:k t,t:k; ;7 84t=rnbn+1 k=1

The components of this sum correspond to ther ?-?1 ‘triangles’ which separate then
1_diagonal blocks in Fig. 24.1, each containingb (b ?-?1) terms, plus the terms2 n n

from the lower-right corner blocks. Reasoning closely analogous to the proof of
* L124.18shows thatA IIIIIIIIIIO 0. The sums of the corresponding covariances convergen

absolutely to 0 by24.17, since they are components ofB′ in (24.54), and itn

follows that

t
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^2 ^2|s ?-?s |n2 n1 pr--------------------------------- IIIIIIIIIO 0.
2sn

The theorem therefore follows from24.18. P
t

^2Since this estimator uses sample data which are discarded ins , there aren1

informal reasons for preferring it in small samples. But there is a problem in
^2that (the chosen notation notwithstanding)s is not a square, and not alwaysn2

non-negative except in the limit. This difficulty can be overcome by inserting
fixed weights in the sum, as in

n bn n
^2 2s = stX ?+?2stw stX X . (25.9)n3 t nk t t:k

t=1 k=1 t=k+1
t

Supposew ----L 1 asn ----L ∞ for every k ≤ K, for every fixedK < ∞. Thennk

^2 ^2 K n|s ?-?s |n2 n3 21 1 pr--------------------------------- ≤ ------- st(1?-?w )stX X + r (K) IIIIIIIIIO r(K), (25.10)nk t t:k n2 21 1s sn n k=1 t=k+1

where r(K) = plim r (K), andn→∞ n

bn n21 1
r (K) = ------- st (1?-?w )stX X . (25.11)n nk t t:k21 1sn k=K+1 t=k+1

t

Sincer(K) can be made as small as desired by takingK large enough, in view of
^225.3and24.18, s is consistent when the weights have this property. It remainsn3

to see if they can also be chosen in such a way that (25.9) is a sum of squares.
Following Gallant and White (1988), chooseb ?+?1 real numbersa ,...,a ,n n1 n,bn+1

bn+1 2satisfying∑ a = 1, and consider then?+?b variablesj =1 nj n

Y = a X ,n1 1 1

Y = a X ?+?a X ,n2 n1 2 n2 1

...
Y = a X ?+?...?+?a X ,n,bn+1 n1 bn+1 n,bn+1 1

Y = a X ?+?...?+?a X ,n,bn+2 n1 bn+2 n,bn+1 2

...
Y = a X ?+?...?+?a X ,nn n1 n n,bn+1 n:bn

Y = a X ?+?...?+?a X ,n,n+1 n2 n nbn n:bn+1

...
Y = a X .n,n+bn nbn n

Observe that

n+bn bn+1 n bn+1 n& * & *
2 2 2stYS = ?sta ?stX + 2?sta a ?stX Xnt nj t nj n,j:1 t t:1

7 8 7 8t=1 j=1 t=1 j=2 t=2

bn+1 n n& *
+ 2?sta a ?stX X +?...?+ 2a a st X X , (25.12)nj n,j:2 t t:2 n,bn+1 n1 t t:bn

7 8j=3 t=3 t=bn+1

t


