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processes having independent incremet(ts- X(s) 0 N(u(t-s), o?|t-s|).
More elaborate generalizations of Brownian motion include the following.

27.8 ExampleLet X(t) = B(t**F) for -1 < < ». Xis a Brownian motion which has
been subjected to stretching and squeezing of the time domainBL.iikés a.s.
continuous with independent Gaussian increments. It can be thought of as the limit
of a partial sum process whose increments have trending variance. Sqgppse

N(O, (1+[3)i‘3), which means the variances are tending to® 4 0, or to infinity

if B> 0. Thenn*PE(3I1E)? — t**F, and

[n]
nHPES g (W) — Bwt'™) as.o (27.36)
i=1

27.9 ExampleLet X(t) = 6(t)B(t) where@: [0,1] — R is any continuous determin-
istic function, andB is a Brownian motion. Fos < t,
X(1) - X(s) = 6B - B(s)) + (6(1) - 8(s))B(S), (27.37)

which means that the increments of this process, while Gaussian, are not inde-
pendent. It can be thought of as the almost sure limihas « of a double
partial sum process,

[nt] i-1

n 2y [e(i/n)Ei(oo) +(8(i/n) -8((i - i) >"§ (oo)] , (27.38)

i=1 j=1

where§; ON(0,1). o

27.10 ExampleLetting B denote standard Brownian motion ond{), define
X(t) = e P (27.39)

forfixed 3> 0. This is a zero-mean Gaussian process, having dependentincrements
like 27.9 The remarkable feature of this process is that it is stationary, with
X(t) O N(0,1) for allt > 0, and

EX(t)X(g)) = ef@mnits=t=9 = grPit=sl, (27.40)
This is theOrnstein-Uhlenbeck process
27.11 ExampleThe Brownian bridgeis the proces®8° 0 C where
B(t) = B(t)-tB(1), t O [0,1]. (27.41)

This is a Brownian motion tied down at both ends, and E&°()B%(s)) =
min{t,s} -ts. A natural way to think abouB’ is as the limit of the partial sums
of a mean-deviation process, that is

B(t,w) = lim n'l’% (Ei(oo) - %izj(m)) a.s. (27.42)
n =1

00 i=1

where&;(w) ON(0,1). o



