462 The Functional Central Limit Theorem

which sequences such as the one in (28.12) are not Cauchy sequences. Ingenious
alternatives have been suggested by different authors. The following is due to
Billingsley (1968), from which source the results of this section and the next are
adapted.

Let A be the collection of homeomorphismgrom [0,1] to [0,1] withA(0) =0
andA(1) = 1, and satisfying
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Here,||A]|: A =R isafunctional measuring the maximum deviation of the gradient
of A from 1, so that in particulafiA]] = 0 for the case\(t) = t. The setA is
like the one defined for the Skorokhod metric with the added provisd||thjabe
finite; both A and A™* must be strictly increasing functions. Then define
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We review the essential properties d.
28.6 Theoremdg is a metric.

Proof dg(x,y) = 0 iff x = y is immediatedg(x,y) = dgy,X) is also easy once it
is noted that|A™*|| = ||A]|l. To show the triangle inequality, note that
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where in the last line we considered the c#ise Ay(t) ands = AJs). Thus,
ALl + 1Azl = (A oA, (28.16)

whereA1oA(t) = Ay(A A1), and A pA »is clearly an element oA\. Since
sup|x(t) - ZAAAN)| < suplx(®) -yALD)| +suply() -zA (D)  (28.17)

by the ordinary triangle inequality for points @&, the conditionds(x,2) <
ds(x,y) +d«y,2) follows from the definition.m
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Next we explore the relationship betwedganddg and verify that they are
equivalent metrics. Inequalities going in both directions can be derived provided
the distances are sufficiently small. Given functiorasndy for which dg(x,y) =



