
494 The Functional Central Limit Theorem

:1exists a linear transformation (D′D) D′, under which the elements of the limiting
process are independent of one another.

As we did for the scalar case, we review some of the simplest sets of sufficient
:1/2 n nconditions. LetU = S U whereS = E(∑ U ∑ U′). For this choice,D = Ini n i n i=1 i i =1 i m

λis imposed automatically. If {U } is uniformly L -bounded, choosec =i r ni
:1 1/2 λ(l′S l) . Thenl′U /c is a linear combination of theU with weights summingn ni ni i

λto 1 and sup\l′U /c \ < ∞ holds for anyl, so that conditions (a) and (b) ofi,n ni ni r

29.6 are satisfied. The multivariate analogue of29.7 is then easily obtained:
t

29.19CorollaryLet{U }beazero-mean,uniformlyL -boundedm-vectorsequence,i r
1_with each elementL -NED of size- on anα-mixing process of size-r/(r ?-?2); and2 2

:1 :1/2 [n t] Dassumen S ----L W < ∞. If X (t) = n ∑ U , then X --------L B(W). pn n i=1 i n
t

Compare this formulation with (27.82), and as with29.7, note the important
difference from the martingale difference case, withW taking the place ofS. It
is also worth reiterating how the statement of conditions is potentially mislead-
ing, given that the last one is typically hard to fulfil without a NED size of-1.

Somewhat trickier is the case of trending moments, where different elements of
the vector may even be subject to different trends. The discussion here will have
some close parallels with §24.4. DiagonalizeS asn

S = C M C′, (29.72)n n n n

whereM is diagonal of rankm, andC C′ = C′C = I . Assume, to fix ideas, thatn n n n n m

C ----L C, which can be thought of as imposing a form of global stationarity on then
:1/2 :1/2cross-correlations. ThenS = M C′ andn n n

[nt] [nt]& *@ @
:1/2 :1/2E(X (t)X (t)′) = M C′E stU stU′ C Mn n n n i i n n; ;7 8i=1 i=1

t

:1/2 :1/2≈ M M M ----L H(t), (29.73)n [nt] n
t

where the approximation is got by settingC to C, and can be made as good asn

desired by takingn large enough. The status of conditions29.18(a) and (b) must
be checked by evaluating the elements ofH in (29.73). An example is the best way
to illustrate the possibilities.

t

29.20 ExampleLet m = 2, and assumeE(U U′) = 0 for i ≠ j, but leti j

t < >β1 0i2 2E(U U′) = C C′ (29.74)i i β23 0 i 4
t

β1+1 β2+1for fixed C. Then, M = diag{n /(β ?+?1), n /(β ?+?1)} and H(t) =n 1 2
β1+1 β2+1 β1+1 β2+1diag{t , t }. For β , β > -1, t andt are increasing homeomorphisms1 2

on the unit square, and condition29.18(b) is satisfied. It remains to check
29.18(a). Condition29.14(f′) holds for the array {l′U } with respect toni

λ 2 β1+1 2 β2+1η (t) = λ t + λ t , (29.75)1 2

t
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2 2which, sinceλ ?+?λ = 1, is an increasing homeomorphism on the unit square with1 2
λ λη (1) = 1 andη (0) = 0 wheneverβ , β > -1. Assuming that29.6(b) holds for1 2

β1 β2 1/2# &(β ?+?1)i * &(β ?+?1)i *$@ 1 @ @ 2 @λ 2 2c = \l′U \ = 2λ ---------------------------------? + λ ---------------------------------?2 , (29.76)ni ni 2 1 2; β1+1 ; ; β2+1 ;3 7 n 8 7 n 84

1_we can check conditions29.6(d) and29.6(e). The latter holds forγ = . We also2
find that

2 [n(t+δ)]ν (t,δ)n 1 λ 2---------------------- = -----? st (c )niδ δ
i=[nt]+1

2 β1+1 β1+1 2 β2+1 β2+1λ ((t?+?δ) ?-?t ) + λ ((t?+?δ) ?-?t )1 2
≈ -------------------------------------------------------------------------------------------------------------------------------------------------δ

2 β1 2 β2----L λ (β ?+?1)t + λ (β ?+?1)t (29.77)1 1 2 2

asδ ----L 0, where the approximation is as good as desired with large enoughn.
Condition29.6(d) is therefore satisfied, and hence29.18(a) holds, for the cases
whereβ , β ≥ 0. This completes the verification of the conditions.p1 2

t


