510 The Functional Central Limit Theorem

n-1
= 2 Xa(im)(Yn((j + 1)) - Ye(ilm). (30.61)
=1

This problem differs from those of §30.1 because it cannot be deduced merely from
combiningthe functional CLT with the continuous mapping theorem, andit presents
some difficulty outside a fairly restrictive class of cases. The following theo-
rem, based on that of Chan and Wei (1988) and its extension due to Phillips
(1988b), indicates the degree of generality so far attained with the tools devel-
oped in this book; seéter alia Strasser (1986), Phillips (1988a), Kurtz and
Protter (1991), Hansen (1992c) for alternative approaches.

30.13 TheoremLet {Uy;,W;;} be a (2x 1) stochastic array satisfying the condi-
tions 0f29.18for the casd(t) = [nt]. Assume U} is L-bounded antl,-NED of
size-1 on {V,} with respect to constantsc%j}, and either (i) {Wy;, #,} is a
martingale difference array, wherét, = o((Whw Unk-1), k<j), and
E(WAj+1l o) « (€Vj41)? < o0, a.s.;0r (ii) Whj = 3 5_BVinj-k WhereVig 0 Vy;

is aL;-bounded zero-mean r.v., independenYgffor all i #j, andzf’j":oz";:jlekl

< c0. Then

1
Gy 2> J BxdBy + A xy (30.62)
0
where
) n-1i-1
Nxy = lim z z E(U ni—mWni+1)- m} (3063)

n-o i=1 m=0

An admissable case l4,; = Wy, in which case the relevant joint distribution is
singular. Note thaf\xy = 0 under assumption (iYynder either assumptiol;is
L,-NED on {V} of size -1 (cf. 17.3, so fulfilling the requirements 029.18
The arrays €nj} and {Ch}}, where c}i = supsol|Vinj-«ll; under assumption (i),
correspond to those specified 29.18for A = (1,0) and (0,1) respectively.

Proof The main ingredient of the proof is the Skorokhod representation theorem,
26.25 which at crucial stepsin the argument allows us to deduce weak convergence
from the a.s. convergence of a random sequence, and vice versA, Ygt be an
element of the separable, complete metric sp@‘%dé) (see §29.5). Since

(XnY) 2> (BxBY) (30.64)

by 29.18 Skorokhod’s theorem implies the existence of a sequen¢ey) 0 D?,
n O N} such that K,,Y,) is distributed like X",Y"), and d3((X",Y"), (BxBY)
255 0. According to Egoroff's theoreni 8.4 and the equivalence ok anddgin
D, (30.64) implies that, for a sef; (0 F with P(C;) = 1-¢,

sup d3((X"(w),Y"(w)), (Bx(w).BY(w))) — 0 (30.65)
wOCe

for eache > 0. SinceBy is a.s. continuous, there exists a Bgtwith P(Ex) = 1
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and the following property: ito 00 Ex, then for anyn > 0 there is a constat>
0, such that, ifds(X"(w),Byw)) < B,

sup X"(w,t) - By(w,t)| < sup X"(w,t) - Bx(w,A(1))]
t t
+ sup By(w,t) - Bx(wA ()]
t

< 3+, (30.66)

whereA(.) is the function from (28.7). The same result holds Yan respect of
a setEy with P(Ey) = 1. It follows from (30.65) that, foro O C; = C¢ n Ex n Ey,

dd ((X"(),Y"()), (Bx(0),By(c))) = 8n— O, (30.67)

where the equality defines,. Note too thatP(C;) = P(Cy).

For each member of an increasing integer subsequdqca {I N}, choose an
ordered subsetnf,n,,...n} of the integers 1,..n, with ng, = n, such that
Min<j<ik,{N-N-1} — . Use these sets to define partitions of [0,M, =
{ts,...4}, where t; = nj/n. Assume that K.} is increasing slowly enough that
k.32 — 0 andk/n — 0, but note that provideld, T o it is always possible to
have||M,|| — 0. For example, choosing = [nj/k,] will satisfy these conditions.

The main steps to be taken are now basically two. Define

kn
Gh = > Xalti-1) (Ya(t) - Ya(ti-2)), (30.68)
=1

and also leG"" represent the same expression except that the Skorokhod variables
X" and Y" are substituted foX, and Y,. In view of 22.18and the fact thaG™"

and Gy, have the same distribution, to establigh-2> [iBxdBy it will suffice to

prove that

1
‘G*”—J BdeY‘ LINY) (30.69)
0
The proof will then be completed, in view &2.14i), by showing

Gn-Gh 25 Axy (30.70)
The Cauchy-Schwartz inequality and (30.67) give, for each C:,

Ky 2
(Z (X(004-1) - Bx(wti-0)(Y(wyt) - Yr((*)vtj—l)))

=1

kn Kn
< > (X(@-1) - Be(@-0)"> (Y(@) - Y(@§-1)°
=1 j=1

kn

< kd5 > (Y(wt) - Y(witi-1))> (30.71)
j=1

Also the assumptions oM, and equivalence of the distributions, imply that
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n 2
E(Y"(t) - Y'(§-0)* = E( ZJ Wni)

i=nj_1+1
—n"(t)-n"-0) < e, (30.72)
and hence from (30.71),
kn 2
E(Z (X"(tj-2) - Bx(ti-0) (Y"(t) - Yr(tj—l))lcz) — 0. (30.73)
j=1
Closely similar arguments give
kn 2
E (Z (Yn(tj) - Bry(tj))(Bx(tj) - Bx(tj_l))lcg) — 0, (30.74)
j=1
and also
E(Bx(1)(Y"(1)-By(1))1c)* < & — 0. (30.75)

We now use the method of ‘summation by parts’; given arbitrary real numbers
{a.b,05,8,] = 1,..K} with ap = bg = ap = Bo= 0, we have the identity

k k
D a-1(h-b-1) - > 0j-1(B-Bi-1)

=1 =1

k k
= > (@-1-0j-2)(bj-b-1) + albk-PBK - D (bj-Bj(aj-aj-1). (30.76)
=1 j=1
Putk = kn, & = X“(oo,tj), b = Y”(oo,l;), 0 = B(wf), andfj = B/ (w}). Then
the left-hand side of (30.76) correspondsGd'- P,,, where

Kn
Pn = > Bx(tj-1)(Bv(t) - By(ti-1)
j=1

Kn '[j
=> | Bu(t-0dB(), (30.77)
1

=1 Yt

and the squares of the right-hand side terms correspond to the integrands in
(30.73), (30.74), and (30.75). Sineeis arbitrary, P(C;) can be set arbitrarily
close to 1, so that each of these terms vanish&s-morm. We may conclude that
|G- Py 25 0. So, to get (30.69), it suffices to show thi®, - [;BxdByl

25 0. But

kn

E(Pn - J :BdeY)2 - E(Z J " (Bt 1e) - Bx®)dBy() 2

=1Vt
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kn i
= J (n*® - n*-0))dn t)
1

=1 Yt

< max{n*(t) - n*-0}n'@) — 0 (30.78)
1<j <k,
where the second equality applies (30.51) and then Fubini’'s theorem, and the
convergence is by continuity af*. This completes the proof of (30.69).
To show (30.70), we use the fact that

nj—l
Yo(t) - Y(tj-1) = AZ (Ya((i + 1)/in) - Yi(im)),
and so "
Kn ni-1
Gh-Gj = z [( z X(im) (Y@ + 1)/n) —Y,(i/n)))
=1 i=nj1
- Xn(tj—l)(Yn(tj) - Yn(tj—l))]
kn [ -1
=2 ( 2 (Xali/n) = Xn(tj-)) (Ya((i + 1)/n) - Yn(i/n)))
=1 i:nj,l
kn [ -1
=> (Z xni\M1,i+1) (30.79)
j=1 \i=nj_1
where
Xni = I_ijilun,i—ma (30.80)
m=0
formally settingUno = 0. SinceUy,; is L,-NED of size-1,
E(XG) « (i —”1—1)( max CLr{i—m)2 (30.81)
Osmsi-nj_y

by 17.7. The arrays €h;} and {ch} satisfy condition29.6d) by assumption, which
implies (considering the cas®= 1/n) that

max{sup{cﬂi}, sup{c‘é"i}} = o(n™?). (30.82)
n,i n,i
We first show thatG, -G, -2 0 under assumption (i). Note that although
{ Xnji-tWhi, #ni} is a m.d., anLg-convergence law such d9.7 does not apply,
since the summability conditions are violated. Howetgrconvergence follows
from assumption (i), SINC&(XniWh+1 %k Wk+1) = O unlessi = k, and

EQGWai1) = EQGEWEisal Fri)) « E(XF)(CHi+2)2 (30.83)
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Accordingly, using (30.81) and (30.82),

kn nj-1
E(Gh-G* = > > E(XGWgin).
j=li=nj
1 kn nm-1
« 52> 2 (i-n-)
n j=1 i=nj

18 )
« —ZZ(nj—nj_l)
n j=1

= O( max {t; —tj_l}) = o(1). (30.84)
1<j<ky
To prove the result under assumption (ii), we make use of the identity
Whi = Mpi+Znji-1-Zni (30.85)
where
n-i n-i
Mni = D" E(Wh skl Hni) = E(Whjk| #nj-1) = (z 9k) Vini, (30.86)
k=0 k=0
and
n-i 0 (N-it
Zii = D E(Whiskl #n) = D° (z ek)Vln,i-j (30.87)
k=1 =0 k=14

fori=1,...,n-1, with Z,, = 0. We find by Abel’'s partial summation formula

that
n-1 ni-1

Z Xni(Zni = Znj+1) = Z UniZni_xn,nj—lzn,nja (30.88)

i=nj1 i=nj1
and accordingly can write
Gn-Gh = A+ A+ A,

where
Kn ni-1
At =2 2 XniMnjs, (30.89)
j=li=njy
n-1
Az = 2 UniZni, (30.90)
i=1
and
kn
Az = D Xan-1Zan; (30.91)

j=1
{Myi} is a L-bounded independent process and hence a m.d., but also satisfies
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E(Maivl Hn) = E(M3i41) « (ch)® ass. (30.92)

The result under assumption (i) just proved therefore showsAthat2s 0. Note
that the required property dfl,; is difficult to establish under a more general
assumption than (ii), but the remainder of the proof works for hywhich is
L,-bounded and_.,-NED of size-1.

It can be verified thaZ,; is L,-NED on {V,}, as is Uy, and it follows by
17.9that U,Z,; is L1-NED. The array {UniZni- E(UnZni), Fn-} is therefore a
Li-mixingale with respect to the constant arl{a;HiC\r’]Vi} ,by 17.6 We show that
the conditions ofl9.11are met forAn,. Uniform integrability (9.11a)) follows
because, withr > 2,

/2
SupE UniZni = E(UniZn) r/2<2”zsupE UniZni
in C%iCwii - in CHiCwii
" ni /2 Zni /2
<2 sup o W < oo, (3093)
in Chi r Cnir

making use successively of the Loégeinequality and the Jensen and Holder
inequalities. Also, by (30.82), we have

znc;’icvnvi = 0(1) (30.94)
i=1
Zn(c%cwi)z = O(1/n) (30.95)
i=1

so that conditionsl9.11b) and19.11c) are satisfied. We may conclude that
E| Anz- E(An2)| -5 0. Next, using (30.82) and (30.81) and applying the Minkowski
and Cauchy-Schwartz inequalities,

kn
El Al < > Xan-1ll2llZonll2
=1

18
1/2
«H 2 (-n-)
=1

-1
=0 (min (nj-rnj_l)l/z) = o(1). (30.96)
1<j<n
We may therefore conclude th&,- Gy, - E(Ap) 25 0. But
n-1 n-i
E(A2) = > D E(UnWhisd — Axy (30.97)
i=1 k=1

and the proof is therefore complete.
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Now let {U,} (mx 1) be a vector array satisfying the condition28t18 plus
the extra condition that the,-NED size of the increments isl for each element.
Since30.13holds for each element paired with each element, including itself, the
argument may be generalized in the following manner.

30.14 TheoremLet S, = Yi=1Up. Then
n-1 1
> SUn e 25 J BydBy +A (mxm). (30.98)
j:l 0

Proof For arbitrarym-vectors of unit lengthA andu, the scalar arraysX Sy}

and {u'Up j+1} satisfy the conditions 080.13 Letting G, denote the matrix on
the left-hand side of (30.98), ar@ the matrix on the right-hand side, the result
A'Gpu 25 A'Gp is therefore given. A well-known matrix formula (see e.g. Magnus
and Neudecker 1988: th. 2.2) yields

A'Gu = (u' OA)VecG,, (30.99)

wherep' O A’ is theKronecker producbf the vectors, the row vectop{As,...,
HiAms HoA Lo oo BAm) (1x1P), and VedG, (m?x 1) is the vector consisting
of the columns ofG, stacked one above the othgr.[1 A’ is of unit length, and
applying the Cramér-Wold theorer®q.5) in respect of (30.99) implies th&x, 2>
G, as asserted in (30.98a.

This result is to be compared wi0.5 Between them they provide the intriguing
incidental information that

1 1
J B,dB;, + J dB,B;, 0By (1)By(1) - Q. (30.100)
0 0

(Note that the stochastic matrix on the right has rank 1.) Of the 8@adl4is
much the stronger result, since it derives from the FCLT and is specific to the
pattern of the increment variances.

Between them30.3and30.14provide the basic theoretical tools necessary to
analyse the linear regression model in variables generated as partial-sum
processes (integrated processes). See Phillips and Durlauf (1986), and Park and
Phillips (1988, 1989) among many other recent references.



